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In the following, U always denotes an open, bounded subset of R™ with C'*-boundary, and L is
a uniformly elliptic partial differential operator of second order in divergence form,

Lu = Z (a um)m] + Zb Uy, + CU
ij=1 i=1
with ¥ € CY(U), b',c € L>(U).
Question 1
Let u € H'(R™) have compact support and be a weak solution to the semilinear PDE

—Au+g(u)=f inR"

where f € L?(R") and ¢ : R — R is smooth, with g(0) = 0, ¢’ > 0, and ¢’ uniformly bounded
on R. Prove u € H?(R").

Question 2

Let M (U) denote the class of measurable (with respect to Lebesgue measure) real-valued func-
tionsu : U — R. Let f : U x R — R satisfy the following condition:

{f(~, t) is measurable for all t € R, n

f(z,-) is continuous for a.e. x € U.

Definition. The Nemitski operator N associated to f is the map

N MU) = MU), (Nw)x):= f(z,u(z)), el

(a) Prove that N is well-defined, i.e. N(M (U)) C M(U).
(b) Let o, 3 > 1. Suppose there exist g € L?(U) and ¢ > 0 such that
[f(2,0)] < gla) +elt|?,  (z,) € UxR.

Prove that N : L®(U) — LP(U) is continuous.



(c) Suppose there exist g € L (U) and ¢ > 0 such that
[f (@, )] < g(x) + i, (z,t) e U xR

for some p < 2* — 1. Let

F(z,t) = /Otf(x, 5) ds.

Prove thatif u € H{(U), then F(-,u(-)) € L*(U), and conclude that the map ® : H}(U) —
R given by

is well-defined.

Question 3

Let a” b',c € C=(U).

(a) Let f € L*(U) and assume v € H'(U) is a weak solution of Lu = f in U. Prove that if
feC®(V)forsome V CC U, thenu € C*(V).

(b) Define the singular support of u: U — R as
sing supp(u) = U \ {x € U : there exits r > 0 such that u € C*°(B,.(z))}

Prove:

sing supp(u) = sing supp(Lu).

Question 4

Let f € L*(U), and assume u € H}(U) is a weak solution to

Lu=f inU,
u=0 on OU.

How little regularity of a*, %, ¢, and OU can you assume and still prove that u is a classical
solution?
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