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Roadmap

Goal: an uncommon but useful approach to logic: minimal logic +

3,V (weak, classical) and 3,V (strong, constructive).

1. Embedding classical and intuitionistic logic into minimal logic.
2. Geometric formulas G and geometric implications I
N¢c G implies ' +; G.
3. Extended geometric implications: — occurs positively only.
4. 3,V versus 3, V: variants of Barr's theorem.

5. Examples.
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Minimal logic

» Minimal logic ~ simply typed A-calculus.
» Rules =1, ——, v+, v—.
» 3.V, A inductively defined. Equivalent: defined by rules.

» Semantic: Beth structures. Correct and complete.

Y (P—Q)—P)—P Peirce
(P — 3xQx) — 3x(P — Qx) Independence of premise
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derivation term
u: A u?
[u: A
EL’V’ (AaMB)A—E
AB U
| M | N
A— B A (MA—BNAYE
B -
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Natural deduction: V-rules

derivation

term

| M

X

v+ x  (Variable Cond.)

(AxMA)7"*A (Variable Cond.)

| M
Vi A(x) r
A(r)

(MVXA(X) r)A(r)
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Natural deduction: V, J-rules

M M [u: Al [v: B]
A . B . | M | N | K
V V
ave °  ave 1 AYEL Cv-u,v
[u: A
M
A PO
r r

3,A(x) I HA B 37 x, u (var.cond.)

B
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Dragalin-Friedman-translation

Fix a formula A. Define BA by
» PA:= P\ A for prime formulas P;
> (BoC)A:=BAc CAforo=—,A,V;
> (VxB)A :=V,BA and (3,B)" := 3,BA.
Easy:
'+ B implies T4 - BA.
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Embedding classical and intuitionistic logic

Fix L, and define —A:=A — L.

Stabp: Vz(—-—PX — PX) stability,
Efqp: V(L — PX) ex-falso-quodlibet.

Let Stab := { Stabp | P relation }, Efq := { Efqp | P relation }.
Easy: Stab proves =—A — A for A built with —,V only.

» Define . A by ' U Stab - A.
» Define ' =; Aby ' UEfq+ A.
Define

A =-V,—A  AVB:=-(A—B— 1)
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Negative translation by Godel-Gentzen

A€ is defined by
> 18 =1,
» P& := ——P for prime formulas P # 1 (where -A:=A — 1),
» (BVv C)8 := B8V C&;
> (3,B)¢ := 3,B¢;
> (Bo C)8 := B8 o (8 foro = —, A
> (VxB)& :=V,BS&.
Easy:
[ B implies € + B&.
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Geometric implications

Geometric formulas are defined by
GH:=P|L|GAH|GVH]|IG.

A geometric implication has the form Vz(G — H).

» Every geometric formula can be written in the form
3)-((81 VeV Bn)

with B; conjunctions of prime formulas.

» Every geometric implication can be written as conjunction of
V;(B — 3}7(31 VeV Bn))

with B, B; conjunctions of prime formulas.
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Theorem. (Palmgren 2002). Let ' be geometric implications, G a
geometric formula. T+, G implies T+ 1LV G, hence I ; G.

GF =6 1)
(G— H)— G& — H® (2)
G~ GVA (3)
(G—H)— G — HA (4)
G¢ — G. (5)

rér G* Godel-Gentzen

M- Gé by (2)

M+ --G by (1)

ret (_'_'G)G Dragalin-Friedman, A:= G

M- (--6)° by (4)

(-=G)® - ((G® - LVG)— LVG) for —G=(G— L1)— L

GC—G by (5)
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Corollary. Let I' be geometric implications, G a geometric formula.
IfF'-c Gand I,G have no L, then T - G.

Proof.

» Suppose I, G have no .
» Have proof of G from I' and instances | — A; of Efq.
> Replace L by \\; Ai.

» This does not affect I', G and turns each L. — A; into a
provable formula.
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Extended geometric implications (EGI)

are formulas containing — only positively. Every geometric
implication is an EGI. Examples of non-EGls:

» A double negation (A — 1) — L, or
> the premise of the Peirce formula ((P — Q) — P) — P.

Theorem
For EGIs T and A, classical derivability of A from I' implies
intuitionistic derivability.

Theorem
For EGIs T, A without disjunction, classical derivability of A from I
implies derivability in minimal logic.
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Let Aj,..., A, be EGIs. We transform a classical proof in long
normal form of a prime formula @ from Ay,..., A, into an
intuitionistic proof of @ from the same assumptions.

Lemma
Let Ai,...,A, be EGIs. Consider a proof in long normal form of
an implication-free formula, from the assumptions A1, ..., A, and

stability axioms. Let u be an assumption variable bound by —7.
Then u is bound in a context Stabp?S(\,M~'), where u: —~PF and
A\yM* is a top node of the segment S.

Proof. Consider the path in the proof whose initial node is u. The
path must have an order > 0, and the binding position of u must
be in the introduction part of a path of possibly smaller order,
ending in the side premise of an —-rule:
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u: A
| N | M
AL — B Aq
By

Therefore an implication A — B is a (strictly) positive subformula
of A; and hence a negative subformula of A; — B;. By our
assumptions this is only possible if N is a stability axiom applied to
some terms F. Hence we have the situation

—

M
ﬁiPF —tu
Stabp: Vg(-—~PX — PX) 7 'S
.

Pr

with u: =PF and A M~ a top node of the segment S.

Helmut Schwichtenberg (j.w.w. Christoph Senjak) Minimal from classical proofs



Barr's theorem

» Recall: our language has 3,V and 3,7.
» Let A be obtained from A by replacing 3,V with §|,\~/.

Lemma
Fo A o AS.

Theorem (Barr)

Assume that ' consists of geometric implications and G is a
geometric formula. T . G impliesT = 1LV G, hence alsoT +; G.
If T, G do not contain 1, we havel F G.

Proof (Palmgren).
By the lemma [ . G is equivalent to I . G&. Hence ¢ + G&

by the Godel-Gentzen translation, since - (A8)8 «— A8. But
Palmgren’s proof above began with '8 - G&. O
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Variants of Barr's theorem

F3,A — A, FAVB— AV B,

but not conversely; this is the reason why 3,7 are called “weak”.
For formulas A possibly with both 3,V and 3,V we define
strengthenings AT and weakenings A™:

some positive occurrences of gl, Vooby 3V,

AT replacein A ) . .
some negative occurrences of 3,V by 9, V,

a _ some positive occurrences of 3,V by 3, ¥,
A”: replacein A ) - .
some negative occurrences of 3,V by 3, V.
Lemma

> AT — A,
» FA— A",

One proves both parts simultaneously by induction.on A.
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Theorem
Assume I . P where ' has only positive occurrences of —,3,V
and P is a prime formula. ThenT F; P.

Proof. )
By the Lemma T'=T,so ¢ P, so ' -; P (theorem above). ]

Theorem
Assume I . A where
(i) A=3(B1V -~V By,) with B; = ¥, C; and C; conjunction of

prime formulas # 1 ;

(i) T has only positive occurrences of —,3 and contains neither
V nor L.

Then T - A.

Geometric formulas and geometric implications almost (no Vv, 1)

have the required form. We allow e.g. prenex formulas with prime

formulas as kernel for [ (needed in [Coquand & Lombardi 2006]),

and universally quantified prime formulas for the disjunctive B;'s.
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Proof.

Assume [ . A with AT satisfying (i), (ii). By the Lemma and (ii)
we have [ T, hence I' . A. By (i) we can assume that A has the
form EIX1 B V...V EIXn B, with B; =V C; and C; conjunction of
prime formulas # L. Therefore

r VXI(V Cl — J_) V)-(’n(v}-;n Cn — J_) FC 1.
By a theorem above
MV (V5 G — L), ..., Vg, (V5,Cr — L) - L.

Replace L by 33 Vy, C1 Vv ---V 3¢ ¥y, C,. This leaves I intact and
makes the final premises provable. Hence I' - A as required. O
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Examples

» Warning: care is needed when interpreting the results.

» Reason: we have 3,V as well as §I,\"/, and defined ' . A to
mean [ U Stab - A.

» The common undersNtandiDg of classical derivability of A from
I is written here as ' . A, which is different from I -, A.

> c PV =P, but /. PV —=P.

> o (Vx@x — P) — éX(QX — P), but
e (Vx@x — P) — 34(Qx — P), for otherwise this formula
(an EGI) would be derivable in minimal logic, which it isn't.
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Examples

v

However, this caution is not necessary in the —, V-fragment.

v

For instance, V,(V,Rxy — Qx) — P is derivable in classical
logic iff it is derivable in minimal logic.

v

Premises called “generalized Horn clauses”, CSL 1991.

v

Related work by Dale Miller: extensions of logic programming.
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Examples in algebra

[Coquand & Lombardi 2006] consider a non-Noetherian version of
Swan’s theorem, written in a first-order way as an implication

HdimR < n — Ay(F) =1 — 3x.y(1 = XFY) (6)

(X a row vector, Y a column vector, F a matrix of fixed size).
HdimR < n (the Heitmann dimension of R is < n); for n = 1:

Vi 3a¥, 3p(1 = b(1 — yx(1 — ax))). (7)

(n given) is an EGI, as is A,(F) =1 and 3x, y(1 = XFY). Notice:
In (6) and its premise (7) we have 3, i.e., HdimR < 1 has a
constructive meaning. But here the variant of Barr's theorem can
be applied: (6) with 3 replaced by 3 is provable in minimal logic.
(As reported in Mints' survey [1991], conservativity of classical over
intuitionistic logic for such formulas follows from Orevkov [1968]).
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Examples in algebra (continued)

[Coquand and Quitté 2011] consider a theorem of Hilbert-Burch:
if we have an exact sequence

0— R2 — R3 i <31,a2,33> — 0,
then the elements as, a5, a3 have a gcd, i.e.,
Jy(x]a1 A x|a2 A x]az AVy(y|ar A ylaz A ylaz — y|x)).

Not a geometric formula. But: x|y can be axiomatized as a prime
formula. Consider rings with a prime formula R(a1, az, as, x, y) s.t.

R(a1,a2,a3,x,y) < (yla1 A y|az A ylaz — y|x).

Then the conclusion is 3,V (x|a1 A x|az2 A x|a3 A R(a1, a, a3, X, y)),
and hence again the variant of Barr's theorem applies.
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Necessity of the conditions

Clearly the (left) nesting of implications must be restricted, since
» . =P — Pbutt;—-—P—P
» o ((P—Q)— P)— Pbutt/((P— Q)— P)— P.

We cannot allow implications in the conclusion. Kreisel's example:
» Let R be a primitive recursive such that 3,Rxz is undecidable.
> tc 3,V.(Rxz — Rxy) (this holds even for ).

» But there is no computable f s.t. ¥, ,(Rxz — R(x, f(x))), for
then 3, Rxz would be decidable: it is true iff R(x, f(x)) holds.

» Hence I/ 3,V,(Rxz — Rxy).
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Conclusion

» An uncommon approach to logic: minimal logic +
3,V (weak, classical) and 3,V (strong, constructive).

» The view of classical logic as minimal logic + stability allows
to prove new conservativity results (for EGls).

» Corollaries: useful variants of Barr's theorem.
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