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Question 1

For U C R" open (but not necessarily bounded) we call U bounded in one direction if there
exist v € R, ||v|| = 1 and d > 0, such that

UcC{zeR" |z -v| <d}. (1)

We denote 9, := v - Du.

(a) Prove the following theorem:
Theorem (Poincaré Inequality) Let U C R" be bounded in one direction, such that (1)
holds. Then
||l 20y < \/§d\|8,,u\|Lz(U), forall u € Hy(U).
Furthermore, on FH(U) the norms ||ul| g1 (1) and || Du||12(17) are equivalent.

(b) Assume L is a uniformly elliptic second order PDO in divergence form with a¥ = a7 €
L>U),b=0(,j=1,...,n)and c € L>=(U), with ¢(x) > 0 fora.e. z € U, i.e.

n

Lu=— Z (aijuxi)mj + cu. 2)

ij=1
Prove the following theorem:

Theorem Let f € H~'(U). Assume

Either (i) U is bounded in one direction,

or (ii) ¢(z) > cfora.e. x € U, for some ¢ > 0.

Then there exists a unique weak solution to

Lu=f inU,
u=0 on OU.



Question 2
Prove the following theorem:

Theorem Let U C R" be any open set (not necessarily bounded) and let f € L?(U). Let
V C H'(U) be a closed subspace. Then there exists a unique v € V' such that

/ Zumivxi—l—uv dx:/fvdx forallv € V.

(Note that, in particular, V = H}(U) or V = H'(U) are closed subspaces of H'(U).)

Question 3

Let U C R" and let L be a uniformly elliptic second order PDO in divergence form. For
feHYU),g e HY(U) we say thatu € H'(U) is a weak solution to

Lu=f inU, Blu,v] = (f, forallv € HX(U),
=7 ifand only if 4 D10V = (+0) ve Hy(U) 3)
u=g ondU, u—g € Hy(U).
Here B[ ,- | denotes the bilinear form associated to L. Under the same assumptions as in

Question 1 (b) (including the assumption in the theorem), prove that there exists a unique weak
solution to (3).

Question 4

Assume U C R" is open and bounded, and that U is C"*.

(a) Assume also that U is connected. A function u € H'(U) is a weak solution to Neumann’s

problem
—Au=f inU : 1
( 1fand0nly1f/Du~Dvdx:/fvdx, forallv € H (U).
% =0 on OU, U U

Given f € L*(U), prove that there exists a weak solution if and only if [, f dz = 0.

(b) Explain how to define u € H'(U) to be a weak solution to Poisson’s equation with Robin
boundary conditions:

—Au=f inU,
u+%:() on OU.

Discuss the existence and uniqueness of a weak solution for given f € L*(U).

Homepage: http://www.mathematik.uni-muenchen.de/ soneji/pde2.php



