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Question 1

(a) Prove the Multinomial Theorem:

(x1 + . . .+ xn)k =
∑
|α|=k

(
|α|
α

)
xα ,

where (
|α|
α

)
:=
|α|!
α!

, α! := α1!α2! . . . αn!

and xα = xα1
1 . . . xαn

n .

The sum is taken over all multi-indices α = (α1, . . . , αn) ∈ Nn
0 with |α| = k.

(b) Prove Leibniz’s formula:

Dα(uv) =
∑
β≤α

(
α

β

)
DβuDα−βv ,

where u, v : Rn → R are smooth, (
α

β

)
:=

α!

β!(α− β)!
,

and β ≤ α means βi ≤ αi for i = 1, . . . , n.

Question 2

Classify each of the following partial differential equations as linear, semilinear, quasilinear or
fully nonlinear. Also determine the order of each equation. In each case we have u : Ω→ R for
some open subset Ω of Rn.

(a) ux1x2 + ux2x3 = 0

(b) u|ux1|2 + ux1x2 = 0

(c) u|ux1|2ux1x2 = 0

(d) x1x22 ux1x2 = x2 sin(x1)



(e) uux1 + |ux1x2|2 = 0

(f) −
∑n

i=1(b
iu)xi = 0 , where b = (b1, . . . bn) ∈ Rn

(g) −∆u = f(u) (recall ∆u :=
∑n

i=1 uxixi)

(h) iut + ∆u = f(|u|2)u (here u : (0, T )× Ω→ R )

(i) det(D2u) = f

(j) div(|∇u|p−2∇u) = 0.

Question 3

Show that functions of the form u(x, y) = f(x) + g(y), where f and g both belong to C1(R),
are solutions to the partial differential equation

uxy(x, y) = 0 on R2 .

What is the order of this PDE? Is such a solution u necessarily in C2(R2)?

Question 4

Write down an explicit formula for a function u solving the initial value problem{
ut + b ·Du+ cu = 0 in Rn × (0,∞)

u = g on Rn × {t = 0} .

Here, g : Rn → R is smooth, and c ∈ R, b ∈ Rn are constants.

Hint: Use the method of characteristics. Here, recognize the left hand side of the equation as
the derivative of a product of u with a simple function.

Deadline for handing in: 0800 Wednesday 22 October

Please put solutions in Box 17, 1st floor (near the library)

Homepage: http://www.mathematik.uni-muenchen.de/˜soneji/pde1.php


