MATHEMATISCHES INSTITUT SS 2015

DER UNIVERSITAT MUNCHEN —Blatt 11 -
Prof. Dr. T. Sgrensen / Dr. P. Soneji 2.7.2015
PDE Il
(Zentrallibung)
Problem Sheet 11

In the following, U always denotes an open subset of R".

Question 1

(a) Let u € C*(U) and assume Au(z) > 0 for all z € U. Prove that u cannot attain a (local)
maximum in U. Conclude that if in addition U is bounded and v € C%(U) N C(U), then
maxg U = maXpy U.

(b) Let U be bounded and let u € C*(U) N C(U). Assume Au > 0 for all € U. Prove that
maxg U = maxay u.
(Hint: Consider u.(x) := u(z) + €|z|? for e > 0, z € U, and apply (a).)
(c) Letu € C*(U) and let b(x) = (by(z),...,b,(x)), withb; € C(U),i = 1,...,n. Assume
(Lu)(x) := Au(z) + b(x) - Du(x) >0 forallz € U.

Prove that u cannot attain a (local) maximum in U, and conclude that if in addition U is
bounded and u € C*(U) N C(U), then maxy u = maxyy u.

(d) Now additionally let ¢c € C'(U) with ¢(z) < 0 for all x € U. Assume
(Lu)(z) := Au(z) + b(x) - Du(z) + c(z)d(z) > 0 forallz € U.
Prove that if u has a non-negative maximum in U, then u cannot attain this maximum in U

unless it is constant in U.

Remark: (c) is Theorem 2.35, (d) is Theorem 2.38 for a”/ = §;;.

Question 2

(a) Let A, B, be symmetric, positive semi-definite (real) n x n matrices. Prove that tr(AB) > 0.

(b) Assume U is bounded. Let ¥ € C(U), i,j = 1,...,n, with the (real) matrix A(z) :=
(a’ (I))ijl symmetric and positive semi-definite for all z € U.
Assume tr(A(z)) = Y7, a*(z) > 0forallz € U. Letu € C*(U) N C(U) and assume

tr(A(z)D*u(z)) = Z a” (2)tg,, (x) >0 forallz € U.

ij=1

Prove that maxz v = maxsy u.



Question 3

B ij=1
L is uniformly elliptic, and (a*) is symmetric. Assume the operator L, with zero boundary

Suppose U is bounded and has C" boundary. Let L = }°",_, (a”uy,), where a¥ € CcYU),

conditions, has eigenvalues 0 < A\; < A\ < .... Show

A= max min Blu,u] (k=1,2,...).
Se¥i_1 uest
llull L2=1

Here, 351 denotes the collection of (k — 1)-dimensional subspaces of HJ(U).

Question 4

Suppose U is bounded and has C'! boundary. Let u,u € H}(U) both be positive minimizers of
the Dirichlet energy

Tw] := /U | Dw|*dz.

under the constraint |w|| ;2 = 1.
Suppose also that u, 7 > 0 within U. Follow the hints to give a new proof that v = u in U.

—t— and 7) 1= “’2;”72; show that

oN1/2
(Hint: Define w := (#) , S =

Deduce

2 -
D
+(1—29) Y

~

2 1 1
|Dw|* <17 (s ) = 5|Du|2 + 5|Day2

and therefore 2% = 2% aImost everywhere.)
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