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Problem Sheet 7
Question 1

Letv € C*(R) (so N = 1) and, for t > 0, z € R, define

) =v(7)
u(t,x) =vl— ).

Vi
(a) Show that

Ut = Ugy
if and only if
z
Vv'(z) + 51/(2) =0, zeR. (1)

Show that the general solution of (1) is

v(z) = c/ et ds+d.
0

(b) Differentiate u(t,z) = v ( %) with respect to z and select the constant ¢ properly, to obtain

the fundamental solution ® for the Heat Equation for N = 1. Explain why this procedure
produces the fundamental solution. (Hint: What is the initial condition for u?)



Question 2

(a) Solve the intial value problem for the Heat Equation with convection:

u—Au+b-Vu=0 1in(0,00) x RY
u(0,x) = g(x) on {t =0} x RY,

where g: RY — R is smooth, and b € R” is a constant. Write your solution in terms of an
integral involving the heat kernel (-, -).

(b) Similarly, write down an explicit solution for the initial value problem

uy — Au+cu=0 in(0,00) x RY
u(0,7) = g(x) on {t =0} x RY,

where ¢: RY — R is smooth, and ¢ € R is a constant.

(Hint for (a) and (b): Recall methods used previously for the Transport Equation)

(c) Now solve
uy — Au+b-Vu+cu=0 in(0,00) x RY
u(0,2) = g(x) on {t =0} x RV,

where g: RY — R is smooth, and b € R", ¢ € R are constants.

(Note that in the case n = 1, this equation is closely linked to the Black-Scholes Model for
pricing stock options.)

Deadline for handing in: 0800 Wednesday 3 December
Please put solutions in Box 17, 1st floor (near the library)

Homepage: http://www.mathematik.uni-muenchen.de/ soneji/pdel.php



