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Throughout this problem sheet, let {2 be an open subset of R".

Question 1

Recall the Fundamental Lemma of the Calculus of Variations: if u € L] () and

loc

/Qu(x)ga(x) de =0 forall p € C°(Q)

then u = 0.

(a) Suppose vy, vy € Li () are both weak derivatives of u € L (). Show that v; = v (so

loc loc
weak derivatives are unique).

(b) Suppose
/ u(z)p(z)de =0 Ve e C°(Q2) such that / p(r)dr =0.
Q Q

Show that u is constant almost everywhere in §2.

Question 2

1
loc

Suppose f, g € LL (R) are weakly differentiable. Now consider u € L{._(R?) defined by

loc

w(z,y) = fz) +9(y).
Show that v is weakly differentiable with respect to x and y, with

S = Fa), 5 = g0).

where [’ and ¢’ are the weak derivatives of f and g.

Question 3

Letu € W?(Q), 1 < p < co. Let E be an open subset of 2. Show that u € W1P(E), and that
the weak derivatives of u on E are the same as the weak derivatives of u on () restricted to E.



Question 4

Let B be the unit ball in R? and fix 0 < s < 1. Consider the map

u(z) = [z]7*.

(i) Show thatu € LF(B) for 1 < p < 2.
(ii) Compute the (strong) partial derivatives du/0z1, Ou/Oxs of uwon B\ {(0,0)}.

(1i1) Now suppose 1 < p < 5%1 Show that each partial derivative Ou/0x; above satisfies

/ ’ ou |p
B 10
(iv) Show that the derivatives computed in part (ii) are in fact weak derivatives of u on all of

B. (Deal with the singularity at x = 0 by considering a ball B, of small radius € > 0,
splitting B into B, and B \ B, applying Gauss-Green, and letting € “\, 0.)

dzr < 0o.

(iv) Conclude thatu € W'?(B) for 1 < p < 5.

Hint: 1t is helpful to use polar coordinates throughout. For part (iii), find an upper bound for the
integrand that depends only on |z|.
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