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In the following, U C R"™ will always denote an open set.

Question 1

Let1 < p <oo.Forh € R", let 7j,: LP(R™) — LP(R™) be the translation by h, i.e. (1,u)(z) =
u(x — h).

(a) Prove that 7, is a bounded linear operator with norm 1.

(b) Assume 1 < p < oo. Prove that 73, is strongly continuous, i.e. limy, ¢ ||7h% — ©|| p@®n) = 0.
Prove or disprove the claim in the case p = oo.

(c) Prove or disprove: 74, is uniformly continuous, i.e. limy,_,q ||7, — I|| = 0, where || - || is the

operator norm in LP(R™) and I: LP(R") — LP(R™) is the identity.

Question 2

Assume that U is bounded, and F' € C'(R) with F" € L*(R). Let u € W'?(U) for some
1 <p< oo,and setv := F owu on U. Prove:

ve W (U), and Dv= F'(u)Du.

Question 3

Assume 1 < p < oo and U is bounded. Let u € WP(U) and define

N u ae.on{u>0},
ut =
0 ae.on{u <0},
as well as u™ := (—u)*t and |u| := u™ + u~. Prove the following:

(@) ut,u” € WhP(U), and

Dut Du ae.on{u >0},
ut =
0 a.e.on {u <0},

_ 0 a.e.on{u >0},
Du™ =
—Du ae.on{u <0},



Hint: Prove first that u™ (z) = lim._o F.(u(x)) a.e. where

F(2) (2 + V2 —¢ if2>0,
(2) =
0 if 2 <0.

(b) |u| € WHP(U), and D|u| = sgn(u)Du.

(¢c) Du=0a.e.on the set {u = 0}.

Question 4
Integrate by parts to prove the interpolation inequality:
| Dullze < Cllull 1Dl

for all w € C°(U). Assume U is bounded, OU is smooth, and prove this inequality if u €
H*(U)N HY(U).

(Hint: Take sequences (v;) C C°(U) converging to uin H¢(U) and (w;) C C*°(U) converging
to uwin H*(U).)
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