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Functionals of higher type are viewed as unions of certain
finite approximations (Scott 1970, Ershov 1972).

For the latter consistency, entailment and application are
canonically defined.

Define F(£) = (U, Fn)(Upm fm) = Up.m Fa(fm)-

Computablity of F means that its set of finite approximations
can be enumerated by an elementary function.
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» A theory of computable functionals TCF describes this
Scott-Ershov model C of partial continuous functionals.

> (f=g) =Vyy(x=y— fx=gy).
> “x extensionally realizes A”

Viy(x=x—=xerA— fxerB) ifAcr.

(ferA— B):= _
A— ferB if An.c.
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Invariance axioms: A <> J,(x er A) “A is invariant under the
extensional realizability interpretation” (Kolmogorov 1932).

Invariance axioms are extensionally realized by identities.

The computational content of a proof M can be defined as a
term et(M) in TCEF.

Soundness theorem: TCF + et(M) er A, for M proof of A.
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Standard constructive proofs of the IVT (for instance Bishop 1967)
are computationally problematic:

P> They partition the interval into as many pieces as the
modulus of the continuous function requires (for the given
error bound), and

» for each of these (many) pieces perform certain operations.

» Generally this problem is unavoidable: continuous increasing
functions may be flat.

» Solution here: Assume a lower bound on the slope.

1 1
quz+vcgdeQ7pez+ (27 < d—c— 5p+q < f(d) — f(C))
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An auxiliary lemma, which from a “correct” interval ¢ < d (that is,
f(c) <0< f(d) and 5> < d — c) constructs a new one ¢; < di

with di — c1 = 3(d — ¢).

Lemma (IVTAux)

Let f: | — R be continuous, with a uniform modulus q of increase.
Let a < b be rational numbers in | such that a < c < d < b, say
% < d—c, and f(c) <0 < f(d). Then we can construct ci,d;
with di — ¢ = %(d — ¢), such that again

a<c<ag<di<d<b and f(c)<0<f(d).
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Proof.
> Let ¢ = % and dp = C+32d

» From 2% < d — ¢ we obtain ? < dy — ¢g, hence
f(co) <p+2+q f(do)-

» Compare 0 with this proper interval, using ApproxSplit.

» Case 0 < f(dp). Then let ¢; = ¢ and di = db.

» Case f(cg) <0. Thenlet g = cp and dy = d.
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Theorem (IVT)

Let f: | — R be continuous, with a uniform modulus of increase.
Let a < b be rational numbers in | such that f(a) <0 < f(b).
Then we can find x € [a, b] such that f(x) = 0.
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Proof. Iterating the construction in IVTAux, we construct two
sequences (¢p), and (dy), of rationals such that for all n

a=¢<ca<---<c<d,<---<di <dy=b,
f(Cn)SOSf(dn);

dn—cn = (%)n(b — a).

Then:

> Let x,y be given by the Cauchy sequences (c,), and (dp)s
with the obvious modulus.

» As f is continuous, f(x) = 0 = f(y) for the real number
x=y.
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ApproxSplit

all x,y,z,p(Real x -> Real y -> Real z -> Reallt x y p —>
z<<=y oru x<<=z)

ApproxSplit-neterm (“normalized extracted term”)

[x,x0,x1,p]
[case x
(RealConstr as M —>
[case %0
(RealConstr as0 MO ->
[case x1
(RealConstr asl M1 ->
as1(M1(PosS(PosS p))max MO(PosS(PosS p))
max M(PosS(PosS p)))<=
(as (MO (PosS(PosS p))max M(PosS(PosS p)))+
as0 (MO (PosS(PosS p))max M(PosS(PosS p))))*
(1#2))1) 1)1

11/22



ApproxSplitBoole

all x,x0,x1,p(

Real x -> Real x0 -> Real x1 ->

Reallt x x0 p ->

ex]l boole((boole -> x1<<=x0) andnc
((boole => F) -> x<<=x1)))

ApproxSplitBoole-neterm is the same as ApproxSplit-neterm.
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IVTAux

all f,q(
Cont f ->
f £ doml<<=0 ->
0<<=f f domr ->
all c,d,p(f doml<=c -> d<=f domr -> c+(1#2**p)<=d ->
Reallt(f c) (£ d) (p+q)) ->
all p,cd(
Corr f(1ft cd) (rht cd)p ->
ex]l cdo(
Corr f£(1ft cdO) (rht cd0) (PosS p) andnc
1ft cd<=1lft cdO andnc
rht cdO<=rht cd andnc
rht cd0-1ft cd0==(2#3)*(rht cd-1ft cd))))
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[VTAux-neterm

[f,p,p0,cd]
[let cd0 ((1#3)*(1ft cd+lft cd+rht cd)pair
(1#3)*(1ft cd+rht cd+rht cd))
[if (cApproxSplitBoole
(RealConstr
(f approx(lft cd0 max f doml min f domr))
([p1]lf uMod(PosS p1)))
(RealConstr
(f approx(rht cd0 max f doml min f domr))
([p1]f uMod(PosS p1)))
0
(2+p0+p))
(1ft cd pair rht cdO)
(1ft cd0 pair rht cd)]1]
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DC (“dependent choice")

all xx,g(
RR™ Zero xx —>
all n,xx0(RR™ n xx0 -> RR"(Succ n) (g n xx0) andnc
SS” n xx0(g n xx0)) ->
exl xxs(
xxs Zero eqd xx andnc
all n RR™ n(xxs n) andnc
all n SS™ n(xxs n) (xxs(Succ n))))

DC-neterm

[xx,g,n] (Rec nat=>alpha)n xx g
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IVTcds

all f,q,p(
Cont £ —>
f £ doml<<=0 ->
0<<k=f f domr ->
f doml+(1#2%*p)<=f domr ->
all c,d,pO(
f doml<=c -> d<=f domr -> c+(1#2**p0)<=d ->
RealLt (f c) (f d) (p0+q)) ->
ex]l cds(
cds Zero eqd(f doml pair f domr) andnc
all n Corr f(1lft(cds n)) (rht(cds n)) (NatToPos(p+n))andnc
all n(
1ft(cds n)<=1ft(cds(Succ n)) andnc
rht (cds(Succ n))<=rht(cds n) andnc
rht (cds(Succ n))-1ft(cds(Succ n))==
(2#3) * (rht (cds n)-1ft(cds n)))))
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IVTcds-neterm

[f,p,p0] (cDC rat yprod rat)(f doml pair f domr)
([n]cIVTAux f p
[if (NatEven(pO+n))
(SZero
((GRecGuard nat pos) ([n0]n0) (NatHalf (pO+n))
([nO0, (nat=>pos)]
[if (NatEven n0) (SZero((nat=>pos) (NatHalf n0)))
[if (nO=Succ Zero) 1
(SOne ((nat=>pos) (NatHalf n0)))11)
(NatHalf (pO+n)<pO+n)))
[if (pO+n=Succ Zero) 1
(SOne
((GRecGuard nat pos) ([n0]n0) (NatHalf (pO+n))
([nO0, (nat=>pos)]
[if (NatEven n0) (SZero((nat=>pos) (NatHalf n0)))
[if (nO=Succ Zero) 1
(SOne ((nat=>pos) (NatHalf n0)))]1]1)

(NatHalf (pO+n)<pO+n)))1]1) 1722



IVTFinal

all f,q,p(

Cont £ —>

f f doml<<=0 ->

0<k=f f domr ->

f doml+(1#2**p)<=f domr ->

f domr-f doml<=2*xp ->

all c,d,pO(
f doml<=c -> d<=f domr -> c+(1#2**p0)<=d ->
RealLt(f c) (f d) (pO+q)) ->

exl x(Real x andnc f x===0))

I[VTFinal-neterm

[f,p,p0]RealConstr([n]1ft(cIVTcds £ p pO n))
([p1]TwoThirdExpBd (p1+p0))
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Real Approx
all x,p(Real x -> exl a abs(a+ “x)<<=(1#2**p))
Real Approx-neterm

[x,p] [case x (RealConstr as M -> as(M p))]
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IVTApprox

all f,q,p(
Cont £ —>
f f doml<<=0 ->
0<k=f f domr ->
f doml+(1#2**p)<=f domr ->
f domr-f doml<=2*xp ->
all c,d,pO(
f doml<=c -> d<=f domr -> c+(1#2**p0)<=d ->
RealLt(f c) (f d) (pO+q)) ->
exr x(Real x andr f x===0 andr
all r exl c abs(c+ “x)<<=(1#2%*%r)))

IVTApprox-neterm

[f,p,p0] cRealApprox(cIVIFinal f p pO)
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IVTInst

exr x(Real x andr SgMTwo x===0 andr
all r exl c abs(ct+ “x)<<=(1#2%*r))

[VTInst-neterm

cIVTApprox
(ContConstr 1 2
([a,n]axa+IntN 2)
([plZero)
([p]PosS(PosS(PosS p)))IntN 1 2)
1
1
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(time (pp (nt (make-term-in-app-form IVTInst-neterm
(pt "16")))))

;5 23585087634298163#16677181699666569

;3 93 ms

(exact->inexact (/ 23585087634298163 16677181699666569) )
;5 1.4142130282582281

(sqrt 2)
;3 1.4142135623730951
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