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Question 1

Prove the classical Harnack inequality: suppose u: B(0,7) — R is non-negative and harmonic.

Then show
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forall z € B(0,r).

r"?u(0) < u(x) < 7" 2u(0)

Hint: Estimate the denominator in the Poisson kernel from below and above, and use the mean-

value property.

Question 2

Let @ be the fundamental solution of Laplace’s equation.

(a) Show that forallr > 0

(6}
/ 0 —2)dS(y) = -1, € BO,r).
dB(0,r) v

(Recall that
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where v(2) = (v!(z2),...v"(z)) € R" is the normal to the boundary of the surface at 2.)

(2) :=VP(z)-v(z),

(b) Let Q C R™ be open and bounded, with C'! boundary. Prove that

/a a—CI)(y—ac)dS(y):—l, x €.
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(c) Let R} := {(x1,...,2,) € R" : 2, > 0}, and define

2z, 1
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K(z,y) = , v eRY, yedRY.
Prove that

K(z,y)dy=1, =zeR}.
oR™



Question 3

(a) Let Q C R" be open and bounded, and let u € C2(€2) N C(2) be a solution to

{—Au =f inQ 0

u=gq on 052,

where f € C(Q) and g € C(09). Prove that there exists a constant C, depending only on
2, such that

max Ju(z)]| < C(max 19(2)| + max rf<x>|) .
zeQ €02 z€Q
Hint: —A(u(z) + %)\) < 0for X := max, g | f(z)].

(b) Prove that the solution of (1) depends continuously on the data f, g. That is, show that there
exists a constant C, depending only on €2, such that if u; € C?(Q)NC(Q) fori = 1,2 solve

U; = g; on 89 .
where f; € C(Q) and g; € C(952), then

lur — woll (o) < C(llgr — Goll=o0) + |11 = follL=()) -
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