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Exercise 1

This exercise concerns the proof of Theorem 2.30 from the lecture (see lecture for notation.)
Recall that v = —D;"(¢2D}u). Prove that v = 0 on QU in the trace sense (hence v € HJ (U)).

Exercise 2

This exercise concerns the proof of Theorem 2.30 (see also Theorem 2.26; for notation, see the
lecture). Let

U = B(0,1) NR",
V =B(0,1/2) NR",

and let u € W'(U).
(a) Prove that, foralli=1,...n —1(.e. i # n):

DrulP de < Uy, |P dxr  (for |h| small enough).
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(b) Prove that if w € LP(V') and if, for some i € {1,...,n — 1}, there exists C' > 0 such that
| Dlul|pry < C forall 0 < |h| < 1/2, then the weak derivative u,, exists, u,, € LF(V),
and Huxl Lr(V) < C.




Exercise 3

This exercise concerns the proof of Theorem 2.30 from the lecture (see lecture for notation.)
Recall that @(y) = u(¥(y)).

(a) Prove thata € H'(U).
(b) Prove that i = 0 on U N {y, = 0} in the trace sense.

(c) Prove that @ is a weak solution of Li = f in U, with f(y) = f(¥(y)) and
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and with a*!, b*, ¢ as in the lecture.
(d) Prove that a*' € C'(U)).

(e) Prove that L is uniformly elliptic in U.

Exercise 4

This exercise concerns the proof of Theorem 2.32 from the lecture (see lecture for notation.)

(a) Prove that u = 0 in the trace sense along {z,, = 0}.
(b) Prove that @ is a weak solution of L& = fin U.

(¢) Show that
D'Lu=a"D’u+ R

where R is a sum of terms involving at most j derivatives of u with respect to x,, and at
most £ + 3 derivatives in total.

Homepage: http://www.mathematik.uni-muenchen.de/ soneji/pde2.php



