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Finitary algebras as non-flat Scott information systems

v

An algebra ¢ is given by its constructors.

v

Examples:

oN SN=N " for N (unary natural numbers),

1P, S5=P SP=P  for P of (binary positive numbers),

0P (axiom) and CP=P=D (yyle) for D (derivations).
Examples of “information tokens’: S"0 (n > 0), S%% (in N),
C(CO0%)(C%0) (in D) (*: special symbol; no information).

An information token is total if it contains no .

v

v

v

In D: total token ~ finite (well-founded) derivation.
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Finitary algebras: consistency, entailment, ideals

For D (derivations):

» {COx,Cx0} is “consistent”, written COx 1 Cx0.

» {COx,Cx0} F CO0O0 ( “entails").

> Ideals: consistent and “deductively closed” sets of tokens.
Examples of ideals:

> {COx*, Cxx}.

» {C00, COx, Cx0, Csksx}.

» The deductive closure of a finite (well-founded) derivation.

> {Cxx, C(Cxx)x, Cx(Cxx), C(Cxx)(Cxx), ... } ("cototal™).

» Locally correct, but possibly non well-founded derivations
(Mints 1978).
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Tokens and entailment for N
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Constructors as continuous functions

» Continuous maps f: [N| — |N| (see below) are monotone:
xCy— fx Cfy.
» Easy: every constructor gives rise to a continuous function.

» Want: constructors have disjoint ranges and are injective
(cf. the Peano axioms Sx # 0 and Sx = Sy — x = y).

» This holds for non-flat algebras, but not for flat ones:

0 S0 S(S0)

There constructors must be strict (i.e., CX(}y = ), hence

InP: S10=0=S50 (overlapping ranges),
In D: C0{0} =0 = C{0}0 (not injective).
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The Scott-Ershov model of partial continuous functionals

» Let A =(A,Congp,a), B=(B,Cong,Fpg) be information
systems (Scott). Function space: A — B := (C, Con, ), with

C :=Cong x B,
{(U,', b,')},'e/ € Con := VJQ/(U UJ S COHA — {bj}je_j € COHB),
jeJ
{(Ui, bi)}icr F (U, b) :=({bi | UFa U;} Fg b).
» Partial continuous functionals of type p: the ideals in C,,.

C, := (Tok,, Con,,+,), Crso =C, = C,.

» f € |C,|: limit of formal neighborhoods U € Con,_,,-.
» f € |C,| computable: r.e. limit.
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Formal language, axioms

v

Base theory: HA with prim. rec. functions, induction scheme.

v

Code types p, tokens a, formal neighborhoods U.

v

Uas{a;|i<n}, finite enumerated set (a; prim. rec.).

v

A-formula: equation t = 0 with t prim. rec. term.
Fix W={(U,b;)|i<n}, z:={a| C(a)} (C A-formula).

v

Wz = { b; ‘ vaEUfC(a)}

can be written as a finite enumerated set.
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Formal language, axioms (continued)

» (Typed) variables x, y, f, g for sets of tokens (points).

v

(Typed) terms are built from variables and constants:

M, N = xP | (el | ()\XpMU)p—m | (Mp—mNp)a_

v

Y -formula: t =0 (A-formula), a € x; A, V, 3, Vicp.

An ideal is a consistent deductively closed set of tokens.

v

Ideal(x) := Va pex(a T b) A VycxVa(U F a — a € x).

v

Y -comprehension. Let C(a,y) be a X-formula.

Ideal(y) — Vap(C(a,y) = C(b,y) — a1 b)
= Vup(VacuC(a,y) = Uk b— C(b,Y))
— A Va(a e x < C(a,y)).

Helmut Schwichtenberg (j.w.w. Simon Huber, Basil Karidais) A pointfree theory of partial continuous functionals



Definition of a €¢ M

For every closed term AzM of type g0 — o we define a X-formula
(U,a) € ;M ((U, a) denotes (Ui, ...(Upn,a)...)).

U,-l—a
(U,a) S )\;X,'

(

(V)

<

V,c) € M Yeev((U, b) € AzN)
(U, c) € A\g(MN)

(A)7

(C) for every constructor C.

VEa*
(U,V,Ca*) €
Then

(a € M):=35-:((U,a) € \zM).

This is independent of the choice of X.
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Terms and ideals, extensional equality, totality

» Lemma. Every term M denotes an ideal, i.e.,

Ideal(X) - a,be M — a1 b,
Ideal(X) > UCM—UkFb— be M.

» (M= N):=V(ae M+~ aeN).

» G,x (x is a total ideal) is defined by induction on p:

G,x := Ideal(x) A x contains a total token a,
Gposof  i=1deal(f) AV(Gpx — 3y (y = X A Gyy)).
Gy (fx)
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Properties

Extension lemma: If f € G,, Ideal(g) and f C g, then g € G,,.
(Proof. Case p — 0. Let f € G,,, and f C g. Show g € G,_,,.
Let x € G,. Show gx € G,. But gx 2 fx € G,. Use IH.)

Continuity of application: b € fx <+ Jycx((U, b) € f).

be (AN A)x o Jucx((U,b) € finh)
() Juex((Ur, b) € 1) A Jyex((U2, b) € £2)
—~ be fixAbcE hx.
< b e (fix) N (fax).

“—" of (x) is obvious. For “<", let U; C x with (U;, b) € f;.
Choose U = Uy U Us. Then (U, b) € f; (as {(U;, b)} - (U, b) and
fi is deductively closed).
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Equality =/, on total ideals

(x=ly)=(x=y), (f=,.,8):="xeq,(fx =; gx).
Lemma. f =} g iff fNg € G, for f,g € G,. Proof. Casep — 0.

f p—>og<—>vXEG (fX 0o gX)
& Ve, (FNgx € G,) by IH
& Veeo, (FNE)X € Gy)
—fNge G,

Theorem (Ershov 1974, Longo & Moggi 1984)
x =%y implies fx =, fy, for x,y € G, and f € G,
Proof. Since x :; y we have x Ny € G, by the previous lemma.

Now fx, fy O f(xNy) and hence fx N fy € G,. This implies
fx =L fy again by the previous lemma.
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Density

The total functionals are dense (w.r.t. the Scott topology) in the
space of all partial continuous functionals of type p.

Theorem (Kreisel 1959, Ershov 1974, U. Berger 1993)

For every type p = p1 — ... = pp — ¢ we have A-formulas TExt,
and Sep,, (i =1,...,p) such that for any given U,V € Con,

(a) UC {a|TExt,(U,a)} € G, and
(b) UT,V—=ZyveGAUZyy I, Viyy,
where ZU’\/ =2ZyVv,ai,---,2ZU,V.p and ZUy.\Vv,i = {a ’ Seplio(U, V, a) }

Proof. By induction on p.
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Proof of the density theorem. Case p — o, (a)

» Fix W= {(Uj,a;)| i <n} € Conyy. Consideri <j<n
with a; ¥ aj, thus U; ¥ U;.
» By IH(b) for p we have Zj € G such that U;Z; ¥, U;Zj.

» Define for every U € Con,, a set Iy of indices k < n such that
“U behaves as Uy with respect to the Z;":

ly:={k<n|Vick(ai ¥ ax = UZi =, UkZik) A
Vj>k(ak ;f( aj — Uij |—L Ukzkj) }

Notice that k € Iy,.
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Case p — o, (a) (continued)

Recall
Iy = {k <n ’ V,‘<k(a,‘ Tak — UZiy -, Ukzik) A

Visk(ak 1 aj = Uz F, UkZy) }-

We show Vi :={ax | k € Iy} € Con,.
» It suffices to prove a; 1 a; for i,j € Iy with i < j.

v

Since a; 1 aj is decidable we can argue indirectly: let a; 1 a;.
Then Uf,'j F, Ujf,'j and Uf,'j F, U,'f,'j, thus U,'Z,'j T UJZ,J
But UiZ; ¥, U;Zj; by the choice of the Z; for U; ¥ U;.

v

v
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Iy = {k <n ’ V,‘<k(a,‘ Tak = UZy k-, kaik) A
Vj>k(ak j’( aj — Uzkj . Ukaj) }

By IH(a) for o, Vy C yyv, :={a| TExts(Vy,a) } € G,. Let
f:={(U,a)|[a€yv, ANVij<nlai ¥ aj = G(UZ;))] vV Vyt-a}

Claim: W C f € Gy (then TExt, (W, (U, a)) := f-fla).
» Since k € Iy, we have ax € V. Thus (Ux,ax) € f.
» For Ideal,,,(f) verify the properties of “approximable maps".
» Here only: (U,a) € f and U’ U imply (U’,a) € f. By cases.
» Case[...]. Have a € yy, and V| j<n(ai ¥ aj = G,(U'Zy)).
Show a € yy,,. For a; } a; both UZ; and U'Z; have total a.
The same, since U’ + U. Thus Iy = Iy, hence Vy = V.

» Case Vyta. U+ Uimplies Iy C Iy, hence Vi C Vyr,
hence Vi I a and therefore (U’, a) € f.
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Case p — o, (a) (continued)

Recall
f:={(U,a) |[a€yy, ANVij<n(ai ¥ 3 = G(UZy))] vV Vyt a}.

It remains to prove f € G,_.,. Let x € G,.
» We show fx € G, i.e., {a| Jucx((U,a) € f) } € G,.
» Recall Zj € G for all i < j < nwith a; } a;. Hence xZj; € G,.
Uj € x with G,(Uj;Zjj). Same total a in all Uj;Z.
Let U be the union of all Uj's. Then G,(UZ;).
(U,a) € f for all a € yy,, i.e., yv, C fx and thus fx € G,.

v

v

v
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Proof of the density theorem. Case p — o, (b)

» Let Wy, Ws € Con,e with Wy J Wh. Take the first
(Ui, a;) € W, such that U; 1 U and a1 f a».

» By IH(a) for p
U1U U C zy, u, i ={a| TExt,(U1 U U, a)} € G,.

Thus a; € Wizy, u,.
» IH(b) for o gives Z,, 5, € G such that

{a1}Za1,2, ¥, {22} 201,20, Zay,ei = { ] Sepir({al]W {22}, a) }.
» Hence Whzy, 1,Za;,2, §, Wozuy, 1, Za1,2,- Thus define

Sep;—ﬂf(le W27 a) = TEti(Ul U U2, a),
Sep;',:lg(Wl, Wa, a) = Sep(if({al}v {32}7 a)'
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Conclusion

v

Basic semantical concept: Partial continuous functionals.

v

Ideal (or point): a consistent deductively closed set of tokens.

v

TCEF: Theory of computable functionals. Types and formulas
kept separate.

TCF™: “pointfree” refinement. Functionals appear as ideals.
Sketch of proof of the density theorem in TCF™.

v

v
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