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Preface

The present text grew out of an attempt to give an exposition of basic
parts of classical analysis from a constructive point of view, as pioneered by
Brouwer and developed by Bishop (1967); Bishop and Bridges (1985). A
special emphasis is on computational aspects of the constructive proofs, so
in a sense it is an attempt to unify theoretical and numerical analysis. In
the subjects covered and even in the exposition I have closely followed Otto
Forster’s well-known textbook (2004).

Part of the material in these notes was the subject of seminars at the
Mathematics department of LMU, the last one “Constructive analysis” in
Wintersemester 2018/19. I would like to thank the participating students
for their useful contributions.

Miinchen, 29. Oktober 2019
Helmut Schwichtenberg
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Introduction

We are interested in exact real numbers, as opposed to floating point
numbers. The final goal is to develop the basics of real analysis in such a
way that from a proof of an existence formula one can extract a program. For
instance, from a proof of the intermediate value theorem we want to extract

a program that, given an arbitrary error bound

€L

95, computes a rational x

where the given function is zero up to the error bound.
Why should we be interested in logic in a study of constructive analysis?
There are at least two reasons.

(1)

Obviously we need to be aware of the difference of the classical
and the constructive existential quantifier, and try to prove the
stronger statements involving the latter whenever possible. Then
one is forced to give “constructive” proofs, whose algorithmic con-
tent can be “seen” and then used as a basis to formulate a pro-
gram for computing the solution. This was the point of view in
Bishop’s classic textbook Bishop (1967) (and its successor Bishop
and Bridges (1985)), and more explicitely carried through in An-
dersson’s Master’s thesis Andersson (2001) (based on Palmgren’s
Palmgren (1996)), with Mathematica as the target programming
language.

However, one can go one step further and automatize the step from
the (formalized) constructive proof to the corresponding program.
This can be done by means of the so-called realizability interpreta-
tion, whose existence was clear from the beginnings of constructive
logic. The desire to have “mathematics as a numerical language”
in this sense was clearly expressed by Bishop in his article Bishop
(1970) (with just that title). There are now many implementations
of these ideas, for instance Nuprl, Coq Coq Development Team
(2009), Agda Agda, Isabelle and Minlog, to mention only a few.

What are the requirements on a constructive logic that should guide us
in our design?

e It should be as close as possible to the mathematical arguments we

want to use. Variables should carry (functional) types, with free

ix



x INTRODUCTION

algebras (e.g., natural numbers) as base types. Over these, induc-
tive definitions and the corresponding introduction and elimination
axioms should be allowed.

e The constants of the language should denote computable function-
als in the Scott-Ershov sense, and hence the higher-order quanti-
fiers should range over their (mathematically correct) domain, the
partial continuous functionals.

e The language of the logic should be strong (in the sense of being
expressive), but the existence axioms used should be weak.

e Type parameters (ML style) should be allowed, but quantification
over types should be disallowed in order to keep the theory predi-
cative. Similarly, predicate variables should be allowed as place-
holders for properties, but quantification over them should be dis-
allowed, again to ensure predicativity.

On the technical side, since we need to actually construct formal proofs,
we want to have some machine support in building them. In particular,
to simplify equational reasoning, the system should identify terms with the
same “normal form”, and we should be able to add rewrite rules used to
generate normal forms. Decidable predicates should be implemented via
boolean valued functions, so that the rewrite mechanism applies to them as
well.

Compared with the literature, the novel aspect of the present work is
the development of elementary constructive analysis in such a way that
witnesses have as low a type level as possible. This clearly is important for
the complexity of the extracted programs. Here are some examples.

(1) A continuous function on the reals is determined by its values on
the rationals, and hence can be represented by a type-one (rather
than type-two) object.

(2) In the proof that the range of a continuous function on a compact
intervall has a supremum, Brouwer’s notion of a totally bounded
set of reals (which has type-level two) is replaced by the notion of
being order located above (which has type-level one).

(3) The Cauchy-Euler construction of approximate solutions to ordi-
nary differential equations can be seen as a type-level one process.



CHAPTER 1

Real numbers

1.1. Approximation of square roots

To motivate real numbers, we show that there is a Cauchy sequence of
rational numbers that does not converge to a rational number. First we
show

LEMMA 1.1.1 (Irrationality of the square root of 2). There is no rational
number b with b* = 2.

PROOF. Assume b = ;> € Q such that n? = 2m?. The number of prime
factors 2 in n? ist even; however, it is odd in 2m?. This contradicts the
uniqueness of prime factorization of natural numbers. O

THEOREM 1.1.2 (Approximation of square roots). Let a > 0 and ag > 0
be given. Define the sequence a, recursively by

1 a
ap41 = = (an + —)
2 an
Then

(a) (an)nen is a Cauchy sequence.

(b) If lim, 500 an = ¢, then ¢* = a.

PRrOOF. By induction on n one can see easily that a,, > 0 for all n € N.
Moreover,

(1) a2,y >a for all n;

this follows from

aiﬂ—a: i(ai+2a+2§) —a= i(a%—Qa—i—a;L) = i(an— ;;)2 >0
Next
(2) Gnio < anpyq  for all n,
since
1 a 1 9

1



2 1. REAL NUMBERS

Let a
by = —.
an
2 ~ 1 1
Then b7 | < a for all n, since by (1) we have 2 < -, hence also
2 2
a a
b2, = < —=a.
+17 9 S
Ant1 @

From (2) we obtain b,4+1 < b,49 for all n. Next we have
(3) bpt1 < ame1  for all n,m € N.

To see this, observe that — say for n > m — we have b,+1 < ap41 (this follows
from (1) by multiplying with 1/a,+1), and ap+1 < am+1 by (2).
We now show
1
(4) Gn41 — bpy1 < 27(0,1 —b1),
by induction on n. Basis: for n = 0 both sides are equal. Step:

1
an+2 — bn+2 < An+4+2 — bn+1 = §(Gn+l + bn+1) - bn+l
1
= §(Gn+1 —bpt1) < il

(an)nen is a Cauchy sequence, since for n < m by (2), (3) and (4)

(a; —by) by IH.

|an+1 - am+1| = Qpt+1 — m+1 < Apg1 — bpgr < 2%(@1 - bl)'
Now assume lim a,, = ¢. Then also lim b,, = ¢, for
¢ = bpya| < fe—ant1] + |ant1 — b
and both summands can be made arbitrarily small for large n, by (4). Hence
¢ = (limb,)? =limb? < a < lima? = (lima,)? = ¢

because of b2, < a < aZ,,, and therefore ¢* = a. g

1.2. Cauchy sequences, equality

We shall view a real as a Cauchy sequence of rationals with a separately
given modulus.

DEFINITION 1.2.1. A real number z is a pair ((an)nen, M) with a, € Q
and M: Z* — N such that (ay), is a Cauchy sequence with modulus M,
that is

1
an — an| < 5 for m,m > M(p)

and M is weakly increasing (that is M(p) < M(q) for p < q). M is called
Cauchy modulus of x.



1.3. THE ARCHIMEDIAN PROPERTY 3

We shall loosely speak of a real (ay), if the Cauchy modulus M is clear
from the context or inessential. Every rational a is tacitly understood as the

real represented by the constant sequence a,, = a with the constant modulus
M (p) = 0.

DEFINITION 1.2.2. Two reals  := ((apn)n, M), y := ((bn)n, V) are called
equivalent (or equal and written z = y, if the context makes clear what is
meant), if

1
‘QM(p-i-l) - bN(p-i—l)’ < 27 for all p € 7.

We want to show that this is an equivalence relation. Reflexivity and
symmetry are clear. For transitivity we use the following lemma:

LEMMA 1.2.3 (RealEqChar). For reals x := ((an)n, M), y := ((bn)n, N)
the following are equivalent:
(a) = =y; 1
(b) Vpgnovnzno(’an —bn| < 27))
PRrROOF. (a) implies (b). For n > M(p + 2), N(p + 2) we have
lan = bu| <lan — aprpra)| + lanrpr2) — Onpr2)l + [bnpr2) — bnl

1 1
op+1 T op+2°

S T
(b) implies (a). Let ¢ € Z*, and n > ng, M(p+ 1), N(p + 1) with ng
provided for ¢ by (b). Then

lartp1) = Onp+1)] < lanipr1) = anl + [an = bn| + [bn — Dy (pt1)]

< 1 1 1
= 9p+l +ﬁ+ op+1°

The claim follows, because this holds for every q € Z™T. O

REMARK 1.2.4 (RealSeqEqToEq). An immediate consequence is that
any two reals with the same Cauchy sequence (but possibly different moduli)
are equal.

LEMMA 1.2.5 (RealEqTrans). Equality between reals is transitive.

PROOF. Let (an)n, (bn)n, (¢n)n be the Cauchy sequences for x,y, z. As-
sume x = y, y = z and pick nq,ngy for p + 1 according to the lemma above.
Then |ay — cp| < |an — bp| + |bn — cn| < g5 + 557 for n > ny, no. O

1.3. The Archimedian property

For every function on the reals we certainly want compatibility with
equality. This however is not always the case; here is an important example.



4 1. REAL NUMBERS
LEMMA 1.3.1 (RealBound). For every real x := ((ap)n, M) we can find
Py such that |a,| < 2P* for all n.

PROOF. Let ng := M(1) and p, be such that max{ |a,| | n <ng}+1 <
2P Then |ay| < 2P+ for all n. O

Clearly this assignment of p, to z is not compatible with equality.

1.4. Nonnegative and positive reals

A real z := ((an)n, M) is called nonnegative (written z € ROF) if

1
o <apn forallpeZt.

It is p-positive (written z €, RT, or € RT if p is not needed) if

o S apM(p+1)-
We want to show that both properties are compatible with equality.

First we prove a useful characterization of nonnegative reals.

LeEMMA 1.4.1 (RealNNegChar). For a real x := ((an)n, M) the following
are equivalent:

(a) z € ROT;
(b) vpanovnzno(_%p < an)'

PRrROOF. (a) implies (b). For n > M(p + 1) we have

1
o5 S Toprl T OMEtD)
1
g —72p+1 + (G/M(p+1) - an) + an

1 1

S—ﬁ-i-%—i-an.

(b) implies (a). Let ¢ € ZT and n > ng, M (p) with ng provided by (b)
(for g). Then

1 1
Top a0
1
=~ t(an = an) + an)
1 1
< o + o + ap(p)
The claim follows, because this holds for every gq. O

LEMMA 1.4.2 (RealNNegCompat). If z € R and z = y, then y € RO,
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PROOF. Let 2 := ((ap)n, M) and y := ((by)n, N). Assume z € RO
and x = y, and let p be given. Pick ng according to the lemma above
and ny according to the characterization of equality of reals in Lemma 1.2.3
(RealEqChar) (both for p +1). Then for n > ng,n;

1

_Q?S—ﬁ-l—ang(bn—an)—i—an.

Hence y € R%* by definition. O

LEMMA 1.4.3 (RealPosChar). For a real x := ((an)n, M) with x €, RT
we have
1
9p+1

<an, forMp+1)<n.

Conversely, from Vp>n,(5: < an) we can infer v €g41 RT.
PROOF. Assume x €, R, that is 2%, < apr(p+1)- Then

1 1
op+1 < _ﬁ + aM(p+1) = _ﬁ + (aM(p+1) — an) +an < ap

for M(p+ 1) < n. Conversely,

1 1 1
201 < Tz T
1
S—W—}-an for ng <n
< (anr(gr2) — an) +an  for M(q+2) < n.

Hence z €441 RT. O

Positivity is compatible with equality, but only up to a shift of p:
LEMMA 1.4.4 (RealPosCompat). Ifz €, Rt and z =y, theny €p12 RT.

PROOF. Let z := ((an)n, M) and y := ((by)n, N). Assume x = y and
z €, RY, that is 55 < an(p+1)- The goal is sz < b (pt3)- We have

1 1 1

opt2  optl  gpt+2 < amp+3) + (O p+3) = rm(p+3))

using Lemma 1.4.3 (RealPosChar) with the monotonicity of M, and the
definition of z = y. O
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1.5. Arithmetical functions

Given real numbers = := ((ap)n, M) and y := ((bn)n, N), we define z+y,
—z, |z|, -y, and % (the latter only provided that |z| €, RT) as represented
by the respective sequence (¢, ) of rationals with modulus L:

Cn L(p)
z+y an + by, max(Mp+1 N(p+1))
—x —an M (p)
|| |an| M (p)
-y an - bn max(M(p+1+py), N(p+1+p:))
L ifa, #0
Lfor o] g, RY [ am ¢ ’ M(2(q+1) +p)
0 ifa,=0

where 2P+ is the upper bound provided by Lemma 1.3.1 (RealBound).

LEMMA 1.5.1. For reals z,y also x+vy, —z, |x|, x -y and (provided that
|z| €4 RT) also 1/x are reals.

PROOF. We restrict ourselves to the cases z -y and 1/x.

‘anbn - ambm‘ - ’an(bn - bm) + (an - am)bm‘
< bn = b - lan| + lan — am| - [bm]
1
< ’bn_bm"2p1+’an—am’-2py < —
2P
for n,m > max(M(p+1+py), N(p+ 1+ ps)).

For 1/x assume |z| €, RT. Then by the (proof of our) characterization

of positivity in Lemma 1.4.3 (RealPosChar), ﬁ < |ay| for n > M(q+ 1).
Hence

1 1 ‘ |am — an|

an Am |anam |

< 224t Vg,, —a,| for n,m > M(q+1)
1
<% for n,m > M(2(g +1) +p).

The claim now follows from the assumption that M is weakly increasing. [
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LEMMA 1.5.2. For reals z,y, z

xr+0==x z-l=z
1
z+(-z)=0 O<|z|—=z-—=1
x
z-(y+z)=x-y+z-z
PROOF. For 0 < |z| — x - 1 =1 the Cauchy sequences are finally the
same, which suffices. In all other cases the Cauchy sequences are identical.
O

LEMMA 1.5.3. The functions x + vy, —x, |z|, -y and (provided that
|z| €g RT) also 1/x are compatible with equality.

PROOF. Routine. For instance in case x + y because of the commuta-
tivity of 4 it suffices to prove z = y — = + 2z = y + 2. But this follows
immediately from Lemma 1.2.3 (RealEqChar): the ng for the conclusion
can be the same as for the premise. O

LEMMA 1.5.4. For reals x,y from x -y =1 we can infer 0 < |z|.

PRrOOF. Pick p such that |b,| < 2P for all n. Pick ng such that ng < n
implies £ < a,, -b,. Then § < |ay|- 2P for ng < n, and hence 21,% <lan|. O

LEMMA 1.5.5. For reals x,y,
(a) z,y € ROT = x4y, z-y € ROT,
(b) z,y e Rt x4y, z-y € R,
(c) € R —» —2 ¢ ROt = 2 =0.

PRrROOF. (a), (b). Routine. (c). Let p be given. Pick ng such that
—2% < a, and —2% < —ay, for n > ng. Then |a,| < Qip O

1.6. Comparison of reals

We write < y for y — 2 € R and = < y for y — z € RT. Unwinding
the definitions yields that < y is to say that for every p, ar ) < brp) + 2%
with L(p) := max(M(p), N(p)), or equivalently (using Lemma 1.4.1 (Re-
alNNegChar)) that for every p there exists ng such that a,, < b, + 2%, for
all n > ng. Furthermore, x < y is a shorthand for the presence of p with
apps1) + 2% < br(p+1) With L the maximum of M and N, or equivalently
(using Lemma 1.4.3 (RealPosChar)) for the presence of p, ¢ with a,+55 < by,
for all n > ¢; we then write x <, y (or x <, 4 y) whenever we want to call
these witnesses.
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LeEMMA 1.6.1 (RealApprox). Y, ,3.(la — 2| < 55).

PrOOF. Let x = ((an), M). Given p, pick ays(p). We show |apsp,) — 2| <
2%,, that is |ap(p) — apr(g)l < 2% + 2%1 for every g. But this follows from

larp) = anmg)| < lanrp) = gl +larprg) = arr(gl < 2ip + %' O

LEMMA 1.6.2. For reals x,vy, z,

<z

L x
r<y—-y<z—ar<z
r<y—xr+z<y+=z
r<y=0<z=22-2<y -2

rSYy—yYysr—r=Y
r<y—y<z—x<z2
r<y—x+z<y+=z
r<y—=0<z—=>2-2<y-z2

PRrooF. From Section 1.5. O

Here we have left out information on witnesses p for the statements
proving a <-formula. Such estimates can easily be given explicitely. Here
are two examples.

LEMMA 1.6.3 (RealPosPlus). 0 <z = 0<,y = 0<py3z+y.

Proor. From 0 < x we have Vqﬂnovnzno(—z% < ay). From 0 <, y we
have some n; such that Vnznl(ﬁ < by). Pick ng for p+2. Then ng,ny < n
implies 0 < a, + 21,% and 2,,% < b, — 217%, hence 2,,% < ap + b,. Now

Lemma 1.4.3 (RealPosChar) gives 0 <,13  + y. O
LEMMA 1.64. 2 <y =y <p 2z =T <p45 2.
PrOOF. This follows from Lemma 1.6.3 (RealPosPlus). O

As is to be expected in view of the existential and universal character of
the predicates < and < on the reals, we have:

LEMMA 1.6.5 (LelsNotGt). z <y <+ y £ x.

PrOOF. —. Assume z < y and y < z. By Lemma 1.6.4 we obtain
r < x, a contradiction.

<. It clearly suffices to show 0 £ z — z < 0, for a real z given by (cy,)n.
Assume 0 £ z. We must show Vp3,,,Vp>ne(cn < 2%) Let p be given. By
assumption 0 £ z, hence ﬂEIq(Qiq < cup(g+1))- For ¢ := p+ 1 this implies

CM(pt2) < QP%, hence ¢, < cpp(pyo) + QP% < 2% for M(p+2) <n. O

Constructively, we cannot compare two reals, but we can compare every
real with a nontrivial interval.
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LEMMA 1.6.6 (ApproxSplit). Let z,y,z be given and assume x < y.
Then either z <y or x < z.

PrROOF. Let x := ((an)n, M), y := ((bn)n, N), z := ((cn)n, L). Assume
z <p y, that is (by definition) 55 < b, —ay for n := max(M (p+2), N(p+2)).
Let m := max(n, L(p + 2)).
Case ¢,y < %. We show z < y. It suffices to prove ¢; < b; for [ > m.
This follows from
1 anp +b, b, —ay bn, — an

Clgcm+2p+2§ 9 + 4 =by — 4 < b,

~ op+2 < bi.

Case ¢y £ %. We show x < z. This follows from a; < ¢; for [ > m:

1 bp—an _an+b, b,—ay
algan‘i‘wgan‘i_ 4 S 9 - 4 _Cm_WgCl.D

Notice that the boolean object determining whether z < y or x < z
depends on the representation of x, y and z. In particular this assignment
is not compatible with our equality relation.

One might think that the non-available comparison of two reals could
be circumvented by using a maximum function. Indeed, such a function
can easily be defined (component-wise), and it has the expected properties
z,y < max(z,y) and z,y < z — max(x,y) < z. But what is missing is the
knowledge that max(x,y) equals one of its arguments, i.e., we do not have
max(z,y) =z Vmax(z,y) = y.

However, in many cases it is sufficient to pick the up to e largest real
out of finitely many given ones. This is indeed possible. We give the proof
for two reals; it can be easily generalized.

LEMMA 1.6.7 (Maximum of two reals). Let x := ((an)n, M) and y :=
((bn)n, N) be reals, and p € Z*. Then either x <y+ 55 or else y < x + 55.

PROOF. Let m :=max(M(p+1),N(p+1)).
Case a,, < by,. Then for m <n

1
anam"‘ﬁﬁbm‘f‘ﬁﬁbn‘l‘ﬁ-
This holds for all n > m, thereforeazgy—i-%p.
Case by, < am,. Then for m <n
b, <b 1 1 .
n S m+ﬁ<am+ﬁ—an+27p'

This holds for all n > m, therefore y < x + 2% O



10 1. REAL NUMBERS

1.7. Cleaning of reals

After some computations involving real numbers the rational numbers
occurring in the Cauchy sequences may become rather complex. Hence
under computational aspects it is necessary to clean up a real, as follows.

LEMMA 1.7.1. For every real x = ((an)n, M) we can construct an equi-
valent real y = ((bp)n, N) where the rationals by, are of the form ky /2™ with
integers ky, and with modulus N(p) = p + 2.

PROOF. Let ky := |apr(y) - 2"] and by, := g—z, hence

kn kp 1 .
QTLSGM(")<27L+27L with k,, € Z.
Then for n < m
kn k
’bn_bm‘:|2%_2%
kn, K
< g = amml +lan) = anrm| + lanrem) = 5o
< 1 1 1
= 274‘274-277”
4
< o’
hence |b, — by| < 55 for m > n > p+2 =: N(p), so (by)n is a Cauchy

sequence with modulus N.
To prove that x is equivalent to y := ((by,)n, N), observe

w111
w Spatm Sy
for n > max(p + 1, M(p + 1)), and therefore z = y. O

|an = bn| < lan — aM(n)’ + |aM(n) -



CHAPTER 2

Sequences and series of real numbers

2.1. Completeness

DEFINITION 2.1.1. A sequence (x,)nen of reals is a Cauchy sequence
with modulus M: Z* — N whenever |z, — ;| < 55 for n,m > M(p),
and converges with modulus M: ZT — N to a real y, its limit, whenever

|zn — y| < 55 for n > M(p).
Clearly the limit of a convergent sequence of reals is uniquely determined.

LEMMA 2.1.2 (RatCauchyConvMod). Every modulated Cauchy sequence
of rationals converges with the same modulus to the real number it represents.

PROOF. Let z := ((an)n, M) be a real. We must show |a, — 2| < 5 for
n > M(p). Fix n > M(p). It suffices to show |a, — am| < 5 for m > M(p).
But this holds by assumption. O

By the triangle inequality, every convergent sequence of reals with mo-
dulus M is a Cauchy sequence with modulus p — M (p+ 1). We now prove
the reverse implication.

THEOREM 2.1.3 (RealCompl). For every Cauchy sequence of reals we
can find a real to which it converges.

PROOF. Let (zy)neny be a Cauchy sequence of reals with modulus M;
say xn 18 ((ani)i, Nn). Note first that, for each n € N and every p, by
Lemma 2.1.2 (RatCauchyConvMod) we have |z, — an| < o for all [ >
Nn(p). Next, set

bn = anNn(n)

for every n € N, so that
1
|zy, — bp| < 7 foralln e N

by the particular case | = N, (n) of the foregoing consideration. Then

1 1 1
|bm_bn|§‘bm_mm“"’mm_ﬂfn"”’wn—bn‘§27m+ﬁ+27§§

11
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for all m,n > max(M(q + 1),q + 2), which is to say that y := (b,), is a
Cauchy sequence with modulus L(q) := max(M(q + 1),q + 2). Moreover,
again by Lemma 2.1.2 (RatCauchyConvMod)

1 1 1
|$n_y’§|$n—bn‘+’bn—y|§2fn+ﬁﬁﬁ

for all n > L(q 4+ 1). In other words: (z,) converges to y with modulus
g— L(g+1). O

One can even say that (z,) converges to y with the same modulus that
() has as a Cauchy sequence. More generally, Lemma 2.1.2 (RatCauchy-
ConvMod) holds for Cauchy sequences of reals as well.

LEMMA 2.1.4 (RealCauchyConvMod). FEvery modulated Cauchy sequence
of reals converges with the same modulus to its limit.

PROOF. Let (x,), be a Cauchy sequence of reals with modulus M, that
is
1
|zn — T | < > for n,m > M(p).
Let y be the limit of (z,,),, that is
1
|zn, —y| < 2 for n > L(q).

We shall prove
1
|zn —y| < o for n > M(p).
Fix n > M(p), and let ¢ € Z*. Then

[Zn = y| < |2n — | + |2 —y|  for m = M(p), L(q)

1 1

o + %

The claim follows, because this holds for every q. O

<

It will be useful to have a criterion for convergence of a sequence of reals,
in terms of their approximations.

LEMMA 2.1.5. For reals xp,x represented by (an)i, (b)), we can infer
that (xy,), converges to x, i.e.,

1
vp;lnovnznoqxn —z| < 277)

from

1
Vo Vn,izno (lan — bif < 277)-
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PROOF. Given p, we have to find ng such that |z, — z| < 2% for n > nyg.
By Lemma 1.4.1 (RealNNegChar) it suffices to have |a,; — b| < 5 + % for

[ > r with r depending on [. But by assumption we even have |a,; —b;| < 2%
for I > ny. O

2.2. Limits and inequalities

We show that limits interact nicely with non-strict inequalities.

LEMMA 2.2.1 (RealNNegLim). Let (zy)nen be a convergent sequence of
reals and x its limit. Then 0 < x, for all n implies 0 < x.

PROOF. By assumption (z,)nen is a Cauchy sequence of reals, say with
modulus M. Let x,, be ((ay);, Ny). Assume 0 < z,, for all n, that is

1
~5q S nNa(g) foralln €N, g€ Z*.

By the theorem above, b, := a,p, (n) is a Cauchy sequence with modulus
L(p) := max(M(p + 1),p + 2) representing . We must show 0 < z, that is

<bpy forallpeZt.

—55 <
For k' := L(p) and n := L(p) we obtain
1 1
~35 S Toi) S UINu (L) = bu)  forall p e ZT.
Note that p < L(p) by definition of L. O
2.3. Series

Series are special sequences. Let (zy,)neny be a sequence of reals, and

define
n
Sp 1= g T,
m=0

We call s, a partial sum of the sequence (x,). The sequence

n

e = (3 7m) = 2

m=

is called the series determined by the sequence (x,)nen. We say that the
series Y o &y, converges if and only if the sequence (sy) converges. Its
limit is somewhat sloppily denoted by >z, as well.
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EXAMPLE 2.3.1. Consider the series ) - Its partial sums are

0o 1
m=1 m(m+1
n

1 n
on '_mz:;m(m+1) Cn4 1

this can be proved by induction on n, as follows. For n = 0 the claim clearly
holds, and in the induction step n — n + 1 we have

e 1
mz:lm(m—i-l) _mz:lm(m—i-l) * (n+1)(n+2)

n 1
Tharl  mrDn+2)
nin+2)+1
(n+1D)(n+2)

B (n+1)2
C(n+1D)(n+2)
n+1
n+2

=1 we obtain ), m =1

Because of lim,, s nLH

THEOREM 2.3.2 (Infinite geometric series). For |z| < 1 we have
o0
m=0 -

PRrOOF. Let |z| < 1. The n-th partial sum is

n n+1
R

> @ T o1—z

m=0 z

which can be proved easily by induction. Hence

1— n+1 1 1
lim v = (1 — lim m”“) =—)
n—oo 1 —x 1—=x n—00 1—=x
since lim 2"t = 0 for |z| < 1. O

For instance, > ;o ai% with a; € {—1,0,1} converges, because
!

: 1 1 e
> agls X g< X g

i=m+1 i=m+1 1=m+1

We show that every real x can be written in this form.
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2.4. Representation of reals

Let b > 2 be a natural number. A series

oo
Z aib_i,
i=—k
where each a; (for —k < i) is a natural number with 0 < a; < b, is called
b-adic expansion.
THEOREM 2.4.1. Every b-adic expansion converges.

PRrOOF. Let

oo
Z aib_i,
i=—k
be a b-adic expansion. We consider the sequence
J
S5 = Z aib_i.
i=—k

Because of the completeness of R it suffices to show that (s;);>_ is a Cauchy
sequence. This can be seen as follows. Let —k < j <[. Then

: . T e N .

wms= 3 007 < 3 et = Gt 3 v < e
i=j+1 i=j+1 i=0 b

which implies the claim. O

THEOREM 2.4.2 (b-adic expansion). Every real x € R%* can be repre-
sented by a b-adic expansion

o0

T = Z a;b~ "

i=—k

PrOOF. By Lemma 1.3.1 (RealBound) we can find k with z < b**1
Hence we can find (even uniquely) a_; with 0 < a_j < b such that

a_pb® <z < (a_j 4+ 1)b*

and therefore i
0<x— Z ab" < V.
i=—k
Assume we already have a_j,a_p1,...,a; such that
j . .
0<z-— Z a;b™t < b,
i=—k
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Then we can find (even uniquely) a;1 with 0 < a;41 < b such that
. ] . .
aj+1b_]_1 <z-— Z a;b™' < (aj+1 + 1)[7_]_1,

i=—k
hence

Jj+1 ' ‘

0<z— Z ab < b7t

i=—k

Therefore the corresponding b-adic series converges to x, i.e.
[e.e]

T = Z a;b " O

i=—k

THEOREM 2.4.3 (Signed digit representation of reals). Every real  can
be represented in the form

o0
(5) Z a;2”"  with a; € {~1,0,1}.
i=—k

PROOF. By Lemma 1.3.1 (RealBound) we can find k such that —2++1 <
x < 281 We recursively construct a_g, a_pi1, .- ., aj, ... such that

J
27 < g — Z ;27" <27 forj>—k—1.
i=—k
For j = —k — 1 this holds by the choice of k. Now assume the claim holds
for j; we need to construct a;;1 such that it holds for j + 1 as well. Let
Yy =T — Zngk a;27", hence —277 < y < 27J. By comparing y first with
—27971 <0 and then 0 < 277~! we can define a1, such that

-1 ify<0
ajp1 =0 if 277t <y <27t
1 ifo<y.

Then in each of the three cases
(aj41—1)2777 1 <y <(ajyr +1)27771,

hence
-2 <y —a; 2777 <27,

which was to be shown. O
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2.5. Theorem of Bolzano-Weierstraf}

The Theorem of Bolzano-Weierstraf} is an important instance of an exis-
tential theorem that only holds w.r.t. the classical existential quantifier, i.e.,
whose proof does not provide a construction of what is claimed to exist.
For its formulation we need the notion of a subsequence. Let (n,,)men be a
sequence of natural numbers satisfying

nog<ny < - <Ny < N1 < vves

Then for an arbitrary sequence (a,)nen we call (an,, )men the subsequence
of (a,) determined by (n,)men-

THEOREM 2.5.1 (Bolzano-Weierstral). For every bounded sequence of
reals there must exist a convergent subsequence.

PROOF. Let (x,) be a bounded sequence of reals, and a, b € Q such that
a<x, <b for all n € N.

We define recursively a,,, b, € Q and n,, € N such that
(i)a=a < a3 < < ap < by <+ < b < by = b and also
b = am + zim(b— a),
(ii) am < zp,, < by and ng < ny < -+ < Ny,
(iii) there must be infinitely many n > ny,, with a,, <z, < by,.
Such a subsequence will be a Cauchy sequence. To see this assume [ > m.
In case z,, < xp,, we then have

1
Oéxnm_wnlSbm_algbm_am:%(b_a)a
and in case x,,, < Ty,
1
ngnl—xnm§bl—am§bm—am:2—m(b—a).

For m = 0 let ag = a, by = b and ng = 0. Now assume that the recursive
procedure has been done up to m. Divide the interval [a,, by,] into two
halfes [a, c] and [c, by,] with ¢ := %(a,, + by,). Since by (iii) there must be
infinitely many z,, with n > n,, in the interval [a,, b,,], also in one of the
two halfes there must be infinitely many such x,.

Case 1. For infininitely many n > n,, we have a,, < x, < c. Then
let am41 = @m, bmy1 := c and choose ny,41 as the first n > n,, with
am < Ty < C.

Case 2. For infininitely many n > n,, we have ¢ < =z, < b,,. Then
let am+y1 :=:= ¢, byp+1 := by and choose n,, 41 as the first n > n,, with
c<x, <bp. O
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REMARK 2.5.2. In the step of the recursive procedure we have used the
axiom of dependent choice (DC), in the form

A0, ¢0) = Vi e(A(m, ¢) = FgA(m + 1,d)) — 3V, A(m, f(m))

where A(m,c) expresses that there must be infinitely many n > n,, such
that a,, < z, < by:

annm (am <z, < bm — g|n’>n(am <z < bm))

Notice that both the statement of the Bolzano-Weierstrafl theorem and DC
are Harrop formulas, i.e., without computational content.

A sequence (zy,)nen of reals is called

(i) monotone increasing, if x, < x,41 for all n € N,
) strongly monotone increasing, if x, < x,41 for all n € N,
il) monotone decreasing, if x,, > x,41 for all n € N,
) strongly monotone decreasing, if x, > xp41 for all n € N,
) monotone, if it is monotone increasing or monotone decreasing.

THEOREM 2.5.3. Every bounded monotone sequence of reals must have

(a) a modulus of convergence, and
(b) a limit to which it converges with this modulus.

PROOF. Assume (x,) is a monotone increasing bounded sequence.

(a) By the Theorem 2.5.1 (Bolzano-Weierstraf}) there must be a conver-
gent subsequence (z,,,). We show that because on the monotonicity of (x,)
also the full sequence (z,) must be a Cauchy sequence. Let € > 0. Since
(n,,) is a Cauchy sequence, we have ng € N with

Tp, —Tn <€
for all I > m > ng. Then for all p > ¢ > ny, we have (because of n, > p
and np, > ng)

(b) By Theorem 2.1.3 (RealCompl) we can find a real y to which (z,)

converges, and by Lemma 2.1.4 (RealCauchyConvMod) we know that the
modulus of convergence is the one from (a). O

OSxpfxqunpfxnogs.

Also this theorem states Harrop formulas; its proof does not provide
constructions of what is claimed to exist.

2.6. Convergence tests

We now consider some of the standard convergence tests for series.
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THEOREM 2.6.1 (Cauchy convergence test). Let (z,)nen be a sequence
of reals. The series Y o2z, converges if and only if for every p € Z" there
is an N € N such that for alln >m > N

PROOF. The condition expresses that the sequence of partial sums is a
Cauchy sequence. O

It follows that the convergence of series does not depend on a possible
change of finitely many of its members. However, the limit of the series may
well change.

THEOREM 2.6.2. A necessary (but not sufficient) condition for the con-
vergence of a series ZZO:O Ty 18 limy, oo T, = 0.

PROOF. Assume Z;L.O:o Ty, is convergent. We must show lim,, oo €, = 0,
which means

1
Vpzlnovnzno (|a7n| < 27))

So let p € Z*. Then there is an ng € N such that for all n > m > ng

DIRIEE
Z Tv| = o’
v=m
In particular then |z,| < o for n > N. O

EXAMPLE 2.6.3. The harmonic series ZZO:l% diverges to +oo. This
can be seen by grouping its members together:

11 1y 41111
1+o+(5+7)+(GHs+a+5)+

2 3 4 5 6 7 8
—
>3-4 >4-4

More precisely, one first shows that for all m € N

20 11

> leemao

v om+1 2

v=2m41
This implies
2n+1 1 n 2m+1 1 n 1
—-=1 - >1 —
PR D DD DRI
v=1 m=0v=2m+1 m=0

which implies the claim. The harmonic series is an example that the condi-
tion lim, s z, = 0 does not ensure convergence of the series ZZO:O T,
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THEOREM 2.6.4 (Leibniz test for alternating series). Let (x,)nen be a
decreasing sequence of non-negative reals with lim, .o x, = 0. Then the

series
§ (—1)"z,
n=>0
CONVeErges.

Proor. Because of lim,,_, ,, = 0 it suffices to show

n+m
Vi (0 < (=1)" > (=1)z, < ).

The proof is by induction on m. For m = 0 the claim is 0 < (—1)?"z,, = zy,,

and in the step m — m + 1 we have

n+m+1 n+m+1
D™ D (DY = (D™D en + Y (—1)73)
v=n v=n+1
n+l+m
=2, — (-1)" )" (=),
v=n+1
and by induction hypothesis 0 < Z:iif{‘(—l)”x,, < Tpi1- O

(="

n

For example, the series >, converges by the Leibniz test.

DEFINITION 2.6.5. A series )7y, is absolutely convergent if >~ >° o ||
converges.

Clearly every absolutely convergent series is convergent. The converse
does not hold generally, by the example above.

THEOREM 2.6.6 (Comparison test). Let > 2y, be a convergent series
with non-negative yy,. If |xn| <y, for alln € N, then Y o7y, is absolutely
convergent.

PRrROOF. We have to show that > >° |z,| converges. Let v € N. Since
> o Yn converges, we have an N € N such that for all n > m > N

SRR
rvr=m

But then also
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EXAMPLE 2.6.7. The series > 2, n—lp converges for every p > 2. To see

this, recall that ) 7, m converges, hence also y >, ﬁ Because
of p > 2 we have for all n > 1

1.2

nP —n? " nn+1)

Hence by the comparison test » % converges as well.

THEOREM 2.6.8 (Ratio test). Assume
|Tnt1| < qlxn|  for alln > ng
with 0 < g < 1. Then the series Y .-, is absolutely convergent.

PROOF. Since the convergence of series does not depend on a possible
change of finitely many of its members, we may assume ng = 0. By assump-
tion we have for all n

|zn| < q"[xol;
this can be seen easily by induction. The geometric series Y, ¢" converges
(because of 0 < ¢ < 1), hence also Y ¢"|zo|. From the comparison test
we can conclude the absolute convergence of > x,. U

EXAMPLE 2.6.9. The series » .7, g—j converges. To see this, observe
that for all n > 3

(n+1)%-2" 1 12
Tt —a(lty) <
Hence the series converges by the ratio test.

2.7. Reordering

Let > > @y be a series. If 7: N — N is a bijective map, then the series
> meo Tr(n) 1 a reordering of Y 07 o ap.

THEOREM 2.7.1 (Reordering theorem). Let > 7 xy be absolutely con-
vergent with limit x. Then every reordering of it converges to x as well.

PROOF. (See Forster (2004)). We must show

m
lim .’IJT(n) = X.
m—0o0
n=0
Let p € Z*. Because of the absolute convergence of > 7z, we have an ny
such that
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Hence

no—1 o] [e%¢) 1
‘517— E Tn| = ‘ E Tp| < E |517n| < ﬁ
n=0 n=no n=ngo

Now choose N such that {7(0),7(1),...,7(N)} D {0,1,...,n9 — 1}. Then
forall m > N

m m no—1 no—1
D et = 2] < [ 3wty = D | +| D
n=0 n=0 n=0 n=0
(o]
1 1
< Z |zn] + op+1 < op” U
n=ng

2.8. The exponential series

THEOREM 2.8.1. The exponential series

o xn
exp(x) = Z )
n=0
is absolutely convergent, for every real x.
PRrROOF.
l.n+1 112"
‘(n + 1)!‘ = 2ln!
is equivalent to 2|x| < n + 1. Hence the series converges absolutely by the
ratio test. U
The Euler number e is defined as
1
e:=exp(l) = Z E
n=0

THEOREM 2.8.2 (Estimate of the rest).

oo n N+1
T || N
’ E — | <2 fOTlegl—l-*.
| | 2
Wi " (N +1)!
PROOF.
i -
‘ n!
n=N-+1
o
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(1+ L S =™ +..)
N+2 (N+2) ... (N+tm+1)

|33|N+1
T (Nt

For 1\‘/:12 < % or x| <1+ % we can estimate this series against the geometric
series, since

|=|™ [z \m_ 1
(N+2)...(N+m+1)§( ) = gm-

Hence for |z| <1+ %

PIEE

n=N+1

|N+1 S 1

) T il O
N+1) 2n (N +1)!

THEOREM 2.8.3 (Cauchy product). Assume Y > xn and > 0" o yn are
absolutely convergent, and define

n
Zp = E Trn—mYm.-
m=0

Then Y 7 4 zn is absolutely convergent as well, and

5= (Se) ()

PROOF. (See Forster (2004)). Define

n

Ly = Z Zm-

m=0
We first show
oo o0 o
fi 2= 3% = (L an) - (L m).
m=0 n=0 n=0

For

(50 (Sw)
m=0 m=0
we clearly have
i 7= () (L)
Hence it suffices to show

lim (Z — Zy) = 0.

n—oo
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To prove this, consider

i (3 bewl) - (32 b)

Since by assumption both >~°° j x,, and Y 7y, are absolutely convergent,
(P} )nen converges.

Now let p € ZT. From the convergence of (P}),ecn we obtain an N such
that for alln >m > N

* * 1
P, - P, = Z |"E1ij|§27p

4,j<n
m<max(%,5)

Hence for n > 2N

1
Zi=Zal = | Y ws < Y Wwillagl < Y Jwlles] = Pi- PR < o
,7<n i,j<n i,j<n

n<i+j n<i+j N <max(i,5)

It remains to show that > z, is absolutely convergent. This follows
from the comparison test and the previous arguments, applied to the series
Yoo ln] und Y07 o |yn| instead of >°>7 xy, and > yy,. For then

oo n

n=0m=0

converges to (307 |zn|) - (oo [Ynl). Because of

n n
|zn| = ’Z mn—mym’ < Z |Zn—m||Ym]
m=0 m=0

the comparison test implies the absolute convergence of >~ >°  z,. O

. } 9] 00
If 1nstee'md of the absolute conzgrgencze of 2, n and Y 7y, we only
assume ordinary convergence, » 2z, in general will not converge.

THEOREM 2.8.4 (Functional equation for the exponential function).
exp(z +y) = exp(z)exp(y) for all z,y € R.

PRrOOF. Applying the Cauchy product to the absolutely convergent se-
ries

X .n > n

T Y
exp(z) = g ) and exp(y) = )
n=0 n=0

gives

exp(z) exp(y) = Z Z (;n_,:m%

n=0m=0
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> (s
— - xnfmym
n=0 n! m=0 <m>

o0

n
= Z w by the Binomial theorem
n!
n=0

=exp(z +v). O

COROLLARY 2.8.5. (a) 0 < exp(z) for all z € R.
(b) 0 < exp(x) for all x € R.
(c) exp(—z) = exp(x)~! for all z € R.
(d) exp(k) = e* for every integer k € Z.

ProoF. First notice
exp(x) exp(—z) = exp(z — z) = exp(0) = 1.

(a). Since the goal is stable, we can distinguish cases (i) 0 < x and (ii)
—(0 < ) (see Appendix A). In case (i) we clearly have exp(z) > 1. In case
(ii) we have x < 0. Assume exp(x) < 0. Then 1 = exp(x) exp(—z) < 0 since
x < 0 and therefore 0 < exp(—=z). This contradiction proves the claim.

(b). Pick p € Z* with exp(—z) < p. Then 1 = exp(z)exp(—z) <
exp(z)p by (a). Hence the claim.

(c) is now immediate, and for (d) we use induction on n. Clearly
exp(0) =1=¢" forn—n+1

n+1

exp(n+ 1) =exp(n)exp(l) =e"-e=e by induction hypothesis,

and for £ <0
1 1,

exp(k) po s e

2.9. The exponential function for complex numbers

Later we shall define the sine and cosine functions by means of the
complex exponential function, using the Euler equation

e =cosx + isinx.

As a preparation we introduce the complex numbers and prove their funda-
mental properties.
On the set R x R we define addition and multiplication by

(33172/1) + (1.273/2) = (.7]1 + T2, Y1 + y2>7
(3717311) : (9527312) = (951332 —Y1Y2,x1Y2 + y1$2)~

One can check easily that all the field axioms are satisfied if one defines
(0,0) as zero and (1,0) als one. This field is called the field C of complex
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numbers. Because of

(37170) + (‘T2a 0) = (:Cl + x2, 0))

(32’1,0) : (x250) = (56133270)
a real number = can be identified with the complex number (z,0); in this
sense we have R C C.
Defining
i:=(0,1),

we obtain

i2 = (0,1)(0,1) = (~1,0) = —1;
therefore in the field of complex numbers there is an element whose square
is the negative of the unit element. Every complex number z = (z,y) can —
using the above identification — be written in the form

z =+ 1y.

x is called the real part R(z) and y the imaginary part I(z) of z. Clearly
two complex numbers are equal if and only if they have the same real and
imaginary parts.

Every complex number z = x+1iy can be viewed as point in the Gauflian
plane. The real part z is the projection of z to the z-axis and the imaginary
part y the projection to the y-axis.

For every complex number z = x + iy we define the conjugated complex
number Z durch z := z — ty. In the Gauflian plane the conjugated complex
number is obtained by mirroring at the z-axis. One can check easily that
for all z, 21,29 € C

Z=2z, z21+t2Z2=7Z11+7%, Ziz2=7]%2.

Moreover for every z € C we clearly have
1 1
R(z) = 5(2 +z) and S(z) = 2—(2 —Z).
i

The modulus |z| of a complex number z is defined by means of conjugated
complex numbers; this will be useful for some of our later calculations. Let
z = x + iy with ,y € R. Then

2Z = (x +iy)(z —iy) = 22 + %> >0,
and we can define
|z| == V2Z.
Because of |z| = /22 + y? we can view |z| as the distance of the point z in
the GauBlian plane from the orign. Observe that for z € R the modulus as
defined for real numbers coincides with the modulus for complex numbers
as we just defined it. Also we clearly have |z| = |Z|.



2.9. THE EXPONENTIAL FUNCTION FOR COMPLEX NUMBERS 27

THEOREM 2.9.1. For all z, 21, 20 € C we have
(a) |2 >0, and |z] =0 iff z=0.
(b) [2122| = |21]|22],
(¢) |z1 + 22| < |z1| + |22| (triangle inequality).

PROOF. (a) is clear.
(b) |z122]% = 21207125 = 212971 22 = 21712273 = | 21?22/
(c)
|21 + 22\2 = (21 + 22)(z1 + %2)
= 2121 + 2122 + 2221 + 2272
= |z’ + 2% + 2122 + |22)?
= |21]> + 2R(2172) + |22|?
< (Jz1] + |22)?,
because of
R(z172) < [z172] = |21][72] = [21]]22]- O

REMARK 2.9.2. A field with a modulus function satisfying the three

properties of the theorem above is called a valued field. Q, R und C are
valued fields.

The notions and results above concerning the convergence of sequences
and series can be carried over routinely from reals to complex numbers.

DEFINITION 2.9.3. A sequence (¢p,)nen of complex numbers is a Cauchy
sequence with modulus M: ZT — N whenever |¢;, — ¢ < 55 for m,n >
M (p), and converges with modulus M : Z* — N to a complex number z, its

limit, whenever |c,, — z| < & for n > M(p).

One can see easily that a sequence (c,)nen of complex numbers is a
Cauchy sequence if and only if the two sequences of reals (R(cy,))nen and
(S(en))nen are, and that it converges if and only if the two sequences of
reals (R(cp))nen and (I(cp))nen converge. In this case we have

lim ¢, = lim R(c,) + 1 lim Y(cy).

THEOREM 2.9.4. In C every Cauchy sequence converges.

PROOF. The two sequences (R(cp))nen and (3(ep))nen are Cauchy se-
quences, hence converge in the reals. This implies the claim. U

The treatment of the exponential series

exp(z) := Z —
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can be carried over without any difficulty to the complex numbers. This
also applies to the estimate of the rest, and the functional equation. As a
consequence, we have exp(z) # 0 for all z € C, because of exp(z) exp(—z) =
exp(z — z) = exp(0) = 1. Notice also that

(6) exp(z) = exp(z) (2 € C);

this follows from

(0= O < 32 () = (V) -

n=0 k=0 ’ k=0

\_/



CHAPTER 3

Sets of real numbers

3.1. Intervals

For z,y € R the finite intervals are defined by
[z,yl ={z€eR|z<z<y},
(x,y) ={zeR|z<z<y},
(z,y] ={z€eR[z<z<y}
[z,y) ={zeR|z<z<y}.

The interval [x,y] is closed, (x,y) is open, (x,y] is half-open on the left,
[,y) is half-open on the right. We also allow the infinite intervals

An inhabited, closed finite interval is called a compact interval. We use I,
J to denote open (possibly infinite) intervals with rational end points.

3.2. Non-countability

Recall that every rational a is tacitly understood as the real represented
by the constant sequence a,, = a with the constant modulus M (p) = 0.

LEMMA 3.2.1 (Q is dense in R). For any two reals x < y there is a
rational a such that x < a < y.

PROOF. Let z := (z +y)/2 be given by (¢,,)n. Then for some p we have
T <p 2z <py. Let a:=cppy1), with M the Cauchy modulus of 2. O

Notice that a depends on the representations of x and y.

THEOREM 3.2.2 (Cantor). Let a sequence (x,) of reals be given. Then
we can find a real y with 0 < y < 1 that is apart from every x,, in the sense
that v, < yVy < Tn.

29



30 3. SETS OF REAL NUMBERS

PROOF. We construct sequences (ay)n, (by)n of rationals such that for
all n

(7) O=ap<a1 < <a,<b, <---<by <byp=1,
(8) Ty < Gpi1 Vbpi1 < Ty,
1

Let ag,...,a, and by,...,b, be already constructed such that (7)-(9) hold
(as far as they are defined). Now compare the real z,, with a,, < by,.

Case 1. x, < b,. Let byy1 := b,. Since Q is dense in R, we can find a
rational a1 such that

max(a:n,an, by, < apy1 < bpy1 = by.

- =)

Case 2. ap < xn. Let ani1 := ay, and find a rational b, 1 such that

. 1
ap = apg1 < bpg1 < mln(xny bn, an + ﬁ)

Clearly (7)-(9) continue to hold for n + 1 (as far as defined). Now y :=
(an)n is a Cauchy sequence, since for m > n we have |a,, — an| = aym —ap <
b, —ap < 2% Similarly z := (by)n is a Cauchy sequence. y = z follows from
(9), and from (8) together with (7) we obtain =, <y V z < x,. O

3.3. Supremum and infimum

Let S be a set of reals. A real y is an upper bound of S if x < y for all
x € 5. A real y is a supremum of S if y is an upper bound of S, and in
addition for every rational a < y there is real x € S such that a < z.

Every set S can have at most one supremum. To see this, assume that
y, 2z are suprema of S. It is enough to show y < z, and for this it suffices to
show z £ y. So assume z < y. Then z < a < y for some rational a, hence
a < z for some x € S, contradicting the assumption that z is an upper
bound of S. If the supremum of S exists, it is denoted by sup S.

DEFINITION 3.3.1. A set S of reals is order located above if for every
a < b, either x < b for all x € S or else a < x for some z € S.

THEOREM 3.3.2 (Least-upper-bound principle). Assume that S is an
inhabited set of reals that is bounded above. Then S has a supremum if and
only if it is order located above.

PROOF. If sup S exists and a < b, then either sup.S < b or else a <
sup S. In the former case x < b for all x € S, and in the latter case clearly
a < x for some x € S. Hence S is order located above.
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For the converse it is useful to consider
IIg(a,b): both y < b for all y € S and a < x for some z € §

as a property of any pair a, b of rational numbers with ¢ < b. By assumption
we have a,b € Q with a < b such that IIg(a,b). We construct two sequences
(cn)n and (dy,), of rationals such that for all n

(10) a=c<c << <dp, <o <dy <dop=0b,
(11) IIs(cn, dy),
2\ N
_ < (Z —a).
(12) dy—ca < (5) b-a)

Let cg, ..., ¢, and dy, . . ., dy, be already constructed such that (10)-(12) hold.
Let c=c¢, + %(dn —¢p) and d = ¢ + %(dn — ¢y). Since S is order located
above, either s < d for all s € S or else ¢ < r for some r € S. In the first
case let c,+1 := ¢, and d,+1 := d, and in the second case let ¢,41 := ¢ and
dpt1 := dy. Then clearly g(cpt1,dnt1), (10) and (12) continue to hold for
n+ 1, and the real number z = y given by the modulated Cauchy sequences
of rationals (c¢y), and (d,), is the least upper bound of S. O

A real y is a lower bound of S if y < z for all z € S. A real y is an
infimum of S if y is a lower bound of S, and in addition for every rational
a > y there is real € S such that a > x. Clearly every set S can have at
most one infimum. If the infimum of S exists, it is denoted by inf S.

DEFINITION 3.3.3. A set S or reals is order located below if for every
a < b, either x < b for some z € S or else a < x for all z € S.

Similarly to the least-upper-bound principle one proves

THEOREM 3.3.4 (Greatest-lower-bound principle). Assume that S is an
inhabited set of reals that is bounded from below. Then S has an infimum if
and only if it is order located below.

The proofs given provide a reasonably fast algorithm to construct the
supremum (or infimum), which makes use of the assumed order locatedness.
If however we are only interested in the weak (or “classical”) existence, then
this assumption is not necessary.

THEOREM 3.3.5 (Classical least-upper-bound principle). Every non-empty
bounded above (or below) set S of reals must have a supremum (or infimum).

PROOF. Let S be non-empty and y be an upper bound of S. Let yo =y
and xo an arbitrary element of S. We define two sequences (x,), and (yn)n
of reals such that for all n we have

(a) o<1 < <zp <y, <--- <y <y =y,



32 3. SETS OF REAL NUMBERS

(b) z, € S and y,, is an upper bound of S,

(¢) Yn — @y < 2%(y0 — Z0).

For n = 0 (a)-(c) are clearly satisfied. Assume that we already have (a)-(c)
for n. Consider z := %(a:n + yn). We distinguish two cases.

Case 1. z is an upper bound of S. Let y,+1 := 2z and z,41 1= xp.

Case 2. z is not an upper bound of S. Then there must exist an x € S
with z < z. Let 41 be such an z and yp+1 := yn.

In both cases the validity of (a)-(c) is clear. Therefore (x,) is a mono-
tonically increasing bounded sequence of reals and hence by Theorem 2.5.3
must have a limit. Similarly (y,) is a monotonically decreasing bounded
sequence of reals and hence again by Theorem 2.5.3 must have a limit. By
(c) both limits are equal, say = z. We still need to show that z satisfies the
properties of a supremum of S.

z is an upper bound of S: let x € S. Then x < y, for all n, hence also
z < lim, yy,.

Assume a < z. Then a < x, for some n, and x, € S. O



CHAPTER 4

Continuous functions

4.1. Basic definitions

We consider real-valued functions defined on open, closed or half-open
intervals I C R. Let ¢, d> range over R U {£o0}.

DEFINITION 4.1.1. A uniformly continuous function f: I — R is given
by
h:(INQ)—-N—=Q (called approximating map),
together with further data:
(a) A map a: Z™ — N such that for a € I each (h(a,n)), is a Cauchy
sequence with (uniform) modulus a.

(b) A modulus w: Z* — Z* of (uniform) continuity, such that w(p) satisfies
for all a,b € I

1 1
la —b] < o1 |h(a,n) — h(b,n)| < o for n > a(p).

(c¢) Lower and upper bounds p,v € Q for all h(a,n) with a € I.
We require a(p) < a(q) and w(p) < w(q) for all p < gq.

DEFINITION 4.1.2. A continuous function g: (c*°,d*°) — R is given by
an approximating map h: ((¢*,d*°)NQ) — N — Q and a family of uniformly
continuous functions (h[[c, d], a4, We.d, he.ds Ve.d) Tor ¢ < c < d < d>®. We
require for ¢® < ¢ < ¢ < d < d < d*® the monotonicity properties

Oéc,d(P) < Qe g (p)7 wc,d(p) < We! d! (p)a e < He,ds Ved < Ve d! -
EXAMPLE 4.1.3 (Squaring). sq: (—o0,00) — R is a continuous function
given by

(a) the approximating map h(a,n) := a® and modulus a.4(p) := 0;
(b) the modulus we 4(p) := p+ ¢ + 1 of uniform continuity, where ¢ is such
that |a + b| < 29 for ¢ < a < b < d, because

1
Ea

la—b| < = la® = b’ = |(a = b)(a+b)| <

op+q
(c) the lower bound p.q := ¢? and upper bound v, 4 := d>.

33
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Similarly all polynomials with rational coefficients on finite intervals can be
viewed as continuous functions in our sense.

EXAMPLE 4.1.4 (Inverse). inv: (0,00) — R inverting its argument is a
continuous function given by the approximating map h(a,n) := % For every
compact interval [4, d] we have
(a) the Cauchy modulus o 4(p) := 0;

(b) the modulus we 4(p) := p + 2¢q + 1 of uniform continuity, for
N 1 1| _jb—aj_1
o=t < 5o %’E_B‘_’ ab ‘—27)’

because ab > Q%q;
(c) the lower bound fi.q := 1/d and upper bound v, 4 := 29.

EXAMPLE 4.1.5 (Square root). The square root function differs from the
previous ones in that the values on rational numbers will not be rationals any
more. Given a > 0 and — for definiteness — ag := 1, recall from Theorem 1.1.2
of Chapter 1 that we can approximate y/a by

1 a
Ap41 = 5 (an + —)
Gn

One can verify easily that min(a, 1) < a,, < max(a,1), for all n. Hence the

square root function on (¢,d) (0 < ¢ < d) is a continuous function given by

(a) the approximating map h(a,n) := an;

(b) a modulus «, which can easily be computed from the fact (established
in the proof of Theorem 1.1.2) that |ap+1 — amy1]| < (a1 — af)/2" for
n <m, with a; = (14 a)/2 and a} = a/as;

(¢) the modulus of uniform continuity can be obtained from

1
Va—Vb| < ———la—1],
because v/a + Vb > 2min(c, 1);
(d) the lower bound g := min(c, 1) and upper bound v, 4 := max(d, 1).

In more detail, the argument for the modulus of uniform continuity runs as
follows. Let v/a + v/b > 2min(c,1) > 2. Assume |a — b| < ﬁ Then

|an41 — bng] < lans1 — Val + [Va — V| + [V — by

1
< |a’”+1 B a;l+1‘ + 7@ - b| + ‘b;ﬂrl - bn+1‘

Va+ b

1 1 1 1

S 2p+2 + 9p+1 + 9p+2 = 2P

provided n is such that |ap11 —a;, ;] < 2%(&1 —a)) < 21,%, and similarly for
b. This can be achieved by choosing the Cauchy modulus « large enough.
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ExAMPLE 4.1.6 (Exponential). Our final example is the ezponential
function exp: (—oo0,00) — R given by

(a) the approximating map

h(a,n) := Z "k
k=0

(b) a uniform Cauchy modulus .4, which can easily be computed from
Theorem 2.8.2 (Estimate of the rest) of Chapter 2:

’n+1

"k KNdP oab = |al* la
CuXwl=l X Tl X e
k=0 k=0 k=n+1 k=n+1

for l[a| <1+ § and n < my
(c) the modulus w, g of uniform continuity, which can be obtained from

nogk o gk S nlk_lklll
DR B R ) S B R D 1) Sl
" kMEL — M*
< |a_b‘ZT: |a—b|ZF< |a—b|eXp(M),
k=1 k=0
where M = max(|c|, |d|);

(d) the lower bound pq := Z,QA:/[J A,f—,k where again M := max(|c|,|d]), and
upper bound

L dk |d’L+1 )
Ved = o + ZW with L := 2[|d|];
k=0
this can easily be verified, again using Theorem 2.8.2 of Chapter 2.

DEFINITION 4.1.7 (Localization g[p of a continuous function). Let a
continuous function g be given by ¢, d>®, h,a™,w™, u>, v>°. For p € Z*
we define [c, d] by

[—2P, 27] if ¢ = —o0 and d*® = 400
le,d] == (€ + 55, 27] if ¢ € R and d>® = +o0
o [—2P,d> — 4] if ¢ = —0o and d® € R

[

™+ 55,d® — 5] if ¢®,d® eR
provided p is large enough to make [c, d] a proper interval. The localization

g[p is defined to consist of ¢, d as above, h||c,d] and

(o o]

a(p) == agy(p), wp) =wy®), up) = pea®); v):=rvogD).
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Since the approximating map operates on rationals only, we need to de-
fine separately what it means to apply a continuous function in our sense to
a real. It suffices to do this for uniformly continuous functions. For continu-
ous ones g we in addition need a witness p for elementhood of the argument
x in g’s open interval (¢*,d>), i.e., (¢,d) (depending on p, as above) such
that x € (¢,d). Then we can define the restriction g[p as a uniformly conti-
nuous function, and use application (g[p)(z). Notice that (g]p)(z) does not
depend on p, since the approximating map h of ¢ is independent of interval
bounds ¢, d, and by Remark 1.2.4 of Chapter 1 two real numbers are equal
if their Cauchy sequences coincide from one point onwards.

DEFINITION 4.1.8 (Application). Let f: [¢,d] — R be a uniformly con-
tinuous function given by ¢, d, h, a, w, u, v. Let further x = ((ay)n, M) be an
arbitrary real. The application f(x) of f to x is defined to be the Cauchy
sequence (h(mq(an),n))n with modulus

Apmax(a(p + 1), M(w(p + 1) — 1)).
Here the projection . 4 is defined by
c ifa<e,

Ted(a) =<9 a ife<a<d,
d ifd<a.

LEMMA 4.1.9 (ContReal). This is a modulus.

PROOF. We write o’ for 7. 4(a). Under the assumptions of the definition
we have

[h(ap, n) = M(ag,, m)| < |h(ay,,n) = h(an, m)| + |h(ay,, m) = h(ay,, m)]

m? m>
1 1

S + op+1

— 9p+1

if n,m > a(p+1) (this gives the first estimate) and n,m > M (w(p+1)—1)
(this gives the second estimate). To see the latter observe that because of
al,al € [e,d] and m > a(p+ 1) it suffices to prove

n-'m
1
/ /
\an — am\ < W
Because of n,m > M(w(p+ 1) — 1) we have
< 1
lan = am| < S

The claim now follows from |a’ — b'| < |a — b|, which is easy to see. O
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LEMMA 4.1.10 (ContAppCompat). Let f: [¢,d] — R be a local continu-
ous function given by c,d, h,a,w, u,v, and z,y € [c,d]. Then

r=y— f(x) = f(y)
Proor. To prove f(z) = f(y) we use Lemma 1.2.3 (RealEqChar) of
Chapter 1. We again write o’ for 7. 4(a). Given p, it suffices to prove that

1
|h(al,,n) — h(),,n)| < > holds finally.
We apply Lemma 1.2.3 again (for w(p) — 1), this time to make use of our
assumption x = y. It gives us an ng such that for n > ng we have
1
|an — bn| < 2w(p)—1

and hence also (as in the proof of Lemma 4.1.9 above)
< 1

— 2w(p)-
If in adddition we take n > w(p) the claim follows. O

lal, — U]

Next we show that indeed a continuous function f has w as a modulus
of uniform continuity.

LEMMA 4.1.11 (ContMod). Let f: [c,d] — R be a local continuous func-
tion given by c,d, h,a,w, u,v, and x,y € [c,d]. Then

1 1
o3l < sy = @)~ F)I < 55
PROOF. Assume |a,, — b,| < W for n > ng. Then also |a, — b,| <
72%17)_1 for @’ := m.4(a). Hence for n > ng, a(c,d,p)
1
(el m) — ity )| < o
that is |£() — f(5)] < 5. 0

We define the composition of two continuous functions.

DEFINITION 4.1.12 (Composition). Assume that f: [c,d] — R is given by
¢, d,h,a,w,p,vand f': [, d] = Rby ,d W, o/, i/, v/. Assume further
d<u<v<d. Then f'of:]c d]—)Rlsdeﬁnedby

ho(a,n) := K (h(a,n),n)

a’(p) = maX( ‘+1),aW(p+1)—1))
w®(p) w(w'(p) — 1)
0 = u’

!
° =1
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We need to show that this indeed defines a continuous function.

LEMMA 4.1.13 (ContComposeCorr). Under the assumptions of the defi-
nition above we have

(a) Fach h°(mcq(a),n) is a Cauchy sequence with (uniform) modulus o°(p);
(b) w°(p) satisfies for all a,b € [c,d]

1 1
la =8 < oyt = [hla,n) —h(bn) < o forn > a®(p);

(c) [u°,v°] contains all h°(a,n) for a € [c,d].

PROOF. Write o’ for m.4(a). (a). (h(a/,n))), is a real number with
modulus «. By Lemma 4.1.9 application of i’ to this real gives the Cauchy
sequence (B (7 ¢ (h(a’,n)),n)), with a®(p) = max(c/(p+1), a(w(p+1)—1))
its Cauchy modulus.

(b). Assume
1 1

W)-1 ~ u@m-D-1
Then also |a’ — /| satisfies this inequality and we obtain

o= b < o
20.7

|h(a',n) — h(b',n) T ifn>a(w(p) —1)

|§W

|h/(h(a’,n),n) — K (W', n),n)| if n > o/(p).

< —
= op

Both conditions follow from n > a°(p) by the monotonicity properties.
(c). Obvious. O

REMARK 4.1.14. Under the assumptions of the definition above we clearly
have (f" o f)(z) = f'(f(x)) for all x € I, since both reals have the same
Cauchy sequence.

4.2. Properties of continuous functions

We show that continuous functions commute with limits.

LEMMA 4.2.1 (ContLim). Let (x,)n be a sequence of reals which con-
verges to y. Assume xp,,y € I and let f: I — R be continuous. Then

(F(@n))n converges to f(y).

PRrOOF. For a given p, pick ng such that for all n
1
no <n — |z, —y| Sm.
Then by Lemma 4.1.11 (ContMod)

no < n = |f(an) = )| < 55

Hence (f(zy))n converges to f(y). O
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LEMMA 4.2.2 (ContRat). Assume that f,g: I — R are continuous and
coincide on all rationals a € I. Then f = g.

PRrROOF. Let 2 = ((an)n, M). By Lemma 4.2.1 (ContdLim) the sequence
(f(an))n converges to f(z) and (g(ay))n to g(x). Now f(a,) = g(ay) implies
f(z) = g(x). O

The supremum of the range of a continuous function on a finite interval
can be shown to exist constructively.! We prove that the range is order
located above, which entails (by the least-upper-bound principle) that it
has a supremum.

LEMMA 4.2.3. Let f: I — R be continuous and a finite subinterval J of
I given by c,d € I with ¢ < d. Then the range of f on J is order located
above.

PROOF. Assume a < b. We show Ve s (f(2) <)V Izes(a < f(x)).

Let h be the approximating map for f, and a; and wy be the moduli
among the data for f. For the given c¢,d let a(p) := ay(c,d, p) and w(p) :=
wy(e,d,p). Fix p such that 55 < 1(b—a). Take a partition ag, ..., a; of [c,d]
of mesh < Then for every a with ¢ < a < d there is an ¢ such that
la —a;| <

1
w(p)—2"
Let n, := a(p) and consider all finitely many

h(ai,n,) fori=0,...,L

Let h(aj,n,) be the maximum of all those.
Case h(aj,np) < a+ 3(b—a). We show that f(z) < b for all z. Let
x = ((bp)n, M). Then for n > n,

1
qw(p)—1-

1
h(bp,n) < h(bn,np) + o

< h(ai,np) + o1 for i such that |b, — a;| < W
1

< h(a%np)"‘ﬁ

<a+i(b—a)+2(b—a)=b

< 3 3 — b

Case a+3(b—a) < h(aj,np). We show a < f(z) for  := a;. Then f(z)
is given by the Cauchy sequence (h(aj,n)),. We have for n > n,,
1 1 1
h(aj,n) > h(aj, ny) — p ot g(b* a) — op = 0
Hence a < f(x). O

IThis is proved in Bishop and Bridges (1985), using the notion of a “totally bounded”
set. However, the latter is a type-level 2 concept, which we wish to avoid.
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COROLLARY 4.2.4. Let f: I — R be continuous and a finite subinterval
J of I given by ¢,d € I with ¢ < d. Then the range of f on J has a
supremum, denoted | f|.

PROOF. The range of f is bounded above, and by the last lemma it is
order located above. Hence by Theorem 3.3.2 of Chapter 3 (Least-upper-
bound principle) it has a supremum. O

THEOREM 4.2.5. Let f: I — R be continuous and a finite subinterval J
of I given by c,d € I with ¢ < d. Then there must be a real ¢ < x < d such

that f(z) = |f]s-
ProOF. Consider the range of f. Rest to do. O

4.3. Intermediate value theorem

We next supply the standard constructive versions of the intermediate
value theorem.

THEOREM 4.3.1 (Approximate intermediate value theorem). Let f: I —
R be continuous and a < b rational numbers in I such that f(a) <0 < f(b).
Then for every p we can find ¢ with a < ¢ < b such that |f(c)| < 2%

PROOF. In the sequel we repeatedly invoke Lemma 1.6.6 (ApproxSplit)
of Chapter 1. Given p, let € := 5. We compare f(a) and f(b) with —e < —%
and § < ¢, respectively. If —¢ < f(a) or f(b) < ¢, then [f(c)| < e forc=a
or ¢ = b; whence we may assume that

fla) < —% and %< £(b).

Now pick g so that, for all z,y € [a,b], if [z —y| < &, then |f(z)— f(y)| <&,
and divide [a, b] into a = ap < a; < -+ < @, = b such that |a;—1 — a;| < 2%1
Compare every f(a;) with —5 < §. By assumption f(ap) < —5 and § <
f(ap,); whence we can find j minimal such that
£ 5
flaj) < 3 and — 3 < flajs1).

Finally, compare f(a;) with —e < —5 and f(a;y1) with § < e. If —e <
f(a;), we have |f(a;)| < e. If f(ajt1) < e, we have |f(a;j+1)| < e. If both
fla;) < =5 and § < f(ajy1), then we would have |f(aji1) — f(a;)| > e,
contradicting |a;;1 — aj| < 5. O

ALTERNATIVE PROOF. We give a different proof, which more directly
makes use of the fact that our continuous functions come with witnessing
data.
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We may assume f(a) < —gr and 5 < f(b) (see above). Divide [a, b]
into a =ap < a; < -+ < ap, = b such that |a;—1 — a;| < 2“)“71?’“) Consider
all finitely many

h(ai,ng) fori=1,...,m,
with ng := ay(p+1). Pick j such that h(aj_1,n0) <0 < h(aj, no); this can
be done because f(a) < —5rr and 5 < f(b). We show |f(a;)| < 555 for

this it clearly suffices to show |h(aj,n)| < 55 for n > ng. Now

1 1
|h(aj,n)| < |h(aj,n) — h(aj,no)| + [h(a;, no)| < ol T oprD
where the first estimate holds by the choice of ng, and the second one follows
from the choice of a; and |h(a;—1,n) — h(a;,n)| < zr. O

For later use we prove a somewhat stronger form of the intermediate
value theorem, where we pick the “last” approximate zero of the given func-
tion.

THEOREM 4.3.2 (LastApproxZero). Let f: I — R be continuous and
a < b rational numbers in I such that f(a) <0 < f(b). Then for every p we

can find ¢ with a < ¢ < b such that f(c) < 55 and 0 < f(z) for all z € [c,b].

PROOF. Let 4e = 4, i.e., € := 5. Divide [a,b] into a = ap < a1 <

-+ < @y = b such that |a;—1 — a;| < Consider all finitely many

1
2Wf(p+2) .
h(aj,ng) fori=1,...,m,
with ng := ay¢(p + 2). Pick j such that h(a;_1,n9) < 2e and 2e < h(a;, no)

for 7 <i < m; we may take the largest such j. Then for n > ng
\h(aj_l,n)\ < ‘h(aj_l,n) — h(aj_l,no)‘ + ‘h(aj_l,no)‘ < e+ 2,

where the first estimate holds by the choice of ng, and the second one by
the choice of j. Similarly for j <i <m and n > ng

h(as,n) > h(ai,no) — |h(as,n) — h(ai, no)| > 2e — e,

where the first estimate holds by the choice of j since j < ¢ < m, and
the second one by the choice of ng. Let ¢ := aj_1. Then f(c) < 3¢ <

4e = 55, and for z € [c,b] we have an i such that |z — a;| < W, hence

|f(2) = f(a;)| < 5= = €. Since £ < f(a;) we obtain 0 < f(z). O

A problem with all three of these proofs is that the algorithms they
provide are rather bad: in each case one has to partition the interval into
as many pieces as the modulus of the continuous function requires for the
given error bound, and then for each of these (many) pieces perform certain
operations. This problem seems to be unavoidable, since our continuous
function may be rather flat. However, we can do somewhat better if we
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assume a uniform modulus of increase (or lower bound on the slope) of f,
that is, some ¢ € Z™ such that for all ¢,d € Q and all p € Z™
1
< f(d) = f(c).

27p§d*0*>2p+q S

We begin with an auxiliary lemma, which from a “correct” interval ¢ < d
(that is, f(c) <0 < f(d) and 5 < d — c) constructs a new one ¢; < d; with
d1 —C1 = %(d— C).

LEMMA 4.3.3 (IVTAux). Let f: I — R be continuous, with a uniform
modulus q of increase. Let a < b be rational numbers in I such that a <
c<d<b say 55 <d—c, and f(c) <0 < f(d). Then we can construct
c1,dy with diy —cp = %(d— ¢), such that again a < c<c¢; <dy <d<b and
fle1) €0 < f(dy).

1

PRrROOF. Let ¢y = @ and dy = #. From 5 < d — ¢ we obtain
1

773 < do — co, s0 f(co) <pt+2+q f(do). Now compare 0 with this proper
interval, using ApproxSplit. In the first case we have 0 < f(dp); then let
¢1 = c and d; = dp. In the second case we have f(cg) < 0; then let ¢; = ¢

and d; =d. O

THEOREM 4.3.4 (IVT). Let f: I — R be continuous, with a uniform
modulus of increase. Let a < b be rational numbers in I such that f(a) <
0 < f(b). Then we can find x € |a,b] such that f(z) = 0.

PROOF. Iterating the construction in Lemma 4.3.3 (IVTAux), we con-
struct two sequences (cy,), and (d,), of rationals such that for all n

a=c<cp << <dp <o <dy <dop=0,

2\n
dp—cn=(5)"(b—a).
3
Let z,y be given by the Cauchy sequences (¢ ), and (dy, ), with the obvious

modulus. As f is continuous, f(x) = 0 = f(y) for the real number x = y. 0O

REMARK 4.3.5. The proposition can also be proved for locally noncon-
stant functions. A continuous function f: I — R is locally nonconstant if
whenever a < b are in I and c¢ is an arbitrary real, then f(z) # ¢ for some
real z € (a,b). Note that there is also a rational with that property. Strictly
monotone functions are clearly locally nonconstant, and so are nonconstant
real polynomials.

From the Intermediate Value Theorem we obtain
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THEOREM 4.3.6 (Inv). Let f: I — R be continuous, with a uniform
modulus of increase. Let a < b be rationals in I such that f(a) < f(b). We
can find a continuous g: (f(a), f(b)) = R such that f(g(y)) =y for ally €
(f(a), f(b)) and g(f(z)) =z for all x € [a,b] such that f(a) < f(z) < f(b).

PROOF. By assumption we have some ¢ € Z* such that for all ¢, d € [a, b]
and all p € ZT

1 1
L cd—en <10 1@
We construct a continuous g: (f(a), f(b)) — R.

Let u € (a/,b") C (f(a), f(b)) be rational. Using f(a) —u <da’ —u <0
and 0 <V —u < f(b) — u, Theorem 4.3.4 (IVT) gives us an x such that
f(z) —u = 0, as a Cauchy sequence (c,,). Let hy(u,n) := ¢,. Define the
modulus oy such that for n > ay(p), (2)"(b —a) < W For the
uniform modulus wy of continuity assume o’ < u < v <V and p € Z*. We
claim that with wy(p) := p+ ¢+ 2 (¢ from the hypothesis on the slope) we

can prove the required property
1 1
lu—v| < ool |hg(u,n) — hg(v,n)| < o (n = ag(p)).

Let o/ <u<wv <V and n > a4(p). For W= hg(u,n) and V= hg(v,n)

assume that |C$Lu) — cﬁZJ)| > & we must show |u — v| > W
By the proof of the Intermediate Value Theorem we have
2 1

4 — e < (2

3) (b—a)gm fornzag(p).

Using f(c%“)) —u<0< f(d%“)) — u, the fact that a continuous function f
has wy as a modulus of uniform continuity gives us

u u u u U 1
) = ul < I(F(dS) = u) = (F(el?) = w)| = [(dL?) = f(ei)] < ez

and similarly \f(cgf’)) —v| < %ﬁ Hence, using ]f(cglu)) - f(c,(f))\ > 2p1+q
(which follows from |C$Lu) - cﬁf’)| > 2%, by the hypothesis on the slope),

u— o] > [F() — Fe)] ~ 17 ~ul = [£(e) ~v] > ey

To prove f(g(u)) = u it suffices to show

[£(9(u)) —ul < |f(g(w)) = F(hg(u,n))[ + [f(hg(u,n)) = uf < 2%
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for sufficiently big n. The first term is < 5kt for n > ag(ws(p + 1)), since
then

lg(u) — hg(u,n)| < by RealCauchyConvMod

ows(p+1)
1
|f(g(u) = f(hg(u,n))| < opiT by ConvMod

The second term is < 21,% for n > M(wy(p)), where M(p) := logy /3 213(1771*!1)
To see this, recall that for the Cauchy sequences (¢,), and (d,,), we have

flen) <0< f(dn),

2\n
dp —cn=(5)"(b—a).
3
Hence for n > M(w¢(p + 1)) we have
1
dn = n < ows (p+1)

F(dn) = f(en) < 5y by ComMod

and therefore

£ (hglan,m)) ] = | fea) —ul = — flea) < fldn) ~ flen) < .

Since continuous functions are determined by their values on the rationals,
we have f(g(y)) =y for y € [d/,V].

For every x € [a,b] with o' < f(z) <V, from g(f(x)) < x we obtain the
contradiction f(x) = f(g(f(x))) < f(x) by the hypothesis on the slope, and
similarly for >. Using u £ v <> v < u we obtain g(f(x)) = «. O

As an example, consider the squaring function f: [1,2] — [1, 4], given by
the approximating map hf(a,n) := a?, constant Cauchy modulus af(p) :=
1, and modulus w¢(p) := p+1 of uniform continuity. A modulus of increase
is [ := 1, because for all ¢,d € [1, 2]

prﬁd—cﬁﬁgd —C .

Then hg(u,n) := c%u), as constructed in the IVT for 22 —u, iterating IVTAux.
The Cauchy modulus oy is such that (2)" < 2p1_3 for n > a4(p), and the
modulus of uniform continuity is w¢(p) = p + 2.

THEOREM 4.3.7 (Attainment of the supremum, classical). Let f: [a,b] —
R be continuous. Then there must be x,y € [a,b] such that f(x) is the
supremum and f(y) the infimum of the range { f(z) |a <x <b} of f.
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PRrROOF. We only treat the supremum case. Consider the set
S={f(z)|a<z<b}.

If this set is bounded above, then by Theorem 3.3.5 of Chapter 3 it must
have a supremum. Otherwise we consider 400 as its supremum. In each
case we have a sequence (z,) of real numbers in [a, b] with

lim f(zy,) = z :=sup S,

where z € R or z = 400. By Theorem 2.5.1 (Bolzano-Weierstraf}) every
bounded sequence Folge (z,) must have a convergent subsequence (zy, ).
For its limit we have

klig)lo Ty, =T € [a,b)].

From the assumed continuity of f we obtain
z= lim f(xy,,) = f(x),
k—o00
hence in particular z € R. U

4.4. Continuity for functions of more than one variable

Without loss of generality we restrict ourselves to functions of two real
variables.

DEFINITION 4.4.1. A continuous function f: Iy x Iy — R for compact

intervals I7, I, with rational end points is given by

(a) an approximating map h¢: (I1 N Q) x (I N Q) x N — Q and a map
af: ZT — N such that (hs(a,b,n)), is a Cauchy sequence with (uni-
form) modulus ay;

(b) a modulus wy: ZT — N of (uniform) continuity, which satisfies

1 1
la — CL/|, b — b,| < ﬁ - ’hf(a7ban) - hf(a,ablyn” < b7

()

for n > ay(p);
(c) alower bound Ny and an upper bound My for all hy(a,b,n).
ay and wy are required to be weakly increasing. A function f: D — R
on an arbitrary domain D C R? is continuous if it is continuous on every
I x I C D, where I, Iy are compact intervals with rational end points.

An example is the exponential function of a complex variable. Continuity
of a function f: D — C for some domain D C C is treated as continuity
of the two real valued functions R(f(z)) and I(f(z)), and the latter as
binary real valued functions, e.g., R(f(z 4 iy)). The example above of the
continuity of the real exponential function can easily be modified to yield
the continuity the exponential function of a complex variable, in the sense
described.






CHAPTER 5

Differentiation

5.1. Derivatives

DEFINITION 5.1.1. Let f,g: I — R be continuous. g is called derivative
of f with modulus 6;: ZT — N of differentiability if for z,y € I with z < y,
1 1
yset oo = FW) -~ f@) 9@y - o) < 5 - o).
f is said to be differentiable on I and g is called a derivative of f on I.

To say that g is a derivative of f we write
df (x)

g=1f, g=Df, or gx)= I

If f has two derivatives, then clearly they are equal functions.

For example, a constant function has derivative 0, and the identity func-
tion has the constant 1 function as derivative.

We show that a bound on the derivative of f serves as a Lipschitz con-
stant of f:

LEMMA 5.1.2 (BoundSlope). Let f: I — R be continuous with derivative
f'. Assume that f’ is bounded by M on I. Then for x,y € I with x <y,
f(y) = f(2)] < M(y - =).
Proor. Given p € Z*, it suffices to prove
1)~ F(@)] < M(y—2) + .
Choose ¢ such that 5 (y — x) < 2%,, andlet z =29 <11 < - - <Tp =Yy

29
such that z,11 <z, + ﬁ, where ¢ is the modulus of differentiability of

f. Then

|f(y) — f(x)|
= > (@) = f(@)]
= \Z(f’<xu><wu+1 —2)) + Y (F@wr1) = Fl@n) = f/(@) (@ — m)]

47
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1
§M(y—x)+ﬁ(y—x). O

COROLLARY 5.1.3 (DerivZero). Let f: I — R be continuous with deriv-
ative f' = 0. Then f is a constant.

PROOF. Lemma 5.1.2 yields f(z) = f(y) for z,y € I, x < y. So f(a) is
constant for all rationals a € I, hence also for all z € I. O

LEMMA 5.1.4. Let f,g: I — R be continuous with derivatives f',q" of
moduli 6¢,64. Then

(f+9):=f+¢
s a derivative of f + g with modulus
Of+g(p) == max(3s(p +1),04(p +1)).

PROOF. Let 2 <y < z+ 3. Then
[F(y) + 9(y) = f(2) = g(a) = (f'(2) = g'(2))(y = 2)]
< 1) = 1@) = F@)y = )] + o) — 9(@) - @)y — 2)

1 1
< ﬁ(y—iﬂ) + ﬁ(y—iﬂ)-
for ¢ > 05(p+1),04(p+ 1). O

LEMMA 5.1.5. Let f,g: I — R be continuous with derivatives f',q" of
moduli 0f,04. Then

(f9) =fg+fd

1 a deriwative of fg with modulus
87g(s) = max(wy(r+s+1),87(s+q+2),5(s+p+2)),
where 27,2P 29 are upper bounds for f', f,q in I, respectively.
PrOOF. Let z <y < x+ 2% Then, using Lemma 5.1.2
|fW)g(y) — f(2)g(z) — f(2)g(2)(y — x) — f(a)g'(x)(y — 2]
\( (y F(@))g(y) + f(@)(9(y) — 9(2)) ~

F@)g@)y — ) ~ f()g @)y )
= (F) ~ £@) (900) ~ 9@) + (Fv) — F(@) — @)y — ))g(a) +
F@)(9(y) = 9(x) = §'(x)(y — 2))]

<y~ ) gy + g~ D@ + @)W~ ) g

< %(y—l’)

for m > wy(r+s+1),0¢(s+q+2),04(s +p+2). O
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LEMMA 5.1.6. Let g: I — R be continuous with derivative ¢’ of modulus
8g, and |g'(z)| < 29 for all x € I. Assume 5 < |g(x)| for all x € I. Then

( 1 )’ . g
g/ g°
s a deriwative of é with modulus

61(r) :==max(6(r +2p+1),wi(p+q+r+1)).

1 1
g g

ProoOF. Let z <y <z + 2% Then

1 1 J@, .

S o )

)t R ARSI C) PR A SRR

= |50 0@ ~ 9@ ~ @ = 0) + L5095 - 5]
1 1

SQp.gp.W.(y_$)+2p.2q.(y_x).m

S%(y—x)

for m > 6g(r+2p+1),wi(p+qg+r+1). O

1
g

The well-known quotient rule can now be derived easily: under the ap-
propriate assumptions we have

e

THEOREM 5.1.7 (Chain Rule). Let f: I — J and g: J — R be continu-
ous with derivatives f', g of moduli §¢,04. Then

(gof) =(gof) f
is a derivative of g o f with modulus
8gof (p) = max(dg(p +1+7),05(p + 1 +q)),

where 27,29 are upper bounds for f', g in I,J, respectively.
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ProOOF. Let z <y < x+ 2%,1 Then, using Lemma 5.1.2
9(f(y)) — 9(f(2)) = g'(f () f'(x)(y — x)|
< |g(f(v)) — 9(f(2)) — ¢'(f(2))(f(y) - f(x))] +
|9/ (f@))| - | f(y) = f(z) = f(2)(y — )]

< v ) — 1@+ 277 0) — F@) ~ £ @)y — )|
ot (0 = )+ 2 (0) — (@) ~ @)y~ )

IN

1
< ﬁ(y ) + 20 op+1+q (y - ‘I.)
1
= 27,(2/ —x)
form > é4(p+1+7),0¢;(p+1+q). O

We now show the well-known theorem of Rolle and as a consequence the
mean value theorem.

THEOREM 5.1.8 (Rolle). Let f: [a,b] — R be continuous with derivative
1, and assume f(a) = f(b). Then for every p € Z* we can find c € [a, b
such that |f'(c)| < 55

Proor. Let §; be the modulus of diﬁerentiability of f,and let a = ap <
a; < --- < ap = bsuch that a,4; < aV + 5f<p+2 Compare all |f(a,)| with

217% < 2,, If we have found one < 2p, we are done. Otherwise we argue as
in Lemma 5.1.2:

f(b) = f(a)
= Z al/+1 1/))
Z (av)(av41 — au + Z (av1) = flaw) = f'(av)(avy1 — a,,))

This contradiction proves the claim. O

THEOREM 5.1.9 (Mean value theorem). Let f: [a,b] — R be continuous
with derivative f'. Then for every p € Z we can find c € [a,b] such that

If(b) ~ F@) = PO~ a)] < 5 (b—a).

PROOF. Let 5, < 5 (b — a) and define a continuous h: [a,b] — R by

h(fﬁ) = (z —a)(f(0) = f(a)) = f(2)(b~a).
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Then h(a) = h(b) = —f(a)(b — a). Hence by Rolle’s theorem we can find ¢
in [a, b] such that

K@) = 170) - @)~ FAb - a)| < 5. 0

5.2. Local extrema, convexity

DEFINITION 5.2.1. Let f: I — R be continuous and a < x < b for some
a,b € I. We call x local mazimum if we have p € Z* such that

Veer (€ — ] < 55 = f(6) < f(a).

The notion of a local minimum is defined similarly. By an extremum we
mean either a maximum or a minimum.

THEOREM 5.2.2. Let f: I — R be continuous with derivative f', and
a <z <b for somea,be I. If x is a local extremum of f, then f'(x) = 0.

PROOF. Assume z is a local maximum of f, and let p € Z* such that

Veer (€ — 2] < 5 = f(6) < f(a).

Since f’ is the derivative of f we know

fi(x) = lim "w <0
and
/ BT f(g) B f(x)
=i =, =20
and we have f (z) = f'(z) = f'(x), hence f'(z) = 0. In the case of a local
minimum the proof is similar. O

Notice that the converse does not hold: a counterexample is the function
f(z) = a?.

THEOREM 5.2.3 (Rolle, classical). Let a < b and f: [a,b] — R continu-
ous with derivative f'. If f(a) = f(b), then there must be an z € (a,b) such
that f'(z) = 0.

PROOF. In case f is constant the claim is clear. If f is not constant there
must be an zg € (a,b) such that f(a) < f(zg) or f(a) > f(xp). Assume
f(a) < f(xp). By Theorem 4.3.7 of Chapter 4 there must be some z € [a, b]
with f(x) = sup f[a,b]. Because of f(a) < f(xo) and f(a) = f(b) we have
x € (a,b). By Theorem 5.2.2 we obtain f'(z) = 0. O
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COROLLARY 5.2.4 (Mean value theorem, classical). Let a < b and as-
sume that f: [a,b] = R is continuous with derivative f'. Then there must
be an x € (a,b) such that

f(0) — f(a)

o
PRrOOF. Consider the function g: [a,b] — R defined by
b) — f(a
o@) = f) - T T0 g

g is continuous and has a derivative. Moreover g(a) = g(b) = f(a). By
Rolle’s theorem 5.2.3 there must be an x € (a,b) such that ¢’(xz) = 0. With

/ _pl o f(b) — f(a)

g(@) = ) - 1O =10
the claim follows. O

THEOREM 5.2.5 (Infimum of strictly convex functions). Let f, f': [a,b] —
R (a < b) be continuous and f' derivative of f. Assume that f is strictly
convex with witness q, in the sense that f'(a) <0 < f'(b) and

1
—<d—c— < fi(d) = f'(e).
Then we can find x € (a,b) such that f(x) = infycp, 4 f(y)-

2D Qv+q

PROOF. To obtain x, apply the intermediate value theorem to f’. For
Vyelap (f(x) < f(y)) (this is “non-computational”, i.e., a Harrop formula)
one can use the standard arguments in classical analysis (i.e., the mean value
theorem 5.2.4 above). O



CHAPTER 6

Integration

To begin with, we define the integral of a continuous function on a com-
pact interval with rational end points only. The reason for this restriction
is that we need to establish [ f(t)dt as a continuous function of x. Later
we shall extend the definition of the integral to compact intervals whose end
points are apart.

6.1. Riemannian sums

DEFINITION 6.1.1. Let a, b be rationals with a < b. A list P = ag,...,a,
of rationals is a partition of the interval [a,b],ifa =ap < a; <--- < a, =b.
max{ a;+1 —a; | i < n} is the mesh of P. A partition Q = a,...,a,, of

[a,b] is a refinement of P, if
Vignajgma; = a;.

If f:[a,b] = R is a continuous function given by hy, oy and wy, and P =
ap,ai,...,a, a partition of [a, b], then an arbitrary sum of the form

n—1
Z hf(ez', n) : (ai+1 - ai)
i=0

with e; € [a;, a;41] is denoted by S(f, P). In particular for a; = a+ £ (b—a)

n—1
b—a
S(f.n) = S(f.a,b.n) = == hy(ai,n)
i=0
is one of the numbers S(f, P).

THEOREM 6.1.2. Assume that f: [a,b] — R is continuous with modulus
wy of (uniform) continuity. Then

(S(f7 n))nEN
1s a Cauchy sequence of rationals with modulus

M (p) = max(2/ P+ (b —a), ag(p + g +2)),

53
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where q 1s such that b —a < 29; we denote this real by

/abf(:n)d:n

Moreover, if P is a partition of mesh < 2=t then

\mﬁm—lﬂmmds;w—

ProoF. Let k, | be given and P = ag,...,an, @ = bg,...,by, par-
titions of [a,b] with mesh < 279s(+1) or < 2-wr(H1) | yespectively. Let
R = cp,...,c, be the common refinement of P and @), obtained by arrang-
ing ag, ..., an, by, ..., by into a monotone sequence (here we make use of the
assumption that a;, b; are rational numbers). Let d; € [¢j,cj41] for j < 7.
For every ¢ < n denote by ), the summation over all indices j such that
a; < Cj < @iy Then

1S(f, P) = 5(f, R)|

r—1
- ’th ei,n) - (aip1 — ai) — th(dz‘ﬂ“) (g1 — ¢i)
i=0
n—1
- ’th (ei,n) D (cjer =) = DD hy(dyr) - (cjen =€)
=0 1

<ZZ|hf €i, N hf(dj,r)|(cj+1_cj)

SZZ Ihg(ein) — hles, )| + [hy(es,r) — hyp(d,r)]) (i1 — ¢5)

< ZZ %(Cj+1 —¢;) forn>ap(k+1)
—0 i
1
= 27(5—@)
Similarly, for n > a¢(l + 1)
1

hence
IS(.P) ~ S(1, Q) < (o5 + 1) (0 — ).

In particular

|S(f,m) = S(f,m)| <27 (b~ a)
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for m,n > 297()(b — a), ay(k + 1). Hence (S(f,n)), is a Cauchy sequence.
Moreover we have for n > 22740 (h —a), (1 + 1)
1 1

Now let n — oo and kK — o0o. Then we obtain

b
1
SU.P) = [ f@)dal < (b= a)
as was to be shown. O

REMARK 6.1.3. We will also need to consider S(f,n) in case b < a.
Then we can use the same definition, and by the same argument we see that

(S(f,n))n is a Cauchy sequence; its limit is denoted by f: f(t)dt. One can
see easily that f; f(t)dt = — [ f(t)dt

Immediately from the definition we obtain:

COROLLARY 6.1.4. Assume that f: [a,b] — R is continuous and ¢ €
[a,b]. Then fff(x) de = [ f(z)ds + fcbf(:c) dz

COROLLARY 6.1.5. Assume that f,g: [a,b] — R are continuous.
ff < g, then f flx)dx < f;g(x) dx
b da:‘ < f |f(z)| dx.

(a) L

() |fy

(c) [ )d:p—ff dx—i—ffg(x)dx
(d)

)

9@

o

S]

(
df(cf()x—cff

(e) [Jedx=c-(b—a).

(=

6.2. Integration and differentiation

Up to now we have considered the integral with respect to a fixed inte-
gration interval. Now we view the upper bound of this interval as variable
and study the function obtained in this way. It is called the “undetermined

integral”.
Given ag < c < bp and a continuous f: [ag,bp] — R, we first need
to establish F(zx) := f f(t)dt as a continuous function. This means that

we have to come up with hp, ar and wg; as lower bound we can take
Np := (bp — ap)Ny and as upper bound Mp := (bg — ag)M;y. Let

hF(aa TL) = S(f7 C7a>n)'

By the theorem above we know that (hp(a,n)), is a Cauchy sequence with
modulus p — 297+ Tt remains to provide a modulus wp of (uniform)
continuity. To this end, we may assume ¢ < a < b. Divide the intervals [c, a
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and [c,b] in n pieces each, and let a; := ¢+ L(a — ¢) and b; := c+ L(b—c).
Then
|hF(a7n)__hF%b7n)

=|S(f,c,a,n) = S(f,c,b,n)|

n—1 n—1
= %‘(a — C) th(ai,n) — (b - C) th(bzyn)‘
=0 1=0

n—1
1 Z((a — o)|hs(ai,n) — hy(bi,n)| + |a —b| - |hy(bs,n)|)

n -
=0

n—1

= %Z((a— ) 2p+1 +la—b-27)

=0

IN

1
<
< 5
provided |a; — b;| < 27s®P+D+ and |a — b| < 27P~91 where ¢ is such that
hy(bi,n) < 29. So let
ap(p) = max(az(0),2° ") wp(p) = max(p + g, wy(p + 1)).

PROPOSITION 6.2.1. Let f: [a,b] = R be continuous with modulus wy of
(uniform) continuity. Fiz c € [a,b] and let

0= [ 10

be the continuous function just described. Then this function F': [a,b] — R
has f as derivative, with modulus wy. Morover, if G is any differentiable
function on [a,b] with G' = f, then the difference F — G is a constant.

- [ swa- s -

-|/ —/xyf(:c)dt‘

s/y\f(t)—f(x)\dt
/dt —(y—2)

for y < x4 27«7 this was to be shown. Now let G be any differentiable
function on [a,b] with G’ = f. Then (F —G) = F' —G' = f— f =0, hence
F — (G is a constant, by Corollary 5.1.3. U

PROOF.

|F(y) = Fx) = f(z)(y —2)| =
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THEOREM 6.2.2 (Fundamental theorem of calculus). Let f: I — R be
continuous and F: I — R such that F' = f. Then for all a,b € I

b
/ F(#)dt = F(b) — Fla).
ProOF. For x € I define
Fy(x) == /96 ft)dt.

By the proposition we have Fjj = f. Clearly

b
Fol@)=0 and  Fy(b) = / (1) di.

Hence for any F': I — R such that F' = f, by Corollary 5.1.3 the function
F — I} is a constant. Therefore

Pt~ F(@) = By~ Foa) = Fo) = [ 10t 0

It is common to use the notation

b
F(z)| or [F(z:)} for F(b) — F(a).

a

The formula from the fundamental theorem of calculus can then be written

as
b

/abf(a:)da:—F(m)‘z or /abf(x)dx— [F(x)} :

a

Let f: I — R be continuous. For arbitrary reals =,y € I we define
Y
(13) [ swdt=r) - Fa),
X

where F' is the function from the proposition (which has f as derivative).
Clearly this definition does not depend on the choice of the constant ¢ im-
plicit in the function F'.

6.3. Substitution rule, partial integration

THEOREM 6.3.1 (Substitution rule). Let f: I — R be continuous and
¢: [a,b] = R differentiable such that p([a,b]) C I. Then

©(b)

b
"(t) dt = x)dz.
/a Fo(®)! (1) dt / e



58 6. INTEGRATION

REMARK 6.3.2. With the symbolic notation
do(t) == ¢'(t) dt

the above formula can be written as
b o (b)
‘/‘f(¢(ﬂ)d¢(ﬂ==h/?) f(@) da.
a el(a

This is easy to remember, for one only has to replace = by ¢(t). The in-
tegration bounds can be inferred as well: if ¢ ranges from a to b, then z

(= p(t)) ranges from ¢(a) to ¢(b).

PROOF. Let F: I — R be such that F/ = f. For F o ¢: [a,b] = R we
have by the chain rule

(Fow)(t)=F'(p)¢'(t) = flpt)¢'(t).

Hence by the fundamental theorem of calculus
b
| )¢ 0 dt = Fieo) - Fe() = |

THEOREM 6.3.3 (Partial integration). Let f,g: [a,b] — R be differentia-
ble functions. Then

b

b b
[ @)g @) iz = f@yg(@)|| - [ g(a)s'(a) da.
REMARK 6.3.4. A short notation for this formula is

/fdg=fg—/gdf-

ProoF. For F := fg we have by the product rule
Fl(z) = f'(z)g(z) + f(2)g (2),

whence by the fundamental theorem of calculus

a

b b

b b
/fwwwm+/fmﬂwm:ﬂm:#mmm. 0

a a

6.4. Intermediate value theorem of integral calculus

THEOREM 6.4.1 (Intermediate value theorem of integral calculus). Let
fyo: I = R be continuous and f locally nonconstant. Assume that we have
rationals a < c<d <b in I such that

fle) < f(t) < f(d) (t€a,b]).
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Assume further ¢ >0 and 0 < f; o(t)dt. Then we can find x € [c,d] such
that

b b
/ F(Dp(t) dt = f(z) / (1) dt.
ProOOF. By assumption
b b b
£(e) / o(t) dt < / F()p(t) dt < £(d) / o(t) dt,
whence we have y € [f(c), f(d)] such that
b b
/ F()p(t) dt =y / (1) dt.

By the intermediate value theorem we obtain an x € [¢, d] such that f(z)
Y, as required.

o

6.5. Inverse of the exponential function

We use the machinery developed in this section to define the inverse of
the exponential function. To motivate the definition, suppose we already
have a differentiable function In: (0,00) — R such that exp(In(x)) = z for
x > 0. Then the chain rule entails

2 expne) = exp(In(z) - Infa) = 1,

hence

d 1
Because of exp(In(1)) = 1 we must also have In(1) = 0.
Therefore we define

(14) In(z) := /Igﬁcit (x > 0).

Because of exp(xz) > 0 the composite function Inoexp is continuous on R.
Its derivative is

d 1 d
o n(exp(@)) = @) exp(z) =1 = .

By Corollary 5.1.3 the function In(exp(z)) — = is a constant, and because of
In(exp(0)) = In(1) = 0 this constant must be 0. Hence

(15) In(exp(z)) =z (z €R).
Now fix > 0 and let y := exp(In(z)). Then
In(y) = In(exp(in(x))) = Inz)
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by (15), hence
Ydt
0=In(y) —In(z) = —.
x
Assuming z < y clearly leads to a contradiction, hence x > y. Similarly we

obtain y > x and therefore x = y. Hence
(16) exp(ln(z)) =z (z > 0).

To prove the familiar functional equation for the logarithm, fix y > 0
and consider In(zy) — In(y) (z > 0). Then

S in@) ~ () = =y - 0= 1 = - In(a).

By Corollary 5.1.3 z — In(zy) — In(y) — In(x) is a constant, which must be
0 since this expression vanishes at x = 1. Hence

(17) In(zy) =In(y) + In(z) (z,y > 0).
Now we can define general exponentiation by
¥ :=exp(y-In(x)) (z>0)

and derive easily all its usual properties.



CHAPTER 7

Sequences of functions

7.1. Taylor series

We now study more systematically the development of functions in power
series.

THEOREM 7.1.1 (Taylor formula). Let f: I — R be (n+ 1)-times diffe-
rentiable. Then for all a,x € 1

£o) = fla)+ D ) ¢ E oy

with

(n)
Eo )+ R (o)

Runn(@) = 2 [ =07 @) ar

PrOOF. By induction on n. Basis n = 0. By the fundamental theorem

of calculus .
+ / f(t)dt

Step n — n + 1. By induction hypothesis

Ro(a) = 1) / C@— " () it

(n—1)!

/ F x_t)n>dt

= _f(n)(t)(x;t)" zir + /x (x;'t)nf(nﬂ)(t) dt
(n) x
_J n!(“) (z—a)" + % / (x — )" () dt. O

COROLLARY 7.1.2. Let f: I — R be (n + 1)-times differentiable with
fOt)(2) =0 for all z € I. Then f is a polynomial of degree < n.

PROOF. In this case we have R, y1(x) = 0. O

THEOREM 7.1.3 (Lagrange). Let f: I — R be (n+1)-times differentiable
and a,x € I. Assume that fF1) is locally nonconstant and that we have

61
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rationals ¢, d with a < ¢ < d < x such that
Fr(e) < fr ) < f0H(d) (¢ € [a,a]).

Then we can find £ € [a,b] such that

" ey (n+1)
=3 et e a

PRrROOF. By the intermediate value theorem of integral calculus we can
construct £ € [¢,d] such that

Runi() = o [ “@— e () e

= s [T

n!
L sy @)=
- f ' (5) (n+ 1)' )t:a
(n+1)
= f(n - 1()61) (x —a)" O

7.2. Uniform convergence

We define the notion of uniform convergence of a sequence of continuous
functions f,: I — R to a continuous function f: I — R. The definition is in
terms of witnesses for the given continuous functions f,,, in order to ensure
that from a proof of uniform convergence we can extract the right data.

DEFINITION 7.2.1. Let f,, f: I — R be continuous, with approximating
maps hy, h and Cauchy moduli a,,a. The sequence (fy)nen is uniformly
convergent to f if

1
pT¥nzqVaer (|hn(a, an(p +2)) = hla, alp +2)) < 7).
The next lemma gives a useful characterization of uniform convergence.

LeEMMA 7.2.2 (UnifConvChar). Let fpn, f: I — R be continuous, with
approrimating maps hy, h. Then the following are equivalent.

(a) The sequence (fn)nen s uniformly convergent to f.
(b) V31 Vn>g1 Jgo Vg Vaer (|hn(a, k) — h(a, k)| < 2%)
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PROOF. (a) = (b). Given p, pick ¢; by (a) for p + 1. Given n > ¢,
|hn(a, k) — h(a, k)| < |hn(a, k) — hn(a, an(p + 3))| +
o, an(p + 3)) — h(a, a(p+3))] +
|h(a,a(p + 3)) — h(a, k)|

<2 PB4 pod

op+1
if k> g2 := an(p+3),a(p+3). Then the first and last term are < 27773,
and the middle term is < 21,% by the choice of ¢;.
(b) = (a).
|hn(a7 an(p +2)) — hia, a(p + 2))‘ < ‘hn(a, an(p +2)) — ha(a, k)‘ +
’hn(aa k) - h(aa k)’ +
‘h(a, k) — h(a,a(p + 2))‘
< 1 1
= 9op+2 + op+1 * op+2

if £ > an(p+2), a(p+2) (for the first and last term) and in addition n, k > p
with p provided for p + 1 by (b). O

We now show that a uniformly convergent sequence indeed is uniformly
convergent in the usual sense.

LEMMA 7.2.3. Let f,, f: I — R be continuous. Assume that the sequence
(fn)nen is uniformly convergent to f. Then

1

Proor. Let x = ((ax)x, M), and let h,,h be approximating maps for
fn, f, respectively. By Lemma 7.2.2 (UnifConvChar)

1
VpIg Vnzq: quvk’ZqzVaeIﬂhn(aa k) - h(% k’)| < 273)7
whence the claim. O

The next lemma gives a useful criterion as to when and how we can
construct the limit function. It will be used below.

LEMMA 7.2.4 (UnifConvLim). Let f,: I — R be continuous functions,
given by approximating functions hy, and moduli o of Cauchyness and w of
(uniform) continuity, where the latter two are independent of n. Assume
we have a weakly increasing modulus §: N — N of uniform convergence
satisfying

1
‘hn<a7k> - hm(a7k)‘ < 2712
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for nym > §(p) and k > «o(p), and all a € I. Then (fn)nen uniformly
converges to the continuous function f: I — R given by

hy(a, k) == hi(a,k), of(p):=max(é(p+1),a(p+1)), ws:=w.
PROOF. It is easy to see that this function f: I — R given by hy, af

and wy is indeed continuous: ay is a Cauchy modulus, because
|hi(a, k) — hi(a, D)] < |hi(a, k) — hi(a, k)| + |hu(a, k) = lu(a, )]

1 1

= o1 Tt

for k,1 > af(p), and w is a modulus of (uniform) continuity, because
1

ja — b < 2790 5 |y (a, k) — hi(b, k)| < >

for k > ay(p). Moreover, for a given p we may pick p := max(d(p), a(p)).

Then for n,k > p and all a, |hy(a,k) — hy(a, k)| < 5. By Lemma 7.2.

2
(UnifConvChar), this implies that (f;);en uniformly converges to f. O

7.3. Integration, differentiation and limits

We show that for a uniformly convergent sequence of continuous func-
tions, integration and limits can be exchanged.

THEOREM 7.3.1 (IntLimit). Let f,, f: [a,b] — R be continuous, and
assume that for f, the moduli of Cauchyness and of (uniform) continuity are

independent of n. Assume that the sequence (fn)nen is uniformly convergent
to f. Then

lim fn t)dt = / f(t)

n—o0

PROOF. Let any _S(fn, k), ai :== S(f,

/fn t)dt = (apg)r =: x,, and /f ag)g =: .

We show that (z,), converges to z, that is |z, — z| < 5 for n > M(p).
Observe that for any k,

|$n - l’| < |mn - ank| + ’ank’ - ak| + |(lk; - -T’

Recall that by definition

/fn t)dt = (S(fn,n), M) with

My (p) = max(20PH0 (b — ) oy (p+ q +2)),
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where ¢ is such that b —a < 29. In our case, the moduli o, of Cauchyness
and wy, of (uniform) continuity are independent of n, say a and w. So
instead of M,, we can take M (p) := max(2*sP+a+) (b — a),as(p + q + 2)).

We now estimate each of the three parts of |, — ank|+|ank —ar|+|ar — x|
separately.

First, |2, — ank| < 555z for k > M(p + 2); here we need Lemma 2.1.2
(RatCauchyConvMod).

Second, for a given [ such that b —a < 2!, by Lemma 7.2.2 (UnifCon-
vChar) we can pick ¢; such that for all n > ¢; we can pick g2 such that for
all k > g we have |hy,(a;, k) — h(a;, k)| < 277171, Hence

b k—1
Jani = a] < = 3" |hn(ai, k) = h(ai, )
=0

b—a

1
—p—1-1
k2 < T

Third, |aj, — | < 5z for k > o/ (p + 2) with o/ the Cauchy modulus of
(ak)k; here again we need Lemma 2.1.2 (RatCauchyConvMod).

Finally, for n > ¢; and k > max(M(p + 2),d'(p + 2), ¢2) (with g2 de-
pending on n) we have all three estimates simultaneously and hence

<

|xn — 2| < |xp — ank| + |ank — ag| + |ax — x|

< 1 1 11
= op+2 + op+1 + op+2 ~ 9p°
Therefore it suffices to take n > ¢;. O

The final theorem gives a sufficient criterium as to when differentiation
and limits can be exchanged.

THEOREM 7.3.2 (DiffLimit). Let the continuous functions f,: [a,b] — R
be uniformly convergent to a continuous f: [a,b] — R. Assume that each
fn is differentiable with derivative f],, and assume that for f] the moduli
of Cauchyness and of (uniform) continuity are independent of n. Moreover

assume that the sequence (f])nen is uniformly convergent to a continuous
f*:]la,b] = R. Then f is differentiable with derivative f*.

PROOF. By the fundamental theorem of calculus
Ja(©) = fula) +/ £ dt (€ [ab).

By the theorem above, [7f/(t)dt converges for n — oo to [T f*(t)dt.
whence

1) = sty + [ P dt (e < [ab).
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Now let z = (cx)i be a real in [a,b]. Then

/ i (z € [a,b)]).

By Section 6.2, f is differentiable with derivative f*.



CHAPTER 8

Trigonometric functions

8.1. Euler’s formula

For all x € R let
cosz := R(e™), sinz:= J(e),
hence '
¥ =cosx +isinx (Euler’s formula).
Notice that for all € R we have |¢'*| = 1, because
|€iw|2 _ eizeﬂ — eize—i:c _ 60 - 1.
Therefore €'* is a point on the unit circle of the GauBian plane and cos z,
sin x are the projections of this point to the z- and y-axis. Immediately from
the definitions we have
1 . ) 1 . )
cosT = 5(6” +e ) and sinx = y(ew —e ),
i
cos(—x) =cosz and sin(—z) = —sinz,

2r=1.

cos? & + sin
THEOREM 8.1.1. The functions cosx and sinx are continuous on R.

PROOF. Omitted. O

8.2. Addition theorems

THEOREM 8.2.1 (Addition Theorems). For all x,y € R we have
cos(z +y) = coszcosy — sinx siny,
sin(x + y) = sinx cosy + cos zsiny.
PROOF. From the functional equation of the exponential function
oi@+y) — iz iy
we obtain by Euler’s formula
cos(z + y) + isin(z + y)
= (cosz +isinz)(cosy + isiny)
= (coszcosy —sinzsiny) + i(sinz cosy + cosx siny).

67
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Comparing the real and imaginary parts gives the claim. U

COROLLARY 8.2.2. For all x,y € R we have

. . T+y . T—Y
sinz —siny = 2 cos sin ,
2 2
. rty . -y
cosT — cosy = —2sin sin .

2

PRrROOF. Let u := Lgy and v := 5¥; that * = u+v and y = u —v. The
addition theorem for sin entails
sinx — siny = sin(u + v) — sin(u — v)
= sinwu cos v + cos usin v — sin u cos(—v) — cos u sin(—v)
= sinu cosv + cosusinv — sinw cos v 4+ cos u Sin v

= 2cosusinv.

The second equation is proved similarly. O

THEOREM &.2.3. For all x € R we have

o0 . a2 - -
cosx:Z( 1) k) 1——+J*+...,
k=0
o0 2k+1 3 5
iz =S (—1)k_" T
smx—Z( 1) (2k—|—1)! 3'—1—5' +....
k=0

Both series converge absolutely.

PRrROOF. Absolute convergence follows from the absolute convergence of
the exponential series. Using

1, if n = 4m;

1, if n =4m+ 1;
-1, if n=4m+2;
—i, ifn=4m+3

we obtain for all z € R

> n
_ 'nx
=2 "
n=0 n

—1 i I‘Z 1’3 ZL‘4 I‘S ZL’6 ,ZC7 .1‘8
i 2k‘+1
] 2k+1)

Comparing the real and imaginary parts gives the claim. O
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8.3. Estimate of the rest

THEOREM 8.3.1 (Estimate of the rest). For all x € R we have

n 2k
T
cosx = Z(—l)k @] + ropy2(z),
k=0 )
n N p2k+1
sinz = Z(—l) 2kt 1) + ront3(2),
k=0 )
where
|$|2n+2
’7’271_}'_2(.%')‘ S m f07" |x’ S 2n + 3,
|x’2n+3

’7’2”4,_3(]])‘ S m f07" |l" S 2n + 4.
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REMARK 8.3.2. These estimates are valid for all x € R; this can be

proved by means of the Taylor formula.

ProOF. For all x € R we have

x2n+2 :II2

2n—|—2)!(1_ (2n + 3)(2n + 4) e

JJZk

Tont2(x) = i(

 Gnt3) - @nt 2k 1)
For k > 1 let
12k
2n+3)2n+4)---2n+2k+2)
Then for all |z| < 2n+3
1>a1>2a22>-->ap2>0.

a =

As in the proof of the Leibniz test we obtain
ag—as+az——+---Fa,>0 and 1—ay;+as—az+ —

hence
’CL’ ‘ 2n+2
P20 = o

The second estimate is proved similarly.

COROLLARY 8&.3.3. )
Sinx

lim =1.
z—0 X
z#0

'(1—a1—|—a2—a3+—~-j:ak:|:...)§

F...).

cotay >0,

|x’2n+2

(2n +2)I"

O
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ProoF. We use the 3rd order rest, i.e.,

sinz = x + r3(z)

with
|z
|rs(x)| < 3l for |z| < 4.
This gives for 0 < |x| < 3
‘sinm B 1‘ _ Irs(x)] < ﬁ
x || 6
and hence the claim. (]

8.4. Definition of pi

THEOREM 8.4.1. The function cos has exactly one zero in the interval
[0, 2].

For the proof we need three auxiliary lemmata.
LEMMA 8.4.2. cos2 < —3.

PrROOF. We use the 4th order rest, i.e.,

22
cosz =1— 5 + r4(z)

with
j|*
|ra(z)] < 1 for |z| <5.
Hence
cos2=1—2+414(2)

with 16 2

N < ===
and hence the claim cos2 < —1. |

3
LEMMA 8.4.3. sinx > 0 for all z €]0,2].

PRrROOF. Because of
sinz = x + r3(z)

with 5
Ir3(x)] < |§' for x| <4
we have for z €]0, 2]
oz 9
s S T '
sine > ¢ — = 6(6 %) >0

This proves the claim. O
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LEMMA 8.4.4. The function cos is strictly decreasing in the interval [0, 2].

PROOF. Let 0 < x < 2/ < 2. From the Corollary of the addition theorem

we have .
/ . r+x -z
cosx —cosx = —2sin > sin 5

0 < % < 1 implies sin ’3/2_:” > 0 by the second auxiliary lemma, and

2
0<® ;‘ L < 2 implies sin £ 3‘ £ > (0 again by the second auxiliary lemma,
hence cosz’ — cosx < 0. O

PROOF OF THE THEOREM. cos0 = 1, cos2 < —% and the fact that cos
is strictly decreasing in the interval [0, 2] imply the claim. O

We now define the real number 7/2 as the (uniquely determined) zero
of the function cos in the interval [0, 2].

THEOREM 8.4.5 (Special values of the exponential function).

. B . 3l . .
ez =4, €"=-1, 2 =—i =1

W

PROOF. Because of cos? z + sin?z = 1 and the definition of 5 we have
sin § = =£1, hence by the second auxiliary lemma above sin § = 1. This
implies
i m .. T .

2 = COS — + 181N — = 1.

€ 2 2

T T
el™ — et el 222:_1
e2 =eTe'? = —i
62772 _ mem -1 O
Therefore .
T 3
' x| 0 5 | T |5 2
sinz |0/1]0]-1]0
cosx|[1]0|-110 |1

COROLLARY 8.4.6. For all x € R we have
(a) cos(z + 27) = cosz, sin(z + 27) = sinx
(b) cos(x + ) = —cosz, sin(z +7) = —sinz
(c) cosx = sin(§ — x), sinz = cos(§ — x)

PROOF. (a) 6i(a:—i—27r) — plT2mi _ iT

(b) ei(a;—i—Tr) — elTpim — _gix

us

, DT e x o a
(c) e = 2ty = ¢@=3)e!s = je'*=3)  Hence

cosz = —sin(z — g) = sin(g —x),
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sinx:cos(i—x) = cos(z — E). O
2 2
COROLLARY 8.4.7 (Zeros of sine and cosine). In the interval [0, 27| the

function cos has exactly the zeros 5 and 37“, and sin has exactly the zeros 0

and .

PROOF. 1. cos§ = 0 by definition, hence also COS%Tr = —cosy = 0.

Moreover, cos is strictly decreasing in [0, 5], and cos(5 +x) = —cos(§ — z).
Hence cos is strictly decreasing in [F, 7] as well. Therefore 7 is the unique
zero of cos in [0, 7]. Furthermore cos(m + x) = cos(—m — ) = cos(m — z);
hence cos has exactly one zero in [r, 27|, namely 27

2. Because of sinz = cos(§ —x) = cos(z — ) the claim follows from the

fist part. O

COROLLARY 8.4.8. In the interval [0, 27|, the function cos assumes the
value 1 exactly in the point 0.

PRrROOF. We have just shown that cos is strictly decreasing in [0, 7], and
that cos(m + x) = cos(m — x). Because of cos0 = 1 the claim follows. O

We can now define the tangens function for x € (-7, %) by

sinx

tanx := .
CoS T

8.5. The inverse functions arcsin, arccos, arctan

The inverse functions arccos for cos, arcsin for sin and arctan for tan
may now be defined similarly to how we defined the logarithm as the inverse
of the exponential function, i.e., by means of integrals. We carry this out for
the sine function. To motivate the definition of the inverse arcsin of the sine
function, suppose we already have a differentiable function arcsin: (—1,1) —
(—=m/2,7/2) such that sin(arcsinz) = x for —1 < z < 1. Then the chain
rule entails

— sin(arcsin x) = cos(arcsinz) - — arcsinz = 1
- sin(arcsin @) = cos(arcsin) - < ,

hence

. 1 1 1
—arcsinz = : = = .
dx cos(arcsinz) /1 —sin?(arcsinz) V1 — 22

Because of sin(arcsin(0)) = 0 we must also have arcsin(0) = 0.
Therefore we define

Toodt
(18) arcsinx := / — (-l<z<1).
0 V1-—t2
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Because of —1 < sinz < 1 the composite function arcsin o sin is continuous
on (—7m/2,7/2). Its derivative is

o 1 d
— arcsin(sinz) = ——=-cosz =1 = —u.

dzx V1 —sin?z dzx

By Corollary 5.1.3 the function arcsin(sinx) — x is a constant, and because
of arcsin(sin(0)) = arcsin(0) = 0 this constant must be 0. Hence

(19) arcsin(sinz) =z (—7m/2 <z <m/2).
Now fix > 0 and let y := sin(arcsinz). Then
arcsiny = arcsin(sin(arcsinx)) = arcsin x

by (19), hence

dt
V-t
Assuming = < y clearly leads to a contradiction, hence x > y. Similarly we
obtain y > z and therefore x = y. Hence

Yy
0 = arcsiny — arcsinx = /
X

(20) sin(arcsinz) =z (-1 <z <1).

Similarly we can introduce arccos: (—1,1) — (0,7) by

T T dt
21 arccosx := — — —_—
(21) - | A=
For the inverse arctan: R — (—1, 1) of the tangens function tan x :=
first recall that by the quotient rule

sinx
cos T

¢ 1
—tanz = )
dx cos? x

To motivate the definition of the inverse arctan of the tangens function,
suppose we already have a differentiable function arctan: R — (—1,1) such
that tan(arctanz) = x for x € R. Then the chain rule entails

4 \an(arctan ) ! 4 arct |
— tan(arctanz) = ————— - — arctanx = 1,
dx cos?(arctanz) dx

hence

d 2
— arctan x = cos”(arctan x).
dz

Now let y := arctanz, hence z = tany. Then

2 2
sin 1 —cos 1
2 = tan’y = J_ L. -1,
cos?y cos?y cos?y
hence
2 ].
cos“y =
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and therefore

I arctanx = 1122
Because of tan(0) = 0 we must also have arctan(0) = 0. So we define
(22) ' / " eRr)
arctan z := —s (z .
o 1412

Clearly the composite function arctanotan is continuous on (—m/2,7/2).
Its derivative is

1 1 1 d
. =1=—z.
1+4tan?x cos2x dx

~ arctan(tan )
— arctan(tanz) =
dx
By Corollary 5.1.3 the function arctan(tanx) — z is a constant, and because
of arctan(tan(0)) = arctan(0) = 0 this constant must be 0. Hence
(23) arctan(tanz) =z (—7/2 <z < 7/2).
Now fix > 0 and let y := tan(arctanx). Then
arctany = arctan(tan(arctanz)) = arctan z

by (23), hence

Yvodt
0 = arctany — arctanx = — .
. 1+1t2

Assuming z < y clearly leads to a contradiction, hence z > y. Similarly we
obtain ¢y > x and therefore x = y. Hence

(24) tan(arctanz) =z (x € R).

8.6. Polar coordinates

THEOREM 8.6.1 (Polar coordinates). Every complex number z # 0 can
be written uniquely in the form

z=re% withr = |z| and ¢ € [0,27).
PROOF. Let £ := é, x = R(E) and y := F(§). Because of |{] =1 we
have 22+ y? = 1, hence x,y € [-1.1]. Let a € [0, 7] we the unique real such
that cosa = x. Because of y> =1 — 2% = 1 — cos? a = sin® a we have

y = tsina.

Let

o, if y = sina;
Y= . .
2r —«, if y= —sina.
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Then in any case sin ¢ = y (we may assume here |y| > 1, otherwise we work
with x instead), and hence
z
E
For uniqueness, assume el = 2 with 0 < ¢ < @9 < 2. Then
el$2=¢1) = 1 with @y — ¢y € [0,27), hence @y — @1 = 0. O

e =cosp+ising=x+iy=¢=

REMARK 8.6.2. The product of two complex numbers can now simply

be written as
71"l - ree'¥2 = rlrgez(mﬂ”).

COROLLARY 8.6.3 (nth root of unity). Let n be a natural number > 2.

The equation z™ = 1 has exactly n complex roots, namely
- 2km

en  fork=0,...,n—1.

PRroOF. First notice that
-2k .
(617)” 62km 1.

Now let z € C with 2” = 1. Then |z| = 1, hence by the theorem z can be
written uniquely in the form e’ with ¢ € [0,27). By asumption (e*)" =
e™¥ = 1, hence ny = 2kr for some k € Z, hence ¢ = 28T Because of
¢ € [0,27) we obtain 0 < k < n. O






CHAPTER 9

Metric spaces

We now generalize our treatment of the reals to metric spaces.

9.1. Cauchy sequences, equality, completeness

DEFINITION 9.1.1. A metric on a countable set () of approximations is
amap p: Q — Q — R such that for all u,v,w € Q
(a) p(u,v) =0iff u = v,
(b) p(u,v) = p(v,u) (symmetry), and
(c) p(u,w) < p(u,v) + p(v,w) (triangle inequality).
A metric aproxzimation space is a pair (Q, p) consisting of a countable set @
and a metric p on Q. The real p(u,v) is called distance of u and v w.r.t. p.

REMARK 9.1.2. The axioms entail p(u,v) > 0 for all u,v € Q. This
follows from the triangle inequality applied to u, v, u:

0 = plu,u) < plu,v) + p(v, u) = 20(u, ).
LEMMA 9.1.3 (MetrUB, MetrLB). Let (Q, p) be a metric space. Then
[plu,w) — p(o, )] < plu,v) < plu, w) + p(v, w).
PROOF. From the triangle inequality and symmetry we obtain both
plu, w) — p(v, w) < p(u, v),
p(v,w) = p(u, w) < p(u, v)

and hence the first inequality. The second one follows immediately from the
triangle inequality and symmetry. (]

The completion of a metric approximation space (@, p) consists of all
pairs ((un)n, M) such that (uy), is a Cauchy sequence with modulus M,
that is,

1
p(““?’uum) S 27]7 for n7mZM<p)
Let X be the set of all such pairs, called points. We extend p to points
x = ((up)n, M) and y = ((vy)n, N) of X by

p(.y) = ((p(tn,v))ns L) with L(p) := max(M(p + 1), N(p+ 1)).

7
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It is easy to see that the right hand side is a real number, since

|p(un, vn) = p(tm;s V)|

< |p(un, vp) — p(u,om)] + |p(tn, vim) — p(Um, V)|
1

op+1

+ for n,m > max(M(p+ 1), N(p + 1)).

< op+1
Note that then also p(z, ) is defined, by viewing u as the constant sequence
with modulus 1.
We call (X, p, Q) (with the extended p above) a metric space’, and the
elements u, v, w € Q its approximations.

DEFINITION 9.1.4 (Equality). Two modulated Cauchy sequences z :=
((un)n, M) and y := ((vy)n, N) are equal if

1
p(uM(p+1)7UN(p+l)) < o for all p e ZT.

To see that this is an equivalence relation we can proceed as in Lemma 1.2.3
of Chapter 1 (RealEqChar) and show that z = y is equivalent to

1
vIDE|noanno (p(unv Un) < 27,)

DEFINITION 9.1.5. A sequence (zy,)nen of points in a metric space (X, p, Q)
is a Cauchy sequence with modulus M : Z* — N whenever

1
(T, ) < > for n,m > M(p),

and converges with modulus M : Z™ — N to a point vy, its limit, whenever
p(n,y) < 55 for n > M(p).

LEMMA 9.1.6 (ApproxCauchyConvMod). Any modulated Cauchy se-
quence of approximations in a metric space (X, p,Q) converges with the
same modulus to the point it represents.

PROOF. Let z := ((up)n, M) be a point. We must show p(uy,,z) < 2%

for n > M(p). Fix n > M(p). It suffices to show p(up,um) < o for
m > M(p). But this holds by assumption. O

By the triangle inequality, every convergent sequence of points in a me-
tric space with modulus M is a Cauchy sequence with modulus p — M (p+1).
As in Theorem 2.1.3 of Chapter 1 (RealCompl) we can prove the reverse im-
plication, this time using Lemma 9.1.6 (ApproxCauchyConvMod).

THEOREM 9.1.7 (MetrCompl). For every Cauchy sequence of points in
a metric space we can find a point to which it converges.

1Sep:aurated metric space (or separable metric space if @ is left implicit) might be a
more appropiate name.
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9.2. Located sets

DEFINITION 9.2.1 (Located set). Let (X, p, @) be a metric space. A

subset V of Q is located? if for every approximation u € Q and all rationals
¢,d € Q withe<d

Voev(c < p(u,v)) V Jpev(p(u,v) < d).

THEOREM 9.2.2 (Distance from located sets). Let (X, p, Q) be a metric
space and V a subset of Q). Assume that V is sufficiently inhabited, i.e.,
Vu3oev (0 < p(u,v)). Then the following are equivalent.

(a) V is located.
(b) p(u, V) :=inf{ p(u,v) | v € V' } exists for all u € Q.

PRrOOF. (b) — (a). Let w € Q and ¢,d € Q with ¢ < d. Then either
¢ < p(u,V) or else p(u, V) < #. In the first case we have ¢ < p(u,v) for

all v € V, and in the second case we have p(u,v) < d for some v € V.
(a) — (b). Let u € Q. Consider

HV,U(Cv d) = VWGV(C < p(u, U)) A EIUEV(p(u’ U) < d)

as a property of pairs ¢, d of rational numbers with ¢ < d. Pick v € V and
d such that 0 < p(u,v) < d. Then Iy, (0,d). We construct two sequences
(cn)n and (dy,), of rationals such that for all n

(25) O=cp<c < <ep<dp<---<dy <dop=d
(26) HV,u(Cna dn)a

2\ "
(27) dy — cn < (3) d

Let cg, ..., c, and dy, . . ., dy, be already constructed such that (25)-(27) hold.
Let ¢ =e¢, + %(dn —c¢p) and d' = ¢, + %(dn — ¢p). By the locatedness of V/

Voev (¢ < p(u,v)) V Jpev (p(u,v) < d).

In the first case let ¢,11 := ¢, and d, 41 := d’, and in the second case let
¢ny1 = ¢ and dp41 := d,. Then clearly (25)-(27) continue to hold for
n + 1, and the real number given by the two modulated Cauchy sequences
of rationals (¢p,), and (dy)y, is the infimum of { p(u,v) |v € V }. O

The next lemma employs a technique first used by Bishop (1967, p.177,
Lemma 7), which is known under the name A-technique. The formulation
below is adapted from Bishop and Bridges (1985, p.92).

2In Bishop (1967); Bishop and Bridges (1985) locatedness is defined by the existence
of infima, as in part (b) of Theorem 9.2.2. Our notion of locatedness is sometimes called
“order located below” in the literature.
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LEMMA 9.2.3. Let (X, p,Q) be a metric space and V a located subset of

Q. Fiz u € Q and assume 0 < p(u,vgy) for some vy € V. Then there is a
point ((vp)n, M) =:y € X with all v, in V such that for any p

1 . . 1

o5 < pluy) implies Vuey (s < plu,v)).

ProoF. For simplicity assume p(u,vp) = 1. By simultaneous recursion

we define sequences (vy,), of approximations in V' and (A,), of decreasing

booleans (in the sense that A, = tt implies A, = tt for all m > n) such that

A = ff = p(u,vy,) < o0

1
M =t = Voev (G < p(0,0).

Let Ag := ff. In the step we are given vy, A, and must define v,11, Apy1-
Case A\, = ff. By the locatedness of V w.r.t. TL% < 2,1% we know

1 1
Foev (5ors < P 0) V Fvev (p(u,0) < o)

In the first case let vy11 := v, and Apy1 := tt, and in the second case let
Un+1 be the element provided and A1 := ff. Case A\, = tt. Let vp41 := vy
and A\p41 := tt. — We show that (v,), is a Cauchy sequence with modulus
M(p) :=p+1,ie.

1
(U, V) < > forp+1<n<m.
Assume n < m. Case A\, = ff (hence also A\, = ff). Then
2 1
P(Vn, Um) < p(u,vp) + p(u, v) < o < — forp+1<n.

—2n T 2p
Case A\, = ff, A, = tt. Take [ with n <1 < m and \; = ff, ;11 = tt. Then

1
p(onsvm) = plon,v) < o forp+1<n,

as in the previous case. Case \, = tt (hence also \,, = tt). Then v, = vy,
hence p(vy, vp) = 0. — Let y := ((vp)n, M) and assume 5 < p(u,y). Recall
p(u,y) = ((p(u, vp))n, M). Hence 55 < p(u,v,) and therefore A, = tt, which
implies Vyev (5o < p(u,v)). O

9.3. Continuous functions

DEFINITION 9.3.1 (Continuous function). Let (X, p, @), (Y, 0, R) be me-
tric spaces. A continuous function f: (X, p,Q) — (Y,0, R) is given by an
approximating map

h:Q—N-—>R
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together with further data dependent on w,r (center and radius of a ball):

(a) amap a: Q@ —» ZT — ZT — N such that o, ,(p) is a (uniform) Cauchy

modulus of the Cauchy sequence (h(u,n)), for p(u,w) < -, that is

1
o(h(u,n), h(u,m)) < % for n,m > o (p);

(b) a modulus w: Q — Z* — Z* — ZT of (uniform) continuity, such that
w,r(p) satisfies for n > aur(p) and p(u, w), p(v, w) < &

p(u,v) < o ® — o(h(u,n),h(v,n)) < 2—p;

(c) maps v: Q = ZT — R, §: Q — Z" — Z7 such that v(w,r) and §(w,r)

are center and radius of a ball containing all h(u,n) (for p(u,w) < 5-):

1
plu, w) < o 7 o(h(u,n), y(w,r)) < 25w
a,w,7,0 are supposed to have some monotonicity properties: if the ball
B(w,r) is contained in the ball B(w', '), i.e.,
1 1
p(w)w/) + ? S ?)
then we require
O(('U),T,p) S (,Y(U)/,T/,p)7 O.)('lU,T'7p) S w(wlurlvp)
and that B(y(w,r),d(w,r)) is contained in B(y(w',r’),d(w’, 1)), i.e.,
1 < 1

26(w,r) = 98(w'r")”

o(y(w,r), (W' 1)) +

Notice that a continuous function is given by objects of type level < 1
only, since it suffices to define its values on Q.

Since the approximating map operates on approximations only, we need
to define separately what it means to apply a continuous function in our
sense to an arbitrary element of the metric space.

DEFINITION 9.3.2. Let a continuous function f: (X, p,Q) — (Y,0, R)
be given (by h,a,w,~,9), and also x = ((up)n, M) and w, r with p(u,,w) <
2—1,,. The application f(x) of f to z is defined to be the Cauchy sequence
(h(up,n)), with modulus

max (o r(p +2), M (wy,(p+ 1) —1)).

LEMMA 9.3.3 (MetrContAppCorr). This is a modulus.

ProOF. Under the assumptions of the definition we have (omitting w, r)

o(h(up,n), h(um,m))

< o(h(un,n), h(un, 1)) + o(h(un, 1), A(tm, 1)) + o(h(tm, 1), A(tm, m))
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< 1 1 1
— 9p+2 + op+1 + 2p+2

if nym > M(w(p+1)—1) and I > a(p+ 1) (for the middle term), and
moreover n,m,l > a(p + 2) (for the first and last term). O

Notice that f(x) is independent from the assumed w, r with z € B(w, ),
in the sense that f,q(z) = fo & (x). This holds since the Cauchy sequences
of these two elements are the same (only their moduli may be different).

We show that application is compatible with equality.

LEMMA 9.3.4 (MetrContAppCompat). Let f: (X, p, Q) — (Y,0,R) be a
continuous function. Then

r=y— f(x) = f(y).

PrROOF. We may assume that x = ((up)n, M) and y := ((vn)n, N) are
such that p(un, w), p(vn, w) < 5 for all n. Assume z = y. To prove f(z) =
f(y) it suffices to prove o(f(z), f(y)) = 0. This follows from

1

o(h(up,n), h(v,,n)) < »

if n > a(w,r,p) and in addition n > [ with [ provided by w(w,r,p) —1. O

Next we show that indeed a continuous function f has w as a modulus
of uniform continuity.

LEMMA 9.3.5 (MetrContMod). Let f: (X,p,Q) — (Y,0,R) be a conti-
nuous function and x,y € B(w,r) C X. Then

pe,9) < 507 = o), fW) < o

PROOF. Again we may assume that x = ((uy)n, M) and y := ((vy)n, N)
are such that p(up,w), p(vn, w) < 55 for all n. Assume p(up,vn) < 52

ow(w,r,p)
for n > I. Then for n > I, a(w,r,p)
1
o(h(up,n), h(vy,n)) < >
that is o(f(z), /(1)) < - 0

We show that continuous functions commute with limits.

LEMMA 9.3.6 (MetrContLim). Let (x,), be a sequence of elements in a
metric space (X, p, Q) which converges to y. Assume x,,y € B(w,r) and let
f:(X,p,Q) — (Y,0,R) be continuous. Then (f(xy))n converges to f(y).
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PRrROOF. For a given p, pick [ such that for all n
1
< < —.
Then by Lemma 9.3.5 (MetrContMod)

1
1< o(f (). J0) < 55
Hence (f(zy))n converges to f(y). O
LEMMA 9.3.7 (MetrContRat). Assume that f,g: (X,p,Q) — (Y,0,R)

are continuous and coincide on all approximations uw € Q. Then f = g.

PrOOF. Let z = ((up)n, M). By Lemma 9.3.6 (MetrContLim) the se-
quence (f(uy))n converges to f(x) and (g(un))n to g(x). Now f(u,) = g(uy)

implies f(x) = g(x). O

We define the composition of two continuous functions.

DEFINITION 9.3.8. Let f: (X, p,Q) = (Y,0,R)and g: (Y,0,R) — (Z,T1,5)
be continuous functions, with f given by hy,af,ws,vs, 05 and g given by
hg, ag,wg, Vg, 0g. Assume that for B(w,r) C Q we know that B(vycq, deqd) € R
(with veq := 7¢(c,d) and ¢4 := 6¢(c, d)). The composition gof: (X, p,Q) —
(Z,1,8) is defined by

hgos(a,n) = hy(hys(a,n),n)
agof(c,d, k) := max(oy(Ved, Ocas kb + 2), ap(c, d,wg(Ved; Ocd, k + 1) — 1))
Wgor(c,d, k) := wr(c,d,wy(Ved, Oca, k) — 1) + 1
'YQOf( d) = Yag (Yed> 6cd)
dgof(c,d) = 0g(Yeds Oca)
We need to show that this indeed defines a continuous function.

LEMMA 9.3.9 (MetrContComposeCorr). Under the assumptions of the
definition above and for any ¢ € Q and d € Q* with B(c,d)NQ C X we
have
(a) Each hgof(a,n) (for a € B(c,d) N Q) is a Cauchy sequence with (uni-

form) modulus agof(c,d, k)

(b) wgor(c,d, k) satisfies for all a,b € B(e,d) NQ

la — b| < 27%oor(CRI+L s h(q, n) — h(b,n)| < forn > age(c,d, k);

Sl

(€) Ygor(e,d) and dg4of(c,d) are center and radius of a ball containing all
hyog(@,) (0 € Ble,d) Q).
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PROOF. (a). (hf(a,n)), is a real with modulus as. For a € B(c,d) N Q
we have v.4 < hy(a,n) < deq. By Lemma 4.1.9 (ContReal), application
of g to this real gives the Cauchy sequence (hy(hf(a,n),n)), with Cauchy
modulus oy r (k).

(b). Let a,b € B(c,d)NQ and |a — b < 29r(&dws(Yeadeak)=1)+1  Then
|hp(a,n)—hp(b,n)| < 279sOeadeak) 1 for n > ap(e, d, wy(Yed, Oca, k) — 1), and
therefore |hg(hs(a,n),n) — hy(hs(b,n),n)| < 5 if also n > ay(Ved, dca, k).
Both conditions on n hold for n > ag.f(c,d, k), since oy, oy and w, are
weakly increasing.

(c). Because of h¢(a,n) € B(Ved, 6ca) We have

h‘g<hf (aa TL), n) € B(Vg (Fcha 5cd): 79 (70d7 ,ucd))- U

REMARK 9.3.10. Under the assumptions of the definition above we have
(go f)(xz) = g(f(z)) for all z, since both points have the same Cauchy
sequence.

9.4. Totally bounded sets

DEFINITION 9.4.1. Let (X, p, @) be a metric space. A subset V of @ is
totally bounded? if for every positive integer p there is a finite list (ty)n<m of
elements of V' such that for every u € V there is an n < m with p(u, u,) <
We call the list (uy)n<m an 2%—71615 for V.

L
2p

From a computational point of view, a problem with the notion of total
boundedness is that for a given accuracy 2%, it requires to work with huge
lists of approximations. In contrast, the notion of locatedness allows usage
of the trisection method (as in Theorem 9.2.2) and hence is much preferable.
It is therefore a relief that inside a totally bounded set (for instance [c, d]™
in R™) the notions of total boundedness and locatedness coincide. — In the
next two propositions we fix a metric space (X, p, Q).

PROPOSITION 9.4.2. Ewvery totally bounded set V is located.
PROOF. Given u € Q and rationals ¢,d € Q with ¢ < d we must show
Voev (e < p(u,v)) V Jpev (p(u,v) < d).
Pick p with ¢+ 2% < d, and (vp)p<m in V such that

1
VueV3n<m(,0(Ua Un) < 271))

3The notion of total boundedness is due to Brouwer. It replaces the classical notion
of compactness in the present constructive setting.
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Case Vnem(c+ 55 < p(u,v,)). Let v € V. Pick n with p(v,v,) < 55. Then

1
¢+ p(v,vn) <c+ 27p < P(U,Un) < p(u,v) + ,O(’U,Un).

Thus ¢ < p(u,v). Since v € V was arbitrary, the Lh.s. of the alternative
holds. Case 3,,<m(p(u,vy,) < d). Then the r.h.s. of the alternative holds. O

PROPOSITION 9.4.3. Every located subset V' of a totally bounded set U
1s totally bounded.

PRrROOF. Fix p. Since V is located we have for every u € U

1 3
vaV(ﬁ < p(uﬂj)) \% HUEV(IO(U?U) < 2p+2)'

From the 2,,%—net us for the totally bounded U select the sublist (wy,)n<m of
all those approximations which satify the r.h.s. of the alternative. Thus for
every u, we have a v,, such that p(u,,v,) < 2,7% Now consider an arbitrary
v € V. Since U is totally bounded we have some u in us with p(v,u) < 21,%
Thus this « is some u,. Consider the associated v,, € V. Then

1 3 1
p(U,’Un) S p('U,Un) +p(unyvn) S W + W = 27p O






CHAPTER 10

Normed spaces

Important examples of metric spaces are normed (linear) spaces. We
only consider linear spaces over R.

10.1. Groups
DEFINITION 10.1.1. A group (G, o) (or just G) is given by a map o: G —
G — G with the following properties.

(1) (uov)ow =wuo (vow) for all u,v,w € G (associativity).
(2) There is e € G (called neutral element of G) such that
(a) eou =wu for all u € G;
(b) for every u € G there is an «’' € G such that v ou =e (v is
called inverse element for u).

G is called abelean, if in addition w o v = v o w holds for all u,v € G
(commutativity).

LEMMA 10.1.2 (LeftInvRightInv). Let e € G be a neutral element and
u, v’ € G such that v ou = e. Then we also have uou = e.

ProoOF. Choose u” with v o4’ = e. Then

/ / " / / " /
uou —eouou =u ou ouoU =U oOU = €. |
~——
e

LeMMA 10.1.3 (LeftNeutralRightNeutral). Let e € G be a neutral ele-
ment. Then uoe=wu for all u € G.

PROOF. uoe=wuou ou=eou=u by LeftInvRightInv. O

LEMMA 10.1.4 (NeutralUnique). There is ezactly one neutral element
ee€G.

PRrROOF. Let e, e* be neutral elements of G. Then e* = eoe* = e by
LeftNeutralRightNeutral. U

LEMMA 10.1.5 (InvUnique). For every u € G there is exactly one inverse
element v’ € G.

87
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PROOF. Let v/, u* be inverse elements for u € G. Then
w=u"oce=u"ouou =eou=1.
Here we have used the three previous lemmata. O
The uniquely determined inverse element for u is denoted u 1.
LEMMA 10.1.6 (ZeroCrit). u4+u=0— u = 0.
PrROOF. u=0+u=(—u+u)+u=—-u+(ut+u)=—-u+u=0 O

10.2. Linear spaces

We define linear spaces over the field R of reals.

DEFINITION 10.2.1. A linear space (X,+,-) (or just X) is given by two
maps +: X - X — X (addition) and -: R — X — X (scalar multiplica-
tion) with the following properties.

(1) (X,+) is an abelean group.
(2) For all u,v € X and all z,y € R we have

(@ +y)u = (zu) + (yu),
z(u +v) = zu + zv,
w(yu) = (zy)u,
lu = U.
The elements of X are called vectors, and the elements of R scalars.

As usual we write u — v for u + (—v) and nu for u+u+---+u (with n
occurrences of u).

LEMMA 10.2.2 (TimesZeroLeft). Ou = u.

PRrROOF. Ou = (0 + 0)u = Ou + Ou. O
LEMMA 10.2.3 (TimesZeroRight). z0 = 0.

PrOOF. 20 = (0 + 0) = 20 + z0. O
LEMMA 10.2.4 (ReallnvTimes). If yr =1 and xu =0, then u = 0.
PROOF. u = 1u = (yx)u = y(zxu) = y0 = 0. O
LEMMA 10.2.5 (TimesMinusOne). (—1)u = —u.

PrOOF. v+ (—1)u = 1lu+ (—=1)u = (1 + (—1))u = Ou = 0. O

DEFINITION 10.2.6. Let X and Y be linear spaces. A map f: X — Y
is linear if for all u,v € X and all z € R

flutv) = fu) + f(v),
f(zu) =z f(u).
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LeMMA 10.2.7 (LinZero). f(0) = 0.

Proor. f(0) = f(Ou) =0f(u) =0. O
LeEMMA 10.2.8 (LinTimes). f(—u) = —f(u).
PrROOF. f(—u)+ f(u) = f(—u+u) = f(0) =0. O

10.3. Normed spaces

DEFINITION 10.3.1. A norm on a linear space X isamap |-|: X = R
such that for all x € R and u,v € X
(a) |zu] = |2[ - [ul,
(b) |u|l =0 —= u =0, and
(¢) Ju+v| <|u|+ |v| (triangle inequality).

LEMMA 10.3.2 (NormZero). 0] = 0.

Proor. [0] =]0-0] =10]- 0] = 0. O
LEMMA 10.3.3 (Normlnv). | — u| = |u|.

PrOOF. [ —u| = [(=1) -u| == 1] - [u] = [u]. O
From a norm on X one can define a metric by p(u,v) := |u — v|.

LEMMA 10.3.4 (NormMetric). |u — w| < |u —v| + |v — w]|.
PROOF. Ju—w] = |(u—v) + (v — )] < Ju— v] + o — wl. 0

A complete normed space is called Banach space.

A linear map f: X — Y between normed spaces is strongly extensional
when 0 < |u| implies 0 < | f(w)]. It has been shown in Bridges and Ishihara
(1990) that every linear map from a Banach space X to a normed space Y
is strongly extensional. This was obtained as a corollary of a more general
result. Here we give a direct proof, due to Hannes Diener.

LEMMA 10.3.5. Every linear map from a Banach space X to a mormed
space Y 1is strongly extensional.

PROOF. Let u € X be such that 0 < |f(u)|. We show 0 < |u|. Fix an
increasing binary sequence () such that

Ju] < if A = 0,

2n(n+1)
1

S if A, = 1.
ey <
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Define a sequence (vy,,) in X by

0 if A, =0,
Vp 1=
" mu if A, = 1 and m is the minimal such number.

Then (vy,) is a Cauchy sequence.

Let v be its limit in X. Pick ng such that | f(v)| < no|f(u)|. Assume
that there is some n > ng with A, = 1. Then v = v,, = mu where m is
minimal such that \,, = 1. Hence

o f (@) > 17 ()] = mlf ()] > nff(w)]

a contradiction. Hence all \,, would be zero and therefore « = 0. But then
f(u) = 0 by the linearity of f, contradicting our assumption 0 < | f(u)|. O

LEMMA 10.3.6 (Ishihara’s trick). Let f be a linear map from a Banach
space X into a normed space Y, and let (uy,) be a sequence in X converging
to 0. Then for 0 < a < b either a < |fuy| for some n or | fu,| < b for all
n.

PROOF. Let M be a modulus of convergence of (uy,) to 0; we can assume
MO = 0. Call m a hit on n if M, <m < Mp4+1 and a < |fuy,|. Our first
goal is to define a function h: N — N such that

(i) h, = 0if for all n’ < n there is no hit;
(ii) hp =m + 2 if at n for the first time we have a hit, with m;
(iii) hy =1 if there is an n’ < n with a hit.

We will need the bounded least number operator p,g defined recursively as
follows. Here g is a variable of type N — B.

pog =0,

_J0 if g0
Hond = Spn(goS) otherwise.

From pu,g we define

n (un—no)\mg(m + nO)) +ng ifng<n
Hnod = .
0 otherwise.

To define h we will make use of a function g of type N — B (to be defined
from cApproxSplit) such that

{a < | fuml it gm

[fum|] <b otherwise.
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Then we can define h,, := H(g, M,n) where

0 if M, < pn,g and Mn+1 < uM’L+1
H(g,M,n):= u%”“g—i—Q if My, < par, g and p "+1g<Mn+1
1 it par, 9 < My,

To avoid multiple computations we split this definition into parts.
H(g, M,n) := HitPast(g, M, M,,,n)

HitPast(g, M, ng,n) := ! if fngg < o
a 01 HitHere(g, ng, Mp+1) otherwise

HitHere(g, no, nl) = Hlt(:unogv nl)

Hit(m,n) := {

m+2 ifm<n
0 otherwise.

Clearly h has the properties listed above.
The next goal is to define from h a sequence (vy,) in X such that
(i) vp, =0if hy, = 0;
(il) vp = Ny, if hy =m+2;
(iii) vy = vp—1 if by = 1.
Let & be the type of elements of X, and us a variable of type N — &. Define
v := Ve(g, M, us,n) where (writing u,, for us(m))

0 if H(g, M,n) =
Ve(g, M, us, ) i= N, ifH(g ,n) = m—|—2
T 0 (arbitrary) ifH(g,M n)=1andn=20
Ve(g, M, us,n—1) if H(g,M,n) =1 and n > 0.

Again we split the definition to avoid recomputations.

Ve(g, M, us,n) := Seqe(H (g, M), H(g, M,n), us,n)

Seqe(h,0,us,n) := 0
Seqe(h,m + 2, us, n) == num

Seqe(h, 1, us,0) := 0 (arbitrary)
Seqe(h, 1, us,n + 1) := Seqe(h, hy, us, n).

One can show that (v,) has the properties listed above.
Next we show that (v,) is a Cauchy sequence with modulus N (k) :=
2k 4 1, which satisfies
N(k)y+1 1

NG = oF
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Since our goal is stable, we may employ arbitrary case distinctions.

Case 1. There is no hit. Then h,, is always 0, hence (v,,) is identically
zero and therefore a Cauchy sequence with any modulus.

Case 2. Assume that there is a hit. Let n be the one, say with value
m. Given k, let N(k) < ny < na. We show [v,, — vp,| < 1728, If n < my
or ng < n, then v,, = v, and we are done. Assume n; < n < ny. Then
Un, = 0, hence |vp, — Uny| = |vn, | = |vn|. By definition v, = nu,,, hence

[onl = nfuml
<(n+1)/2" since M, < m and M is a modulus for (u,)
< (N(k)+1)/2V®) gince n — (n+1)/2" is monotone
< 1/2k,

By the assumed completeness of X we have a limit v of (v,). Pick ng
such that |fv| < npa. Assume that there is a first hit at some n > ng, with
value m. Then v = v, = nu,, and

na < nf fum| = |n(fum)| = |f(num)| = [fo] < noa < na,

a contradiction. Hence beyond this ng we cannot have a first hit.
If Vi<nohn = 0 then there is no hit at all and we have | fu,| < b for all
n. Otherwise there is a hit before ng and we have a < | fu,| for some n. O

The computational content machine extracted from this proof is

[f,us,M,a,a0,k]
[let g
([n]negb(cAC([n0] cApproxSplitBooleRat
a a0 lnorm(f(us n0))k)n))
[case (H g M
(cRealPosRatBound
Inorm(f ((cXCompl xi)
((V xi)g M us)
([kO]abs (IntS(2*k0)max 0))))
a))
(Zero -> False)
(Succ n -> True)]]

Here H and V are the functionals defined above. cAC is the computational
content of the axiom of choice

(pp "AC")

all m ex boole (Pvar nat boole)” m boole ->

ex g all m (Pvar nat boole)” m(g m)
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and hence the identity. cApproxSplitBooleRat and cRealPosRatBound are
the computational content of lemmata

all a,b,x,k(Real x —> 1/2%*k<=b-a ->
ex boole((boole -> x<<=b) andu ((boole -> F) -> a<<=x)))

all x,a(Real x —> 0<a -> ex n x<<=n*a)

In our formulation of Ishihara’s trick we have used the “decorated” dis-
junction V" (u for uniform) to express the final alternative. This means that
the computational content of the lemma returns just a boolean, expressing
which side of the disjunction holds, but not returning a witness for the exis-
tential quantifier in the left hand side, 3,a < | fu,|. We can change this and
use the “left” disjunction V! instead. Then literally the same proof works.
However, in the extracted term a subterm starting with cRealPosRatBound
occurs twice. We take it out by introducing a second “let”, via another use
of the identity lemma at the point in the proof where the existence of this
bound is proved. The extracted term then is

[f,us,M,a,al,k]
[let g
([n]negb(cAC([n0] cApproxSplitBooleRat
a a0 lnorm(f(us n0))k)n))
[let n
(cRealPosRatBound
Inorm(f ((cXCompl xi)
((V xi)g M us)
([k0] abs (IntS(2*k0)max 0))))
a)
[case (H g M n)
(Zero -> (DummyR nat))
(Succ n0 -> Inl right(cHFind g M n))]]]

Note that the required witness is obtained by an application of cHFind, the
computational content of a lemma HFind:

(pp "HFind")
all g,M,n(M Zero=Zero -> (H g M n=Zero -> F) ->
ex n0,m(n0<=n & H g M n0=m+2))

LEMMA 10.3.7 (Ishihara’s second trick). Let f be a linear map from a
Banach space X into a normed space Y, and let (uy) be a sequence in X
converging to 0. Then for 0 < a <b

either Vp3m>na < | fum| or 3nVmsnl| fum| < 0.



94 10. NORMED SPACES

PROOF. By the previous lemma applied to the subsequences (tm4n)n
we have functions g of type N — B and »’: N — N such that for all m

Vol fuminl <b if gm
a < | fumyn, | otherwise.

If g0 then V,|fu,| < b and the claim holds. Now let g0 be false. We say
the we have a hit at n with value m if M,, <m < M, 41 and gm. As in the
proof of the previous lemma we define a function h: N — N such that

(i) h, = 0if for all n’ < n there is no hit;

(ii) hp =m + 2 if at n for the first time we have a hit, with value m;

(iii) hy =1 if there is an n’ < n with a hit.
From h define a sequence (v,) in X by

(i) vp, =0if hy, = 0;

(i) vp =nUp, 14y Ay =m+2;

(iii) v, = 0 (arbitrary) if h, = 1 and n = 0;

(iv) v, = vp—1 if hyy =1 and 0 < n.
Again as before one shows that (v,) is a Cauchy sequence with modulus
N(k) := 2k + 1. By the assumed completeness of X we have a limit v of
(vn). Pick ng such that | fv| < npa. Assume that there is a first hit at some
n > ng, with value m. Because of gm we have 0 < m. Then g(m — 1) is
false, and v = nu,, 14, . Hence

na < n|fug_yop, | =1 (0tn_1in, )l = [fv] < noa < na,

a contradiction. Hence beyond ng we cannot have a first hit.

If Vi<nohn = 0 then there is no hit at all and hence a < | fupqn | for
all m, i.e., V3m>na < | fum|. Otherwise there is a hit, say n with value m.
Then gm, hence V| fum+n| < b and therefore 3,V >n| fum| < b. O



CHAPTER 11

Ordinary differential equations

11.1. The Cauchy-Euler approximation method

We consider a differential equation

(28) y/ = f(:B?y)a

where f: D — R is a continuous function on some subset D of R%. A
solution of (28) on an interval I is a function ¢: I — R with a continuous
derivative ¢’ such that for all x € T

(z,(x)) € D (hence f(x,p(x)) is defined) and ¢'(z) = f(z, ¢(x)).

We want to construct approximate solutions to (28). Let f: D — R
be continuous, and consider an interval I. A function ¢: I — R is an
approrimate solution up to the error 2%, of (28) if

(a) @ is admissible, i.e., (x,p(x)) € D for x € I.

(b) ¢ is continuous.

(¢) ¢ has a piecewise continuous derivative on 1.

(d) |¢'(z) — f(z,¢(x))] < 55 for all z € I where ¢/(z) is defined.

Notice that we only required the differential equation (28) to be satisfied

up to the error 2% Later we shall see that under certain conditions which
guarantee a unique exact solution, every approximate solution differs from

the exact one by a constant multiple of its error.

THEOREM 11.1.1 (Cauchy-Euler approximation). Let f: D — R be con-
tinuous, and (ag,bg) € D such that the rectangle R given by |z — ag| < a,
ly — bo| < b isin D. Assume |f(x,y)| < M for (x,y) € R, and let
h := min(a,b/M). Then for every p € Z* we can construct an approxi-
mate solution ¢: [ag — h,ag + h] = R of (28) up to the error 3 such that

w(ag) = bo.
PRrROOF. By definition of h, the rectangle

St |z —apl < h, |ly—0bo| < Mh

95
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is in D. Since f is continuous, it comes with a modulus of (uniform) conti-
nuity. Hence for our given p we have ¢ € Z" such that

(29) 55 ~ 19 < g

for (%,9), (z,y) in D and | — 2|, |[§ — y| < 5.

We now divide the interval [ag, ag + h] such that
(a) ap < a1 < - <ap—1<ap=ap+h
(b) a; — a;—1 <min(g;, 5 /M) fori=1,....n
and construct an approximate solution on [ag, ag + h|; similarly this can be
done on [ag — h, ag].

The idea is to start at (ag, bp) and draw a line with slope f(ag, bg) until it
intersects x = aq, say at (a1, b1), then starting from (a1, b1) draw a line with
slope f(a1,b1) until it intersects x = a9, say at (az, ba), etc. Since we want
an approximate solution which maps rationals to rationals, we approximate
the slopes f(a;—1,b;—1) by rationals s;_1.

More precisely, we recursively define for i =1,...,n

o(x) =bi—1+ (x — aj—1)si—1 for a;—1 <z < a;,

bi == p(ai),

- M S Si—1 S M such that ’81'_1 — f(ai_l,bi_1)| S 2?%'
Clearly ¢ is continuous, admissible and has piecewise derivatives

o'(x) =si—1 forai_1 <z<a.

1
5q and

1

59 1
lo(z) — bi1| < |z —ai—1] - |si—1] < QM‘] M = 30"

Now for a;—1 < z < a; we have |z —a;_1| <

hence by (29)
¥/ (@) = flz,0(@))] = |si-1 — f(z, ()]
< [si-1 = flaim1, bim1)[ + | f(aiz1,bi-1) = f(z, (2))]
1 1 1
= gort Tt T

Hence ¢ is an approximate solution up to the error 2% O

The approximate solutions we have constructed are rational polygons,
i.e., piecewise differentiable continuous functions with rational corners and
rational slopes.

LEMMA 11.1.2 (Rational polygons). Given a rational polygon ¢ on [a,b]
and ¢ € [a,b]. Then one of the following alternatives will hold.

(a) 0 < g(x) fora<z <b, or
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(b) ¢(z) <0 fora<z<b, or
(c) there is a d < ¢ such that p(d) = 0 and either 0 < p(x) for d < z < ¢,
or else p(x) <0 ford <z <c.

PRrROOF. Let a = ag < a1 < --- < ap, = b be the exception points for .
We can locate cin a = ag < a1 < -+ < an = b. Pick ¢ maximal such that
ai—1 < c¢. Compare ¢(ap), p(ai), ¢(ai—1) and ¢(c). If all have the same
sign, we are done. Otherwise pick j maximal such that ¢(a;) and p(a;41)
(or ¢(c), respectively) change sign. Then we are done as well. O

11.2. The fundamental inequality

We need an additional restriction in order to estimate the difference of
approximate solutions. A function f: D — R, D C R? is said to satisfy a
Lipschitz condition w.r.t. its second argument for the constant L > 0, if for

every (x7y1)7 (‘T)yQ) € D
|f(z,y1) = f(z,y2)| < Llyr — yol.

We begin by giving an easy estimate for the solutions of linear differential
inequalities.

LEMMA 11.2.1 (LinDiffIneq). Let o: [a,b] — R be continuous with a
piecewise continuous derivative o’ such that

o'(r) < Lo(x) +¢
for all x € [a,b] where o’ is defined. Then
o(z) < " Vg (a) + %(eL("’%a) —1) for all z € [a,b].

PRrROOF. Since o'(z) < Lo(x) + € we have

/; e M (o'(t) — Lo(t))dt < e /j e Lt

The integrand on the left-hand side has finitely many discontinuities but a
continuous indefinite integral, so

[eHa()]” < e[~ +e )

L
eiLxO'(l') . efLaO_(a) S %(efLa . efo)
o(z) < eL(x—a)a(a) + %(eL(x—a) _ 1)7
which is the required inequality. O

Next we give an estimate on the differences of approximate solutions,
provided the differential equation (28) satisfies a Lipschitz condition.
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LEmMA 11.2.2 (LipDiffApprox). Let f: D — R be continuous, and sat-
isfy a Lipschitz condition w.r.t. its second argument for the constant L > 0.
Let

@, [a,0] > R
be approximate solutions up to the error 2%, 2% of (28). Then
V(@) = ¢'(x) < Lp(z) — ()] +¢

with € 1= 2%, + 2%

PRroOOF. For all points except finitely many we have

1 1
@)~ flo pl@)| < 55 and [@(2) ~ @, 0(@)] < 55,

hence with € := 2% + 2%1

V(@) = @' (2) < [fl2,9(2) = flz, 0(@)| +e < L{y(z) — p(a)| +¢
by the Lipschitz condition. O

THEOREM 11.2.3 (Fundamental inequality). Let f: D — R be conti-

nuous, and satisfy a Lipschitz condition w.r.t. its second argument for the
constant L > 0. Let

@, ¥ a, b = R
be approrimate solutions up to the error 2%,, 2% of (28). Then for all x € [a,b]

B L(z—a) _ 2%4_2%
[9(@) — ola)] < w(a) — (@) + Z

PROOF. Let 0 := 1 — ¢ and x € [a,b]. We may assume 0 < o(x). We
distinguish cases as to whether
vye[a,x}(o < o‘(y)) v éIye[a,ac] (G(y) < 0)'

By Appendix A this case distinction is possible in our constructive setting,
since the goal is an inequality between real numbers and hence stable.
Case (a): Vye[a,s](0 < 0(y)). Then by LipDiffApprox we have

o'(x) < Lo(z) +¢ (not |o(x)|)

(eL(x_“) — 1).

with € = 2% + 2% Now we can use LinDiffIneq.
Case (b): Jycjaq)(0(y) <0). Let y € [a,r] and assume o(y) < 0. Let n
be arbitrary. By Theorem 4.3.2 (LastApproxZero) we have ¢ € [a, b] with
1 1
U(C) < 27611(1,0)

and 0 < o(z) for all z € [c,b]. Now we argue as in (a). By LipDiffApprox
o'(r) < Lo(z) + ¢
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on [c,z], with e = o + 2% By LinDiffIneq
o(y) < "o (c) + %(eL(y’c) —1)

for all y € [e, x], hence also for x. By the estimate for o(c) above we obtain
1 & L)
< € (ebla—a) 7).
o(x) < on + 7 (e )

Since n is arbitrary, the required inequality is a consequence. O
11.3. Uniqueness

To prove uniqueness of solutions we again need the Lipschitz condition.

THEOREM 11.3.1 (Uniqueness). Let f: D — R be continuous, and sat-
1sfy a Lipschitz condition w.r.t. its second argument. Let

o, : I - R

be two (exact) solutions of (28). If p(a) = ¢(a) for some a € I, then
o(z) =(x) for allx € I.

PROOF. We show ¢(z) = ¢(z) for a < < a+ 57, « € I. Similarly this
can be shown for a — % < z < a; hence the claim follows.
Integrating the two equations

¢'(z) = fz,0(x)) and ¢(z) = f(z,¢(z))
we obtain from ¢(a) = 9 (a)

and hence

o) = vl < [ 1F(to) = Fe o) dt < L [ o) - o) dr
Let M be the supremum of the range of |¢ — 4| on [a,a + 5-]. Then for
a<zr<a+ i

[p(z) = ¥(2)] < Lz —a)M < S M,

1
2
hence M = 0 and therefore ¢ = 1) on [a,a + 57 ]. O

The example

(30) y' =92, y(0) = yo.

shows that the Lipschitz condition is indeed necessary for uniqueness: for
yo = 0 we have two solutions ¢(z) = 0 and ¢(z) = ()32
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11.4. Construction of an exact solution

To prove the existence of an exact solution we again assume the Lipschitz
condition.

THEOREM 11.4.1 (Exact solutions). Let f: D — R be continuous, and
satisfy a Lipschitz condition w.r.t. its second argument. Let (ag,by) € D
such that the rectangle R given by |x — ag| < a, |y — bp| < b is in D.
Assume | f(z,y)| < M for (z,y) € R, and let h := min(a,b/M). Then we
can construct an exact solution ¢: [ag — h,a9 + h] — R of (28) such that

¢(ag) = bo.

Proor. By the Cauchy-Euler approximation theorem in Section 11.1
we have an approximate solution ¢, up to the error Qin, which is a rational
polygon, over I := [ag — h,ap + h]. By Lemma 7.2.4 the sequence (¢ )nen
uniformly converges over I to a continuous function . Hence the sequence
(f(x,on(x))), of continuous functions uniformly converges over I to the
continuous function f(z,(z)).! Therefore, by Theorem 7.3.1

b

b
tiw [ f(ten(®)dt = [ Fito) di

n—o0 a

We now prove that ¢ is an exact solution. By the choice of ¢,

1

|(p;1($) - f(.l‘,(pn(.%‘))‘ < 27

for all z € T where ¢}, (x) is defined. Integrating this inequality from ag to
T gives

/m [‘Pln(t) - f(t7¢n(t))] dt‘ < 2%(3; —ap) < 2inh'

0
Since ¢, is continuous, by the fundamental theorem of calculus

©n(x) — vn(ao) /f Lpn(t dt‘<—h

Approaching the limit for n — co gives

p(z) — ¢(ao) / f(t, =0.

Differentiation yields ¢'(z) = f(z, ¢(z)), and ¢, (ag) = by entails p(ag) =
bo. 0

IThis is best proved by a slightly more general setup, where metric spaces (e.g., R?)
are considered. One shows that if ,, ¥, are uniformly convergent to ¢, ¥, respectively,
then (¢n,%n) is uniformly convergent to (p,1), and if ¢, is uniformly convergent to ¢,
then f(¢n(x)) is uniformly convergent to f(p(z)).
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For the construction above of an exact solution we have made use of
the Lipschitz condition. However, it is well known that classically one has
Peano’s existence theorem, which does not require a Lipschitz condition.

Following Aberth (1970) and Bridges (2003) we now want to argue that
Peano’s existence theorem entails that for every real z we can decide whether
x > 0 or x < 0, hence we cannot expect to be able to prove it constructively.

Consider again the initial value problem (30). First note that for 0 < a <
y < b the continuous function f(z,y) := y'/3 satisfies a Lipschitz condition
w.r.t. its second argument (and similarly for b < y < a < 0). To see this, by
Lemma 5.1.2 it suffices to find a bound on the derivative of '/3. But this
is easy, since d%yl/?’ = %y”/?’ < %a”/?’ forO<a<y<hb.

Therefore in case yo > 0 the solution ¢4 (x) := (%x + y8/3)3/2 is unique,

and similarly in case yo < 0 the solution ¢_(z) = —(2z + [yo[*/3)%/? is
unique. Pick |yo| small enough such that (2 — |yo|?/%)%/2 > 1.

Now suppose that (30) has a solution ¢, for a given real yy. Compare
o(1) with [-1/2,1/2]. If ¢(1) < 1/2, then yo % 0, hence yo < 0. If
—1/2 < (1), then yo £ 0, hence yo > 0.

We finally show that an approximate solution of (28) up to the error 2%

differs from the exact solution by a constant multiple of 2%,

THEOREM 11.4.2. Let f: D — R be continuous, and satisfy a Lipschitz
condition w.r.t. its second argument. Let (ag,bo) € D such that the rectangle
R given by |x —ao| < a, |y —bo| < b isin D. Assume |f(x,y)| < M for
(z,y) € R, and let h :== min(a,b/M). Assume further that we have an exact
solution ¢: [ag — h,ao + h] — R of (28) such that p(ag) = bo, that ¢ is
an approximate solution up to the error 2%, such that ¥ (ag) = by, and that
o <Y oryy < . Then there is a constant N independent of k such that
lp(z) — ¢(z)| < %N for |z — ao| < h.

PRrROOF. By the fundamental inequality
1

ol@) - p(a)] < Z (et - 1),

Hence we can define N := (e* —1)/L. O






CHAPTER 12

Notes

There are many approaches to exact real number computation in the
literature. One of those - using M&bius (or linear fractional) transformations
- has been put forward by Edalat; a good survey can be found in Edalat
(2003) (see also Edalat and Heckmann (2001)). Exact real numbers based on
the so-called redundant b-adic notation have been treated in Wiedmer (1980)
and in Boehm and Cartwright (1990), and based on continued fractions by
Gosper (1972), Vuillemin (1990), Nielsen and Kornerup (1995) and also by
Geuvers and Niqui (2000).

Generally, one can see these approaches as either using Cauchy sequences
with (fixed or separately given) modulus, or else Dedekind cuts. We prefer
Cauchy sequences over Dedekind cuts, since the latter are given by sets, and
hence we would need additional enumerating devices in order to compute
approximations of a real number presented as a Dedekind cut. There is not
much of a difference between fixed or separate moduli for Cauchy sequences:
one can always transform one form into the other. However, in order to keep
the standard series representations of particular reals (like e) we prefer to
work with separate moduli.

Another treatment (including an implementation in Mathematica) has
been given in the Master’s thesis of Andersson (2001) (based on Palmgren
(1996)). He treats trigonometric functions, and includes Picard’s and Euler’s
methods to constructively prove the existence of solutions for differential
equations.

Some authors (in particular the so-called Russian school) restrict atten-
tion to computable real numbers. We do not want to make this restriction,
since it makes sense, also constructively, to speak about arbitrary sequences.
This view of higher type computability is the basis of Scott/Ershov domain
theory, and we would like to adopt it here.

However, the domain theoretic setting for dealing with exact real num-
bers (cf. Edalat and Pattinson (2003)) is usually done in such a way that
continuous functions are viewed as objects of the function domain, and hence
are objects of type level 2. This clearly is one type level higher than neces-
sary, since a continuous function is determined by its values on the rational
numbers already. In particular from the point of view of program extraction
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it seems crucial to place objects as basic as continuous functions at the low-
est possible type level. Therefore we propose a special concept of continuous
functions, as type 1 objects.

Some of the (rather standard) calculus material, for instance in the sec-
tion on sequences and series of real numbers, is taken form Forster’s text
Forster (2004). The section on ordinary differential equations is based on
Chapter 1 of Hurewicz (1958), adapted to our constructive setting. I have
also made use of Weghorn (2012) and a note of Bridges (2003).



APPENDIX A

Classical arguments in constructive proofs

Our underlying logical system is minimal logic; recent expositions are in
Troelstra and van Dalen (1988) and also in Troelstra and Schwichtenberg
(2000). Minimal logic is an appropriate logical framework for constructive
mathematics. Already in 1933 both Gentzen and Goédel independently ob-
served that classical logic can be viewed as a subsystem of minimal logic.
Here we review some consequences of this insight.

Weak versions of existence and disjunction. We distinguish be-
tween two kinds of “exists” and two kinds of “or”: the “weak” or classical
ones and the “strong” or non-classical ones, with constructive content. In
the present context both kinds occur together and hence we must mark the
distinction; we shall do this by writing a tilde above the weak disjunction
and existence symbols thus

AV B:=-A— -B—F, J,A = —V,A.

These weak variants of disjunction and the existential quantifier are no
stronger than the proper ones (in fact, they are weaker):

AV B — AV B, 3.4 — 3, A.

Since ﬁxﬁyA unfolds into a rather awkward formula we extend the 3-
terminology to lists of variables:

Foyoan A=V, 2 (A= F) = F.

Moreover let

oy (ALA L AAY) =Yy a (A= = Ay, = F) 5 F.
This allows to stay in the —,V part of the language. Notice that A only
makes sense in this context, i.e., in connection with 3.

Stable formulas. Many properties of finitary mathematical objects
(like natural numbers, integers and rational numbers) are “decidable” in the
sense that they are given by a total computable function f into the boolean
objects ff, tt. Then ft;...t, for closed argument terms can be evaluated to
a boolean and hence decided. Examples are the order relations < and <
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on natural numbers, integers and rational numbers. Decidable formulas are
closed under the logical connectives —, A, V and bounded quantification.

We define negation A by A — F, where F is the (arithmetical) falsity
defined by ff = tt where = is Leibniz equality. A formula A is called stable
if

—A—= A “principle of indirect proof”

holds for A. Every decidable formula is stable, but not conversely: an im-
portant example is < on real numbers. If B is stable, then sois A — B, and
stable formulas are closed under conjunction and universal quantification
(see Schwichtenberg and Wainer (2012, p.14)).

Recall some general logical facts on weak existence where stability may
or may not play a role. Let FV(A) denote the set of variables free in A.

LEMMA A.0.1. The following are derivable.

(31) (3.A — B) -V, (A— B) ifz ¢ FV(B),
(32) (--B—B)— V. (A—B)—3,A—-B ifx¢FV(B),
(33) (F — Blz:=c]) = (A — 3,B) - 3,(A — B) ifx ¢ FV(A),
(34) 3.(A—=B)—-A—3,B ifz¢FV(A).

The last two items can also be seen as simplifying a weakly existentially
quantified implication whose premise does not contain the quantified variable.
In case the conclusion does not contain the quantified variable we have

(35) (-—-B—B)—» 3,(A—B)—>VY,A—B ifz¢FV(B),

(36) Vo(——A = A) = (VA = B) = 3.(A = B) ifxz ¢ FV(B).
PROOF. See Schwichtenberg and Wainer (2012, p.15). U
Therefore when working with stable formulas we have by (35) and (36)

(37)  3.(A— B)+ (VoA — B) if A, B are stable and = ¢ FV(B).

There is a similar lemma on weak disjunction:

LEMMA A.0.2. The following are derivable.

(38) (AVB—=C)—= (A= C)N(B—0),
(39) (-——C—-C)—»(A—-C)—(B—>C)— AV B—C,
(40) (F—-B)—» (A—-BVC)—»(A—=B)V(A—=0),
(41) (A-B)V(A=-C)—»A—=BVC,
(42) (——C—=C)—»(A=C)V(B—=C)—A— B—C,
(43) F—-C)—» (A=-B—>C)=A—->C)V(B=C0).
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PROOF. See Schwichtenberg and Wainer (2012, p.17). O

The weak existential quantifier J and weak disjunction V satisfy the same
introduction axioms as the strong ones: this follows from the derivability of
3,A — 3,Aand AV B — AV B. They also satisfy the same elimination
axioms, provided one restricts the conclusion to stable formulas. For 3 this
has been proved in (32), and for V in (39).

Therefore when proving a stable goal in minimal logic more proof tech-
niques are available than in the general case. For instance, case distinction
on an arbitrary formula A is possible by (39), since A V —A is (easily)
derivable. Another important example is

LEMMA A.0.3. The following is derivable.
V,mA V3 A
Proor. Unfolding V and 3 gives
(Vz(A—-F)—=>F)—> (V2(A—-F)—=F)—>F)=>F. O

3, A

It is often helpful to use this lemma in a slightly more general form, for
instancce .
Vay(A— B — F)V3,,(AAB).
The proof is again immediate, since the right hand side §$7y(A A B) unfolds
into the negated left hand side.






APPENDIX B

Detailed proof of Ishihara’s trick

We give a detailed proof of Ishihara’s trick, which was used as a guide
for the formalization.

Let M be a modulus of convergence of (u,) to 0; we can assume M0 = 0.
Call m a hit on n if M, <m < Myy; and a < | fuy,|. Our first goal is to
define a function h: N — N such that

(i) h, = 0if for all n’ < n there is no hit;

(ii) hp, =m + 2 if at n for the first time we have a hit, with m;

(iii) hy = 1 if there is an n’ < n with a hit.
We will need the bounded least number operator u,g defined recursively as
follows. Here g is a variable of type N — B.

pog =0,
0 if g0
Hond = {S,un(g 0 S) otherwise.
Then we obtain
NatLeastBound: Ung < n,

NatLeastLeIntro: gm — pung < m,
NatLeastLtElim:  png < n — g(ung)-

From pu,g we define

n (Hn—noAmg(m + no)) +no  if ng <n
Hnod = .
0 otherwise.

Clearly pgg = ptng. Generally we have

NatLeastUpLBound: ng <n — ng < ,uzog,
NatLeastUpBound:  fi; g <n,
NatLeastUpLeIntro: ng < m — gm — ,uﬁog <m,
NatLeastUpLtElim: ng < fin g <1 — g(pin,9)-
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To define h we will make use of a function g of type N — B (to be defined
from cApproxSplit) such that

{a < [ fum| if gm

[fum|] <b otherwise.

Then we can define h,, := H(g, M,n) where

0 it My, < piar,g and M1 < gy 'g
H(g,M,n) := u]‘]\;[[:“g +2 if M,, < pup, g and ,u%:“g < M,11
1 it par, 9 < My,.

To avoid multiple computations we split this definition into parts.

H(g, M, n) := HitPast(g, M, M, n)

HitPast(g, M, no,n) = { . if fingg < o
’ o . HitHere(.g? no, Mn+1) otherwise

HitHere(g, no,n1) := Hit(pneg, n1)

Hit(m,n) := {

m+2 ifm<n

0 otherwise.
We show that h has the properties listed above.
LEMMA B.0.1 (HPropO1). Vg pmm(H (g, M,n) =0 — M, < puum,9).
LEMMA B.0.2 (HProp01Cor). Yy pmrmm(H(g, M,n) =0 = m < M, —
gm — F).
LEMMA B.0.3 (HProp02). Vg ar,(H(g, M,n) =0 — Myt < piy" ' g).
LeMMA B.0.4 (HProp02Cor).
Vorinm(H(g, M,n) =0 —= M, < Mpi1 = m < My — gm —F).

LEMMA B.0.5 (HPropOCor). Vg arnm(H (g, M,n)=0 — m<M,1 —
gm — F).

LEMMA B.0.6 (HProp22). Yy rmm(H (g, M,n) = m +2 — pyy'g <

Myy1).
LeEmMA B.0.7 (HProp2Cor).
Votmm (H (g, M,n) = m+2 — M, < Myp1 — g(uy/ ' g)).
LEMMA B.0.8 (HProp2Val). Yo asnm(H(g, M,n) =m+2 — uy/ g =
m).
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LeMMA B.0.9 (HProp2gVal).
Vornm(H(g,M,n) =m+2— M, < My11 — gm).
LEMMA B.0.10 (HPropl). Yy mm(H(g, M,n+1) =1 = pn, g9 < M,y,).
LeEMMA B.0.11 (HODownMon).
Vg rnn (H(g, M,n) =0 = Vym(n <m — M, < M,) =
ny <n— H(g,M,n1)=0).
LEMMA B.0.12 (H1Down). Vg arn(H(g,M,n+1) =1 — H(g,M,n) #
0).
LeEMMA B.0.13 (HFind).
Vomn(Mo=0—= H(g,M,n) #0 — 3, m(n1 <nAH(g, M,n1) =m+2)).
Further properties of H.
LEMMA B.0.14 (H2Succ).
Vornm(H(g,M,n) =m+2 = Vymn <m— M, < M,) —
H(g,M,n+1)=1).
LEmMA B.0.15 (H1Succ).
Vomn(H(g,M,n) =1—=Vymn <m — M, < M,) —
H(g,M,n+1)=1).
LemMA B.0.16 (H2Up).
Vornm(H(g,M,n) =m+2 =V, mn <m— M, < M,) —
Vo H(g, M,n+n1+1) =1).
LEMMA B.0.17 (H2Down).
Vormm(H(g,M,n+1)=m+2 =V, pnn<m— M, <My,)—
H(g,M,n)=0).
The next goal is to define from h a sequence (v,) in X such that
(i) vy, =0if hy, = 0;
(il) vp = Ny, if hy = m+2;
(iii) vy = vp—1 if hy = 1.
Let £ be the type of elements of X, and us a variable of type N — £. Define
v := Ve(g, M, us,n) where (writing u,, for us(m))

0 if H(g, M,n) =
Velgs M, us, ) = Ny, if H(g, M,n) = m+2
T 0 (arbitrary) if H(g ,n)=1landn=20
Ve(g, M, us,n—1) if H(g,M,n)=1and n > 0.



112 B. DETAILED PROOF OF ISHIHARA’S TRICK

Again we split the definition to avoid recomputations.
‘/é(ga M, us, TL) = Seqf(H(ga M)? H(ga M, n)a us, n)

Seqe(h, 0, us,n) := 0
Seqe(h,m + 2, us, n) == num
Seqe(h,1,us,0) := 0 (arbitrary)
Sede(h, 1, us,n + 1) := Sede(h, hy,, us, n).
We show that (vy,) has the properties listed above.
LEMMA B.0.18 (VIfHO). Vg arusn(H (g, M,n) = 0 — Ve(g, M, us,n) =
0).
LEmMA B.0.19 (VIfH2).
Vo Musnm(H(g, M,n) =m+2 — Ve(g, M, us,n) = nuy,).
LEMMA B.0.20 (VIfH1).
Vgrusn(H(g, M,n) =1 = Ve(g, M, us,n) = Ve(g, M, us,n = 1)).
LeEmMA B.0.21 (VIfH2Up).
Vo Mnmus(H(g, M,n) =m+2 = Vypm(n <m — M, < M,) —
Vo Ve(g, M, us,n +n1) = niy,).

Next we show that (v,) is a Cauchy sequence with modulus N (k) :=
2k + 1. Note that
N(k)+1 < 1
oN(k) = 2k
Since our goal is stable, we may employ arbitrary case distinctions.

Case 1. There is no hit. Then h,, is always 0, hence (vy,) is identically
zero by VIfHO and therefore a Cauchy sequence with any modulus.

Case 2. Assume that there is a hit. Let n be one, say with value m.
Given k, let N(k) < n1 < na. We show |vn, — vn,| < 1/2%. If n < ny or
ng < n, then v,, = v, by VIfH2Up and we are done. Assume n; < n < na.
Then v,, = 0, hence |v,, — Up,| = |Vn,| = |vn|- By definition v, = nuy,,
hence

[onl = nluml
<(n+1)/2" since M, < m and M is a modulus for (u,)
< (N(k)+1)/2V®) gince n — (n+1)/2" is monotone
< 1/2k by the note above.

Recall that X is a Banach space, i.e., a complete linear space. We express
this an axiom stating the assumed property of a limit operator:



B. DETAILED PROOF OF ISHIHARA’S TRICK 113

AxioMm (Compl).
Vs N(Venm(N(E) <1 —n <m — |, —vm| <1/2F) —
Vin(N (k) <n — v, — lim(uvs, N)| < 1/27)).

Note that we can assume here that the modulus N of convergence of
(vp) to v is the same as the Cauchy modulus of (v,). As a consequence we
have

LEmMA B.0.22 (H2Compl).
Vo Musnmos(H(g, M,n+1) =m+2 =V, n(n <m — M, < My,) —
vs = Ve(g, M, us) —
Vinm(k+1<n—=n<m-— v, —vp| < 1/2’“) —
Ny, = lim(vs, \g(2k + 1))).

Now we can carry out the proof of Ishihara’s trick. First we introduce
abbreviations for the function g mentioned above, the special modulus N
and also vs and v. Then we pick an ng such that nOProp: |f(v)| < npa
(using RealPosRatBound). The main case distinction then is (a) hy,, = 0 or
(b) nhn, =n+ 1.

In the first case (a) we prove the second alternative V,,|f(um)| < b,
as follows. First from HODownMon we obtain V,<p,h, = 0. Next we prove
Vnsnohn = 0. Pick n; > ng. Since the atom h,, = 0 is stable, is suffices to
obtain a contradiction from the assumption h,, # 0. From HFind we obtain
an n < n; and an m with h, = m + 2. In case n < ng we get the desired
contradiction from V,<p,h, = 0. Hence assume ng < n. Then we obtain
the desired contradiction as in Ishihara’s Ishihara (1990), from H2Compl (i.e.,
v = nu,y,) and

na < 0| fum| = |n(fum)| = [f(nun)| = [fo] < noa < na

using HProp2gVal, gProp and nOProp. Hence we have V,~,,h, = 0, and
therefore V,,h, = 0. To obtain the second alternative V,|f(un)| < b by
gProp it suffices to prove gm — F'. But this follows from HProp01Cor using
Vhy, =0and n < M(n+1).

In the second case (b) 3,h,, = n + 1 we prove the first alternative
dna < | f(um)|. To this end we use HFind to obtain n; < ng and m such
that h,, = m+2. To show that this m has the required property a < | f(um,)|
it suffices to prove gm, because of gProp. But this follows from HProp2gVal.
This concludes the proof.
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admissible, 95
application, 36, 81
of a continuous function, 36, 81
ApproxCauchyConvMod, 78
approximation, 77
ApproxSplit, 9
arccos, 72, 73
arcsin, 72
arctan, 72, 74
associativity, 87

Banach space, 89
Bolzano-Weierstraf3
Theorem of, 17

bound
lower, 31
upper, 30

bounded
totally, 84

Cantor, 29
Cauchy modulus, 2
Cauchy product, 23
Cauchy sequence, 2, 11, 78
chain rule, 49
clean up, 10
commutativity, 87
compact, 84
comparison test, 20
completion, 77
complex numbers, 26
composition
of continuous functions, 37, 83
conjugated complex number, 26
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continuous function, 33, 80
ContLim, 38
ContRat, 39
convergence, 11, 78
convex

strictly, 52

derivative, 47
differentiable, 47
distance, 77

e, 22
equal
for matric spaces, 78
Euler number e, 22
FEuler’s formula, 67
expansion
b-adic, 15
exponential, 35
exponential function
functional equation, 24
inverse of, 59
exponentiation, 60
extremum, 51

field
valued, 27
function
continuous, 33, 80
continuous, of two variables, 45
uniformly continuous, 33
Fundamental theorem of calculus, 57

Gauflian plane, 26

geometric series, 14
greatest-lower-bound principle, 31
group, 87
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abelean, 87

imaginary part, 26
infimum, 31
inhabited
sufficiently, 79
integral
undetermined, 55
intermediate value theorem, 40
interval
closed, 29
compact, 29
finite, 29
half-open on the left, 29
half-open on the right, 29
infinite, 29
open, 29
IntLimit, 64
inverse, 34
inverse element, 87
Ishihara’s second trick, 93
Ishihara’s trick, 90
IVTAux, 42

least-upper-bound principle, 30
Leibniz Test, 20
LelsNotGt, 8
limit, 11, 78
linear map, 88
linear space, 88
Lipschitz condition, 97
Lipschitz constant, 47
In, 59
localization, 35
located, 79
logarithm
functional equation, 60

maximum
local, 51
mean value theorem, 50
classical, 52
mesh, 53
MetrCompl, 78
MetrContAppCompat, 82
MetrContAppCorr, 81
MetrContComposeCorr, 83
MetrContLim, 82
MetrContMod, 82
MetrContRat, 83

INDEX

metric, 77
metric approximation space, 77
metric space, 78
MetrLLB, 77
MetrUB, 77
minimum
local, 51
modulus of increase, 42

net, 84
neutral element, 87
norm, 89

order located above, x, 30
order located below, 31, 79

partial integration, 58
partial sum, 13
partition, 53
m, 71
point

of a metric space, 77
polar coordinates, 74

quotient rule, 49

RatCauchyConvMod, 11
ratio test, 21
rational polygon, 96
real

nonnegative, 4

positive, 4
real part, 26
RealApprox, 8
RealBound, 4
RealCauchyConvMod, 12
RealCompl, 11
RealEqChar, 3
RealNNegChar, 4
RealNNegCompat, 4
RealNNegLim, 13
RealPosChar, 5
RealPosCompat, 5
RealPosPlus, 8
reals

equal, 3

equivalent, 3
refinement, 53
reordering theorem, 21
Rolle
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Theorem of, 50
Theorem of, classical, 51

scalar, 88
sequence
monotone, 18
monotone decreasing, 18
monotone increasing, 18
strongly monotone decreasing, 18
strongly monotone increasing, 18
series, 13
absolutely convergent, 20
harmonic, 19
sine function
inverse of, 72
squaring, 33
substitution rule, 57
sufficiently inhabited, 79
supremum, 30

tangens, 72

tangens function
inverse of, 73

Taylor formula, 61

totally bounded, x, 84

UnifConvChar, 62

UnifConvLim, 63

uniformly continuous function, 33
uniformly convergent, 62

vector, 88
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