
CONSTRUCTIVE INTEGRATION

HELMUT SCHWICHTENBERG

1. Step functions

To approximate Riemann integrable functions we use equidistant parti-
tions whose length is a power of two. For rational arguments we can view
them as step (or piecewise constant) functions mapping the interval [−1, 1]
into the rational numbers Q.

A basic operation for step functions is refining them by doubling each
argument. This is done by a function Ref : L(Q)→ Q defined by

Ref([]) := [],

Ref(a :: ~a ) := a :: a :: Ref(~a ).

Ref’s iteration ItRef : N→ L(Q)→ Q (written rf infix) is defined by

(0 rf ~a ) := ~a,

(n + 1) rf(a :: ~a ) := a :: a :: (n rf ~a ).

Simple properties of these functions are

ListItRefEq (n + 1) rf ~a = n rf(Ref(~a ))

ListItRefPlus (n + m) rf ~a = m rf(n rf ~a )

ListItRefComm n rf(m rf ~a ) = m rf(n rf ~a )

ListLtLhRef 0 < |~a | → |~a | < |Ref(|~a |)|
ListLhItRef |n rf ~a | = |~a | · 2n

To formally define lists of rationals whose length is a power of 2 we use the
level of the list ~a, defined as the logarithm of the length |~a | of ~a. However,
defining the level of a list in this way (that is, by a single defining equation)
leads to unwanted unfoldings when normalizing terms involving the level
function. This can by avoided by introducing the level as the computational
content cLev(~a ) of an existential lemma

Lev ∀~a∃ln(n = log(|~a |))

Such constants cLev can be “animated” or “deanimated” as desired, which
means that cLev(~a ) unfolds to log(|~a |) or stays as it is. The same trick can
be applied generally to functions defined by a single equation. For instance,
using cLev we introduce piecewise constant (PC) (or step) functions. We
define PC to mean that the length of its argument as is a power of 2, with
exponent cLev as.

PC ∀~a∃lboole(boole = (|~a | = 2cLev(~a ))).
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Here boole is a variable of type B of booleans. Then cPC(~a ) evaluates to
the boolean tt if ~a has exponential length and to the boolean ff otherwise.
We then obtain

PCIntro ∀~a(|~a | = 2cLev(~a ) → cPC(~a )))

PCElim ∀~a(cPC(~a )→ |~a | = 2cLev(~a )))

PCToLhBd ∀~a(cPC(~a )→ 0 < |~a |)
LevZeroToLhOne ∀~a(cPC(~a )→ cLev(~a ) = 0→ |~a | = 1)

When we want to define binary functions or relations on PC the problem

arises that the arguments ~a and ~b may have different lengths. We can
solve this problem by refining both lists to a length larger than or equal
to the lengths of both arguments. As an example consider the (pointwise)

maximum function on PC. This can be easily defined such that ~a maxs ~b
(s for sequence) for arguments of equal lengths has the expected properties.
For arguments of different lengths we first refine the smaller one to the length
of the larger one and then apply maxs. The resulting function is called maxr
(r for refine).

Closure properties of PC:

PCRat ∀acPC(Ref(a:)

PCRef ∀~a(cPC(~a )→ cPC(Ref(~a )))

PCItRef ∀~a(cPC(~a )→ ∀ncPC(n rf ~a ))

PCMax ∀
~a,~b

(cPC(~a )→ cPC(~b )→ cPC(~a maxs ~b ))

There is more in the section “Piecewise constant functions, refinement”
of vlat.scm. In particular it is shown that PC forms a vector lattice w.r.t.

PCMax (written maxr infix)

PCPlus (written +∼ infix)

STs scalar product

PCEqv (written =∼= infix)

PCLe (written <∼= infix)

2. Completion of metric spaces

Definition 2.1. A metric on a set X is a map d : X → X → R such that
for all u, u′, u′′ ∈ X

(a) d(u, u) = 0 (reflexivity),
(b) d(u, u′) = d(u′, u) (symmetry), and
(c) d(u, u′′) ≤ d(u, u′) + d(u′, u′′) (triangle inequality).

A metric space is a pair (X, d) consisting of a set X and a metric d on X.
The real d(u, u′) is called distance of u and u′ w.r.t. d.

Remark 2.2. The axioms entail d(u, u′) ≥ 0 for all u, u′ ∈ X. This follows
from the triangle inequality applied to u, u′, u:

0 = d(u, u) ≤ d(u, u′) + d(u′, u) = 2d(u, u′).
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Lemma 2.3 (MetrUB, MetrLB). Let (X, d) be a metric space. Then

|d(u, u′′)− d(u′, u′′)| ≤ d(u, u′) ≤ d(u, u′′) + d(u′, u′′).

Proof. From the triangle inequality and symmetry we obtain both

d(u, u′′)− d(u′, u′′) ≤ d(u, u′),

d(u′, u′′)− d(u, u′′) ≤ d(u, u′)

and hence the first inequality. The second one follows immediately from the
triangle inequality and symmetry. �

The completion of a metric space (X, d) consists of all pairs ((un)n,M)
such that (un)n is a Cauchy sequence with modulus M , that is,

d(un, um) ≤ 1

2p
for n,m ≥M(p).

Let X̃ be the set of all such pairs, called points. We extend d to points
w = ((un)n,M) and w′ = ((u′n)n,M

′) of X̃ by

d̃(w,w′) := ((d(un, u
′
n))n, L) with L(p) := max(M(p + 1),M ′(p + 1)).

We want to show that the completion (X̃, d̃) of a metric space (X, d) is a
metric space again. This requires a lemma.

Lemma 2.4 (MCplLimCauchy). Let (X, d) be a metric space and (X̃, d̃) its
completion. Assume that w = ((un)n,M) and w′ = ((u′n)n,M

′) are points

in X̃. Then

|d(un, u
′
n)− d(um, u′m)| ≤ 1

2p
for n,m ≥ max(M(p + 1),M ′(p + 1)).

Proof.

|d(un, u
′
n)− d(um, u′m)|

≤ |d(un, u
′
n)− d(un, u

′
m)|+ |d(un, u

′
m)− d(um, u′m)|

≤ 1

2p+1
+

1

2p+1
for n,m ≥ max(M(p + 1), N(p + 1)). �

Lemma 2.5. The completion (X̃, d̃) of a metric space (X, d) is a metric
space again.

Proof. Reflexivity and symmetry are easy the see. For the triangle in-
equality we use Lemma 2.4. Let w = ((un)n,M), w′ = ((u′n)n,M

′) and
w′′ = ((u′′n)n,M

′′) be points in the completion. Define x := limn d(un, u
′′
n),

x′ := limn d(un, u
′
n) and x′′ := limn d(u′n, u

′′
n). These real limits exist by

Lemma 2.4. For our goal x ≤ x′ + x′′ it suffices to prove x ≤ x′ + x′′ + 1
2p

for all p. Fix p. We show

x− 1

2p+1
≤ x′ +

1

2p+2
+ x′′ +

1

2p+2
.

Fix some n ≥M(p + 1),M ′(p + 2),M ′′(p + 2). Then

x− 1

2p+1
≤ d(un, u

′′
n), d(un, u

′
n) ≤ x′ +

1

2p+2
, d(u′n, u

′′
n) ≤ x′′ +

1

2p+2
.

The claim now follows from d(un, u
′′
n) ≤ d(un, u

′
n) + d(u′n, u

′′
n). �
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Definition 2.6. We define an inclusion map from the original metric space
(X, d) into its completion (X̃, d̃) by viewing an element u in X as a constant

sequence with modulus 0, writen ũ. It is easy the see that d̃(ũ, ũ′) = d(u, u′).

Definition 2.7. Two points w := ((un)n,M) and w′ := ((u′n)n, N) are equal
if

d(uM(p+1), u
′
N(p+1)) ≤

1

2p
for all p ∈ Z+.

We want to show that this is an equivalence relation. Reflexivity and
symmetry are clear. For transitivity we use the following lemma:

Lemma 2.8 (MEqChar). For w := ((un)n,M), w′ := ((u′n)n, N) the fol-
lowing are equivalent:

(a) w = w′;
(b) ∀p∃n0∀n≥n0(d(un, u

′
n) ≤ 1

2p ).

Proof. (a) implies (b). For n ≥M(p + 2), N(p + 2) we have

d(un, u
′
n) ≤ d(un, uM(p+2)) + d(uM(p+2), u

′
N(p+2)) + d(u′N(p+2), u

′
n)

≤ 1

2p+2
+

1

2p+1
+

1

2p+2
.

(b) implies (a). Let q ∈ Z+, and n ≥ n0,M(p + 1), N(p + 1) with n0

provided for q by (b). Then

d(uM(p+1), u
′
N(p+1)) ≤ d(uM(p+1), un) + d(un, u

′
n) + d(u′n, u

′
N(p+1))

≤ 1

2p+1
+

1

2q
+

1

2p+1
.

The claim follows, because this holds for every q ∈ Z+. �

Remark 2.9 (MSeqEqToEq). An immediate consequence is that any two
points with the same Cauchy sequence (but possibly different moduli) are
equal.

Lemma 2.10 (MEqTrans). Equality between points is transitive.

Proof. Let (un)n, (u′n)n, (u′′n)n be the Cauchy sequences for w,w′, w′′. As-
sume w = w′, w′ = w′′ and pick n1, n2 for p + 1 according to Lemma 2.8.
Then d(un, u

′′
n) ≤ d(un, u

′
n) + d(u′n, cn) ≤ 1

2p+1 + 1
2p+1 for n ≥ n1, n2. �

We show that the completion (X̃, d̃) of a metric space (X, d) is complete.
To this end we explicitly define the limit of a modulated Cauchy sequence of
points wn = ((un,l)l, Nn) in the completion. Assume that (wn)n is a Cauchy
sequence with monotone modulus M . Then

Lim((wn)n,M) := ((un,Nn(n))n, L) with L(p) := max(M(p + 1), p + 2).

The first thing to prove is that this limit is a point in the completion again.
This requires some preparations.

Lemma 2.11 (MCauchyConvMod). Let (X, d) be a metric space and (X̃, d̃)

its completion. Assume that w = ((un)n,M) is a point in X̃. Then

d̃(ũn, w) ≤ 1

2p
for n ≥M(p).
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Proof. Fix n, p with n ≥M(p). Let xm := d(un, um) and x := limm xm with

modulus (M(q + 1))q. By definition x is d̃(ũn, w). The goal x ≤ 1
2p follows

from the completeness of the real numbers. �

Lemma 2.12 (MCplSeqApprox). Let (X, d) be a metric space and (X̃, d̃)

its completion. Assume that wn = ((un,l)l, Nn) is a point in X̃ for all n. Let
un := un,Nn(n). Then

d̃(ũn, wn) ≤ 1

2n
for all n.

Proof. This follows from Lemma 2.11. �

Lemma 2.13 (MCplCauchyApprox). Let (X, d) be a metric space and

(X̃, d̃) its completion. Let again wn := ((un,l)l, Nn) be points in X̃ for all n.

Assume that (wn)n is a Cauchy sequence in (X̃, d̃) with monotone modulus
M . Let un := un,Nn(n). Then

d(un, um) ≤ 1

2p
for n,m ≥ max(M(p + 1), p + 2).

Proof. Recall that d(un, um) = d̃(ũn, ũm) by Definition 2.6. Now

d̃(ũn, ũm) ≤ d̃(ũn, wn) + d̃(wn, wm) + d̃(wm, ũm) by Lemma 2.12

=
1

2n
+

1

2p+1
+

1

2m

≤ 1

2p
since n,m ≥ max(M(p + 1), p + 2). �

We can now prove that the completion (X̃, d̃) of a metric space (X, d) is
complete.

Lemma 2.14 (MCplLimMCpl). Let (X, d) be a metric space and (X̃, d̃) its

completion. Let (wn)n be a Cauchy sequence in X̃ with monotone modulus

M . Then Lim((wn)n,M) is a point in X̃.

Proof. It suffices to show that the explicitly defined limit is a modulated
Cauchy sequence. But this has been done in Lemma 2.13. �

Theorem 2.15 (MCplComplete). Let (X, d) be a metric space and (X̃, d̃)

its completion. Let (wn)n be a Cauchy sequence in X̃ with monotone mo-
dulus M . Then (wn)n converges with the same modulus M to the point

Lim((wn)n,M) in X̃.

Proof. This follows from Lemma 2.11 and Lemma 2.14. �

Remark 2.16 (MCplDistCont). One can also show that the distance func-
tions commute with the respective limits, i.e.,

d̃(Lim((w1
n)n,M1),Lim((w2

n)n,M2)) = Lim((d(w1
n, w

2
n))n, L)

with L(p) := max(M1(p + 1),M2(p + 1)).



6 HELMUT SCHWICHTENBERG

3. Integration

In [1, Section 4] Ishihara gives a general exposition how to complete ab-
stract integration spaces:

In this section, we introduce an abstract integration space
as a pair (L,E) of a vector lattice L and a positive linear
functional E on L, and define a seminorm on L by E. We
show that the completion L of L with the metric induced by
the seminorm is a vector lattice, and define an integral for
an element of L which has the usual properties of integral.

For the vector lattice PC we define E(g) for g in PC as the integral of
the absolute value of g. Since g is a step function this “integral” is just
a sum of rationals. Parallel to what was done for the reals, in vlat.scm

there is a definition of an algebra rib with a single constructor RibConstr

taking two arguments, a Cauchy sequence of (un) of elements of PC and
Cauchy modulus M . This is a first step of a formalization of the completion
of PC seen as a vector space, along the lines of Section 2. Specializing the
abstract theory in [1, Section 4] to the concrete setup in vlat.scm it should
be possible to give formal definitions and proofs of the Riemann integral and
its standard properties.
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