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Question 1

Prove the classical Harnack inequality: suppose u : B(0, r)→ R is non-negative and harmonic.
Then show

r − |x|
(r + |x|)n−1

rn−2u(0) ≤ u(x) ≤ r + |x|
(r − |x|)n−1

rn−2u(0)

for all x ∈ B(0, r).

Hint: Estimate the denominator in the Poisson kernel from below and above, and use the mean-
value property.

Question 2

Let Φ be the fundamental solution of Laplace’s equation.

(a) Show that for all r > 0

ˆ
∂B(0,r)

∂Φ

∂ν
(y − x) dS(y) = −1 , x ∈ B(0, r) .

(Recall that
∂Φ

∂ν
(z) := ∇Φ(z) · ν(z) ,

where ν(z) = (ν1(z), . . . νn(z)) ∈ Rn is the normal to the boundary of the surface at z.)

(b) Let Ω ⊂ Rn be open and bounded, with C1 boundary. Prove that
ˆ
∂Ω

∂Φ

∂ν
(y − x) dS(y) = −1 , x ∈ Ω .

(c) Let Rn
+ := {(x1, . . . , xn) ∈ Rn : xn > 0}, and define

K(x, y) :=
2xn
nαn

1

|x− y|n
, x ∈ Rn

+ , y ∈ ∂Rn
+ .

Prove that ˆ
∂Rn

+

K(x, y) dy = 1 , x ∈ Rn
+ .



Question 3

(a) Let Ω ⊂ Rn be open and bounded, and let u ∈ C2(Ω) ∩ C(Ω) be a solution to{
−∆u = f in Ω

u = g on ∂Ω ,
(1)

where f ∈ C(Ω) and g ∈ C(∂Ω). Prove that there exists a constant C, depending only on
Ω, such that

max
x∈Ω
|u(x)| ≤ C

(
max
x∈∂Ω
|g(x)|+ max

x∈Ω
|f(x)|

)
.

Hint: −∆
(
u(x) + |x|2

2n
λ
)
≤ 0 for λ := maxx∈Ω |f(x)|.

(b) Prove that the solution of (1) depends continuously on the data f , g. That is, show that there
exists a constant C, depending only on Ω, such that if ui ∈ C2(Ω)∩C(Ω) for i = 1, 2 solve{

−∆ui = fi in Ω

ui = gi on ∂Ω ,

where fi ∈ C(Ω) and gi ∈ C(∂Ω), then

‖u1 − u2‖L∞(Ω) ≤ C
(
‖g1 − g2‖L∞(∂Ω) + ‖f1 − f2‖L∞(Ω)

)
.

Deadline for handing in: 0800 Wednesday 19 November

Please put solutions in Box 17, 1st floor (near the library)

Homepage: http://www.mathematik.uni-muenchen.de/˜soneji/pde1.php


