MATHEMATISCHES INSTITUT WS 2014/15

DER UNIVERSITAT MUNCHEN — Blatt 13 —
Prof. Dr. S. Bachmann / Dr. P. Soneji 21.1.2015
PDG |
(Zentrallibung)
Problem Sheet 13
Question 1

Let 1 < p < oo. Let I be an open interval in R. We shall prove that there exists a bounded
linear operator P: W1P(I) — W1P(R), called an extension operator, satisfying:

(i) Pu|;= u forall u € W'P(I),
(i) [[Pullew) < Cllulle),

(111) HPU’HWLP(R) < CHUle,p([),
where C' > 0 depends only on .

(a) First suppose I = (0, 00). Show that the operator P given by

u(z) ifz >0,
u(—zx) ifz <0,

(Pu)(z) = {
satisfies the required properties.
(b) Now suppose I = (0,1). Fix a function n € C'(R), 0 < 5 < 1, such that

1 ifa<1/4,
n(x) = .
0 ifa>3/4.

Now let u € W'?((0,1)), and define

u(z) f0<z<l1,
0 ife>1.

(Qu)(z) = {

Show that n(Qu) € W?((0,00)), and (n(Qu))" = ' (Qu) + n(Q(u')).

(c) Use parts (a) and (b) to define P satisfying the required properties for u € W1P((0,1)).

Hint: Write v = nu + (1 — n)u. Extend and reflect each of these two terms in different
directions.



Question 2

Suppose u € WP((0,00)), where 1 < p < co. Show that

lim u(z) =0.
T—>00

Hint: Use Theorems 61 and 62 from the lectures.

Question 3

Let I be an open interval in R, and u, v € WP (I), for 1 < p < oo. Show that the product
uv € WHP(I), and
(uwv) = u'v +uv'.

(Remark: Note that this type of result does not hold in general in higher dimensions!)

Question 4
Consider the following ordinary differential equation with boundary data:

{—(pu’)’+ru’+qu =f in(0,1)
u(0) =u(l) =0.

Here, f,r, q € C(]0,1]), and p € C*([0, 1]). Assume furthermore that for some fixed o > 0 we
have
p>a, ¢>1, r*<da, on0,1].

Prove that there exists a unique classical solution u to this problem.
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