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ABSTRACT. We view the Scott-Ershov type structure (€, ), of partial
continuous functionals as an appropriate model for Bishop’s constructive
mathematics. It allows infinite objects as data (i.e., base type objects).
Pointwise equality is defined by induction on types, and an object is
called extensional if it is pointwise equal to itself. A formal theory TCF
describing (€;), is sketched, with inductive and coinductive predicates
as its main ingredient. Using realizability we define the computational
content of a formal proof M as a term et(M). We prove that et(M)
realizes the end formula of M (soundness theorem), and that et(M) is
extensional. Since et(M) is in TCF’s language we can formally prove
the soundness theorem.
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Constructive mathematics, as its name says, puts an emphasis on the
constructions involved in mathematical arguments. It therefore is tempting
to have a closer look at these constructions, as advocated in Bishop (1970).
The goal would be to extract them from mathematical proofs. Then one
can view them as programs, obtained not by a programming effort but by
searching for a perspicious mathematical argument, which of course has to
use constructive logic. Clearly this requires formal proofs, but the benefit is
that the program arising from a proof that can be machine checked for its
correctness. In this sense we have a “certified” program.

One can even go a step further and ask for a formal proof that the ex-
tracted program correctly solves the original problem proved constructively.
This can be expressed by the notion of realizability; see Troelstra (1998) for
a survey on this subject. We then need to view the extracted program as a
term in a formal language (an extension of the system T of Gddel (1958)),
and give a formal proof that the term ¢ realizes the formula A, written ¢ r A.
Constructively to state A in a sense means the same as to say that A has
a realizer. This statement A <» J,(x r A) was called “to assert is to rea-
lize” in Feferman (1979). Here we call it invariance axiom, since it expresses
invariance of A under the realizability interpretation. Using the invariance
axioms one can prove a soundness theorem, saying that for any proof M
of a formula A one can find another proof that the term et(M) extracted
from the proof M is s realizer of A, i.e., et(M) r A. This step can be seen
as a kind of reflection of what was done in the original (realizability-free)
problem area. In this way we obtain a higher degree of reliability of the
extracted term viewed as a program. We not only know that it came from a
formal proof, but can even provide another formal soundness proof stating
that the program satisfies its specification.

1



2 HELMUT SCHWICHTENBERG

In the present paper we describe the main steps to carry this program out.
It involves the setup of an appropriate theoretical framework TCF (theory
of computable functionals). To ensure that TCF is a meaningful theory it
is designed to describe a particular model suitable to deal with computable
higher type objects. For case studies we use the proof assistant Minlog!
designed to support the generation of formal proofs in TCF.

1. PARTIAL CONTINUOUS FUNCTIONALS

Prior to the setup of a formal theory we define the model our theory is
supposed to describe. It will be a model accomodating higher type objects,
from a constructive point of view. The main idea is to view an object of
an arbitrary type as given by its finite approximations. This approach has
the advantage that the notion of computability of our functional objects is
unproblematic: it means that the set of its finite approximations can be
enumerated by an elementary function.

To allow for applications in exact real arithmetic with real numbers re-
presented as streams of signed digits we admit infinite data already at base
types. A benefit of this approach is that it brings down the type level of other
concepts of constructive analysis, for instance continuity of real functions.

1.1. Information systems. We aim at describing higher type functionals
by their finite approximations. For this purpose we use Dana Scott’s in-
formation systems. The basic idea is to provide an axiomatic setting to
describe approximations of abstract objects (like functions or functionals)
by concrete, finite ones. We take an arbitrary countable set A of “bits of
data” or tokens as a basic notion to be explained axiomatically. In order to
use such data to build approximations of abstract objects, we need a notion
of consistency, which determines when the elements of a finite set of tokens
are consistent with each other. We also need an entailment relation be-
tween consistent finite sets U of data and single tokens a, which intuitively
expresses the fact that the information contained in U is sufficient to com-
pute the bit of information a. The axioms below are a minor modification
of Scott’s (1982), due to Larsen and Winskel (1991).

Definition. An information system is a structure (A, Con, ) where A is an
at most countable non-empty set (the tokens), Con is a set of finite subsets
of A (the consistent sets) and b is a subset of Con x A (the entailment
relation), which satisfy

UCV e Con— U € Con,

{a} € Con,

Ul a— UU{a} € Con,
a€Ue€Con— Ut a,
UeCon—VYey(UFa) - VEbO—=SUED.

The elements of Con are called formal neighborhoods. We use U, V, W to
denote finite sets, and write

URV for U € ConAVey(UF a),

1h‘ctp: //minlog-system.de.
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atb for {a,b} € Con (a,b are consistent),
U T vV for Van’bev<a T b)

Definition (Objects). The objects (or ideals) of an information system A =
(A, Con, ) are defined to be those subsets x of A which satisfy
UCx—Ue€Con (xis consistent),
Uba—=UCz—acx (xis deductively closed).

For example the deductive closure U := {a € A|U F a} of U € Con is an
object. The set of all objects of A is denoted by |A]|.

Example. Every countable set A can be turned into a “flat” information
system by letting the set of tokens be A, Con := {§} U{{a} |a € A} and
Ul a mean a € U. In this case the objects are just the elements of Con.
For A = N we have the following picture of the Con-sets.

{0} {1} {2}

0

The main feature of information systems is that they admit the construc-
tion of function spaces.

Definition. Let A = (A, Cong,t4) and B = (B, Conp, I ) be information
systems. Define A — B = (C, Con, ) by

C :=Cony x B,

{(U,b;) |iel} e COH2:VJQI< U U; € Cony — {bj ljedJ}e COHB).
Jj€J
For the definition of the entailment relation I it is helpful to first define the
notion of an application of W := { (U;,b;) |i € I } € Con to U € Cony:
{(Ui,b;) | i€ ITYU :={b; |UkFaU}.

From the definition of Con we know that this set is in Cong. Now define
Wt (U,b) by WU Fp b.

Remark. Clearly application is monotone in the second argument, in the
sense that U k4 U’ implies (WU’ C WU, hence also) WU g WU'. In
fact, application is also monotone in the first argument, i.e.,

W= W' implies WU Fg W'U.
To see this let W = {(U;,b;) | i € I} and W = {(U},b) | j € J}. By

AR
definition WU = {b; | U -4 Uj }. Now fix j such that U -4 Uj; we must
show WU Fp b;. By assumption W = (U7, b)), hence WU I-p b;. Because

VARG
of WU D WUJ’. the claim follows.
Lemma 1.1. If A and B are information systems, then so is A — B.

Lemma 1.2. Let A and B be information systems and f: |A| — |B| mono-
tone (i.e., t Cy — f(x) C f(y)). Then the following are equivalent.
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(a) f satisfies the “principle of finite support” PFS: If b € f(x), then b €
f(U) for some U C x.

(b) f commutes with directed unions: for every directed D C |A| (i.e., for
any x,y € D there is a z € D such that x,y C z)

f(U=)=U r@.
zeD zeD

Note that in (b) the set { f(x) | x € D } is directed by monotonicity of f;
hence its union is indeed an object in |B|. Also from PFS and monotonicity
of f it follows that if V C f(x), then V C f(U) for some U C z.

We call a function f: |A| — |B| continuous if it satifies the conditions
in Lemma 1.2. Hence continuous maps f: |A| — |B| are those that can be
completely described from the point of view of finite approximations of the
abstract objects x € |A| and f(z) € |B|: whenever we are given a finite
approximation V' to the value f(z), then there is a finite approximation U
to the argument = such that already f(U) contains the information in V;
note that by monotonicity f(U) C f(z).

Clearly the identity and constant functions are continuous, and also the
composition g o f of continuous functions f: |[A| — |B| and g: |B| — |C]|.

Theorem 1.3. Let A = (A,Cony,t4), B = (B,Cong,Fg) be information
systems. Then the objects of A — B are in a natural bijective correspon-
dence with the continuous functions from |A| to |B|, as follows.

(a) With any object x of A — B we can associate a continuous function
|z|: |A| — [B] by

|z|(z) :={be B | (U,b) € x for some U C z }.

We call |x|(z) the application of x to z.
(b) Conversely, with any continuous function f: |A| — |B| we can associate
an object f of A — B by

F={U.bbe fO)}
These assignments are inverse to each other, i.e., f = |f] and x = \/x\|

1.2. Algebras and types. We now consider concrete information systems,
our basis for continuous functionals. Types will be built from base types by
the formation of function types, 7 — o. As domains for the base types
we choose non-flat free algebras, given by their constructors. The reason for
taking non-flat base domains is that we want the constructors to be injective
and with disjoint ranges. This generally is not the case for flat domains.

Definition (Constructor types and algebra forms). Constructor types k
have the form

with all type variables «; distinct from each other and from &. Iterated
arrows are understood as associated to the right. An argument type of a
constructor type is called a parameter argument type if it is different from
&, and a recursive argument type otherwise. A constructor type « is nullary
if it has no recursive argument types. We call

L= gk
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with K not empty an algebra form. An algebra form is explicit if it does not
have recursive argument types.

Examples. We list some parameter-free algebra forms, with standard names
for the constructors added to each constructor type.

U := pe(Dummy: §)

B = pe(tt: &, ff: &)

(

(booleans)
N:i=pe(0:£,8: £ =€) (natural numbers, unary),

(

(

Pi=pe(1: £,80: & = &,81: £ = &)
Y := pe(—: & Branch: £ — & =€)

Algebra forms with type parameters are

positive numbers, binary),

binary trees).

I(c) = pe(Id: o = §) (identity),
L(a) = pe(Nil: £, Cons: o« = § — &) (lists),

S(a) = pe(SCons: o — £ = &) (streams),
axf = pe(Pair: a = 3 — §) (product),
a+p = pe(InL: o = &, InR: = &) (sum),
uysum(a) := pg(DummyL: &, Inr: a — §) (for U+ ),
ysumu(o) := pe(Inl: @ — & DummyR: §) (for a 4+ U).

The default name for the i-th constructor of an algebra form is C;.
Definition (Type).
p,o,Ti=alup) | T — 0o,

where ¢ is an algebra form with & its parameter type variables, and ¢(5) the
result of substituting the (already generated) types p for @. Types of the
form ¢(p) are called algebras. An algebra is closed if it has no type variables.
The level of a type is defined by

lv(a) :=0, IWv(e(p)) :=max(lv(p)), Iv(r = o) :=max(lv(c),1+ lv(7)).
Base types are types of level 0, and a higher type has level at least 1.

1.3. The model (¢;),. For every closed type 7 we define an information
system C, = (C;,Con;, ;). The definition is by induction on 7, and in
case of an algebra ¢(p') by a side inductive definition.

Definition (Information system of type 7). Case (7). For simplicity as-
sume that there is only one parameter type 7.

(a) Tokens a € C,(, are the type correct constructor expressions CVaj ... ay,

where a] is an extended token, i.e., a token or the special symbol * which
carries no information, and V is a consistent set of tokens in C.

(b) A finite set U of tokens in C,(;) is consistent (i.e., € Con,(,) if all its
elements start with the same constructor C, say of arity 7 — «(7)... —
(1) = u(1). Let U = {CV1a}y...a},,-...CVpat...ak.}. Then we
require that (i) V4 U--- UV, is consistent (i.e., € Con,) and (ii) the
sets U; consisting of all (proper) tokens at the i-th argument position of
some token in U are consistent (i.e., € Con,)).
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(c) {CViajy...ai,, -, CVinagy - . appn} iy CVai ... ay, if and only if (i)
Viu---UV, b V and (ii) for each set U; as in (b) above we have
Ui Fu(7) a; (where U; = * is taken to be true).

Case T — o. Tokens, consistency and entailment for C,_,, := C, — C,

are defined as done in Section 1.1 for arbitrary information systems.
Lemma 1.4. C; := (C;,Con,,t;) is an information system.

Definition. The objects x € |C| are called partial continuous functionals
of type 7. Since C,_, = C, — C,, the partial continuous functionals
of type 7 — o correspond to the continuous functions from |C;| to |C,|.
A partial continuous functional z € |C;| is computable if it is recursively
enumerable when viewed as a set of tokens. The Scott-Ershov model € of
partial continuous functionals is defined to be (|C|);.

Definition (Cototal and total objects of closed base type). Let «(7) be a
closed base type. Its tokens can be seen as constructor trees with some
recursive argument positions occupied by *. An object x is cototal if for
each of its tokens P(x) with a distinguished occurrence of * there is another

token of the form P(C(ﬁ%’) in . Finite cototal objects are called total.

1.4. Cototality and bisimilarity. For closed ground types equality of
cototal objects can be characterized by bisimilarity. As an example we
consider the algebra Y of binary trees. We define bisimilarity ~y as the
largest relation on Cy satisfying the closure axiom =~ :
Vew(zma - (z=—Nad' =)V
o1 0.2l (T1 R Ty Axe = 1h ANw = Criae A2 = Caljah))
with C for the Branch constructor. Being the “largest” relation means that
any other relation (“competitor”) X satisfying the same closure property is
below ~y, i.e., we require the greatest-fized-point property %%F:
Voo (Xza' = (z=—-N2' =)V
Ty o, 2y, (21 )V Xx212)) A (22 = 2 V Xzoxh) A
r =Crimo N2’ = C2lah))) —
X C ~.

Lemma 1.5 (Bisimilarity). z ~y 2’ implies x = 2/, for z,2" € Cy.

Proof. Let a range over tokens for Y, and define the height |a*| of an ex-
tended token a* by |*| := 0, |—| := 1, |Caja}| := 1 + max(|a}],|a3]). By
induction on the height |a*| of extended tokens a* we prove that for all ob-
jects z, " and extended tokens a* € x we have a* € x’. Tt suffices to consider
the case Caja;. From x ~y 2’ we obtain by the closure axiom z1,x2, 2}, 24
with
T AT AN1o = ah Ax =Crizg Ao’ = Caja.

Then af € z; (for i = 1,2), and by IH af € 2. Thus Caja} € 2. O

From Lemma 1.5 we obtain the following characterization of ~y on Cy.
We define “°T¥ as the largest subset of Cy satisfying the closure axiom “7Ty;

Vo(r € T w ==V 3p, op(x1 € T ANy € °T ANx =Cx122)).
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Again we require the greatest-fized-point property COTQ{' :
Ve(zeX = (z=—-)V
Tprae(@1 € CTUX ANxg € “TUX ANz =Cxy22)) —
X C°°T.
For objects x, 2’ € Cy we show
Lemma 1.6 (Characterization of ~y).
rry T & x, €Ty ANe =4/, for v, 2’ € Cy.

Proof. “—”. By Lemma 1.5 it remains to prove z ~y ' — x € “°Ty. To
this end we apply “°Ty with competitor X := {z | 3/ (z ~y 2’) }. It suffices
to prove the premise. Fix z, 2’ with z ~y 2’. The goal is

(r=-)V

For2o (1 € TV Iy (21 = @) A (22 € CTV Jgy (22 = 25)) A = Cayap).
By the closure property ~y we have

(= —A2" = =)V oyt o (11 = ) AZg = 25 Az = Carzg A2’ = Calah)).

In the first case we have x = — and are done. In the second case we have
x1, T9, oy, xh with 1 ~ 2}, x9 = 2, and x = Cxx2, and are done as well.

“7. We prove x € °Ty — x = 2’ — x ~y 2’ by the greatest-fixed-point
property & with competitor X := {z,2’ | x € ©°Ty Az = 2’ }. Tt suffices
to prove the premise. Fix z, 2’ with x € ©°Ty A x = 2’. The goal is

(=-NA2"= =)V Iy oyt e (@1 =21V (21 € T Azy = 27)) A
(xo = ah V (z9 € Ty Ao = 15)) A
x = Cxixe A o' = Calj2h)).
By the closure property “°T5, applied to x € “°Ty we have
(2= =)V Iy n (21 € Ty Ao € °T Az = Ca172).

In the first case we have © = — and are done, since x = 2’. In the second
case we have x1,x9 € “Ty with £ = Cx1x2. Then we are done as well with
&) == x1 and 7}, := x9, since again x = «’. O

1.5. Constructors as continuous functions. Let ¢ be an algebra. Every
constructor C generates the following object in the function space determined
by the type of the constructor:

re :={(U,Ca*) | U F a*}.

Here (U, a) abbreviates (Uy, (Us, ... (Up,a)...)).
According to the general definition of a continuous function associated to
an object in a function space the continuous map |r¢| satisfies

rel(@) = {Ca* | 34U Fa*) }.

(For N we have |rs|({0}) = {80, S*} and |rg|({S0,Sx}) = {SS0, SS*, Sx}.)
An immediate consequence is that the (continuous maps corresponding to)
constructors are injective and their ranges are disjoint, which is what we
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wanted to achieve by associating non-flat rather than flat information sys-
tems with algebras.

Lemma 1.7 (Constructors are injective and have disjoint ranges). Let ¢ be
an algebra and C be a constructor of v. Then

—

lre|(Z) C |rel(y) <» 2 C 4.

If C1,Cy are distinct constructors of v, then |re, |(Z) # |re,|(§), since the two

objects are non-empty and disjoint.
Proof. Immediate from the definitions. O

Remark. Notice that neither property holds for flat information systems,
since for them, by monotonicity, constructors need to be strict (i.e., if one
argument is the empty object, then the value is as well). But then we have

rel(0,y) =0 = |rel(z,0),  |re,[(0) = 0 = [re, |(0)
where in the first case we have one binary and, in the second, two unary
constructors.

2. A TERM LANGUAGE FOR COMPUTABLE FUNCTIONALS

We set up a system TT of typed terms, as an extension of Godel’s T
(1958). Every closed term of type 7 denotes an object of this type in the
model €, i.e., a partial continuous functional. This is in contrast to Martin-
Lof style type theories like Coq’s calculus of inductive constructions, where
terms must be total. Dropping this restriction has the advantage that non-
terminating operators like corecursion can directly be represented as con-
stants. We will define constants by equations, in a pattern-matching style.

2.1. Constants, terms and computation rules. For every algebra =
e ((piv(§))v<n; = &)i<k Wwe have constants

C.i (Piv () v<n; — L i-th constructor
R = ((pin(t X @))pcn; = Q)ick = @ recursion

D, =ik [an, Pin(°1) destructor

COR a—= (=D I cn, Pir(Cr+a)) = 1 corecursion.

It is convenient to write the type of the recursion operator Rf in the form
N—7— (N— 17— 7)— 7. The first argument is the recursion argument,
the second one gives the base value, and the third gives the step function,
mapping the recursion argument and the previous value to the next value.
The destructor D, disassembles a constructor-built object into its parts. The
corecursion operator ““R] is used to construct a map from 7 to “..

From the constants above, typed variables and possibly other typed con-
stants D7 we define terms by abstraction and application:

M,N =27 |Ci | R, | D, | °R, | D™ | (A\ew M) | (MT7INT)“.
For each term we want to define its denotation in the model €. To this

end we use defining equations. Each constant C' comes with a system of
computation rules consisting of finitely many equations

(1) CP,(7) = M; (t=1,...,n where n > 0)
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with free variables of ]5;@;) and M; among ¥;, where the arguments on the
left hand side must be “constructor patterns”, i.e., lists of applicative terms
built from constructors and distinct variables. To ensure consistency of the
defining equations, we require that for i # j P, and ]3] have disjoint free
variables, and either P, and ]3J are non-unifiable (i.e., there is no substitution
which identifies them), or else for the “most general unifier” ¢ of P; and ]3]
we have M;¥ = M;v. Notice that the substitution ¥ assigns to the variables
¥; in M; constructor patterns ﬁk(i ) (k =1,7). A further requirement on a
system of computation rules C’P;(ﬂ;) — M, is that the lengths of all P;(i;)
are the same; this number is called the arity of C, denoted by ar(C). A
substitution instance of a left hand side of (1) is called a C-redez.

The computation rules for the constants C,;, R,, D, and “°R, are fixed,
as follows. For the constructors no computation rules are necessary, since
the model € is built from them. For the recursion operator let

ag = ... > am—1 = (§)icn = &

be the type of the i-th constructor C; of ¢+ and consider a term C;& of type

w0 2P _ P P o QAm—1

t. We write £° = zy, ..., x,,_; for the parameter arguments xy°, ...,z
SR _ R R . L L .

and T = z¢',...,x, _ for the recursive arguments x,,... ,x;, 1. Writ-

ing R for R] we take as its computation rules
R(C:iE) [ = [#Raf f). .. (R f).
In particular RY; is defined by the computation rules
RyO0af = a, Ri(Sn)af = fn(Rinaf).

For example, RNnmA,, ;(SI) defines addition m + n by recursion on n. The
computation rules for the destructor D, are

D.(CiT) = (T).

To deal with corecursion we introduce some notation. For f: p — 7 and
g: 0 — 7 we denote Ay (R}, ,2fg) of type p+ o — 7 by [f,g], and similary
for ternary sumtypes etc. The identity functions id below is of type ¢ — ¢
with ¢ the respective algebra. The (single) computation rule for “R] is

CRixf =[g0,- -5 gk-1](fz)

where g; of type || piv(t +7) — ¢ is defined as

v<n;

gi = Xz(Ci(Ny)v<n,) with x,: pi (L + 7),

N Ty if p;,(€) is a parameter arg. type,
) [ A (ORTxf)])25tT)  otherwise.

Remark. Tt can be difficult to read the computation rules for corecursion
operators. However, it helps if we know some properties of the “step” func-
tion f. For instance we have

0 if fo= DummyLU+(N+7)

ORigxf =14 Sn if fo = Inr(InLN=N+7p)
S(°RE2'f) if fo = Inr(InR™"N72/)
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T if fo = (a, InLS(P)7SP)+7y)

R -%'f { . CORT /f if fo= <CL IHRT—>S( p)+T />

2.2. Denotational semantics. We set up a connection between the term
system T and the model €. The main point is to clarify how the computa-
tion rules define an object z in a function space. The idea is to inductively
define the set of tokens (U, a) that make up z. It is convenient to define the
value [AzM], where M is a term with free variables among Z. Since this
value is a token set, we can define inductively the relation (U, a) € [A\zM].

For a constructor pattern ]3(:? ) and a list V of the same length and types
as & we define a list ﬁ(‘?) of formal neighborhoods of the same length and
types as P(Z), by induction on P(Z). (V) is the singleton list V, and for
() take the empty list. (P,Q)(V, ) is covered by induction, and

(CP)(V) :={Cd| a; € Bi(V}) if Pi(V}) # 0, and a; = % otherwise }.

We use the following notation. (U, a) means (Uy, (Us, . .. (Un,a))...), and
(U,V) C [A\gM] means (U,a) € [A\zM] for all (finitely many) a € V.

Definition (Inductive, of (U, a) € [AzM]).

_Uika ), (U,V,a) € pr]] (U, V) C [AsN] ).
(U,a) € [Aszi] (U,a) € [Az(MN)]
For every constructor C and defined constant D we have
- Via . (U,V,a) € [[):ng]] W+ P(V) D)
(U,V,Ca) € [A\:C] (U, W,a) € [AzD]

with one such rule (D) for every computation rule DP(§) =

This “denotational semantics” has good properties (see Schwichtenberg
and Wainer (2012, pp.279-287)): [AzM] is an object in the model, and the
definition above of the denotation of a term is reasonable in the sense that
it is not changed by an application of the standard (f- and 7n-) conversions
or a computation rule.

3. A THEORY OF COMPUTABLE FUNCTIONALS

After getting clear about the objects we intend to reason about, we now
set up a theory to prove their properties. The main concepts are those of
inductively and coinductively defined predicates. They can be declared to
be either computationally relevant (c.r.) or else non-computational (n.c.).

3.1. Formulas and their computational content. Assume an infinite
supply of predicate variables, each of its own arity (a list of types). We
distinguish two sorts of predicate variables, “computationally relevant” ones
X¢ and “non-computational” ones X¢, and use X for both.

Definition (Clauses and predicate forms). Clauses K have the form
V(Y — 2" — (Vg (WP — Xi))icn — X)

with all predicate variables Y;¢, Z}'°, W' occurring exactly once and distinct
from each other and from X By X we denote the result of applying the
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predicate variable X to a list of terms of fitting types, and by X lists of
those. Iterated implications are understood as associated to the right. A
premise of a clause is called a parameter premise if X does not occur in
it, and a recursive premise otherwise. A clause K is nullary if it has no
recursive premises. We call I¢ := MXCI? and I"¢ := ,ancK” with K not
empty predicate forms (and use I for both), and similarly with I for I and
v for p.

Definition (Algebra form of a predicate form). From every clause K we
obtain a constructor type by (i) omitting quantifiers, (ii) dropping all n.c.
predicates and from the c.r. predicates their arguments, and (iii) replacing
the remaining predicate variables by type variables. That is, from the clause

Va(YC — 2% (Vgi(WinC — Xi))i<n — X)

we obtain the constructor type & — (§);<,, — £. With every predicate form
I¢:= (pu/v) x<K we canonically associate the algebra form e := pei.

Definition (Predicates and formulas).

PQ:u=X |[{Z| A} |I(5,P)|“I(5,P)  (predicates),
A,B:=Pt |A— B|V,A (formulas)
with I/°°I a predicate form. (I/°°I)(7,P) is the result of substituting the
types g and the (already generated) predicates P for its type and predicate
variables. To take care of the difference between X¢ and X" we define the
final predicate of a predicate or formula by

fp(X) := X, fp(PF) := fp(P),
fp({Z|A}) ==1p(A),  fp(A — B) := fp(B),
fp((1/I) (5, P)) = 1/°I, fp(VzA) := fp(A).

We call a predicate or formula C non-computational (n.c., or Harrop) if
its final predicate fp(C) is of the form X" or 1™, else computationally

—

relevant (c.r.). All predicate substitutions involved in (I/°l)(p, P) must
substitute c.r. predicates for c.r. predicate variables and n.c. predicates for
n.c. predicate variables. Such predicate substitutions are called sharp.

—

Predicates of the form I(p, P) are called inductive, and predicates of the
form I(7, P) coinductive.

The terms ¢ are those introduced in Section 2.1, i.e., typed terms built
from typed variables and constants by abstraction and application, and (im-
portantly) those with a common reduct are identified.

A predicate of the form {Z | C'} is called a comprehension term. We
identify {Z | C(') }t with C(t). For a predicate C of arity (p, &) we write
Ct for {7 | Cty}.

Definition (Type 7(C') and cotype ¢(C') of a c.r. predicate or formula C').
Assume a global injective assignment of type variables £ to c.r. predicate
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variables X.

(X)) =€, T(Pt) :=7(P),

T{Z]A}):=71(A4), 7(A— B) = {TEA) — 7(B) Ei c.r.)

HA/DEPY = ulr D,

—

where P¢ are the c.r. predicates among P and ¢; is the algebra associ-
ated with the predicate I/°°I. Cotypes are like types, but with algebra
occurrences ¢y marked as .y if they arise from a coinductive predicate:

P(I(7, P)) = “ur(p(P?)).
Examples. 1. The even numbers are inductively defined by
Even := pxc(0 € XV, (n € X® — S(Sn) € X9)).

The constructor types of 7(Even) are £ and £ — &, hence 7(Even) = N.
2. Leibniz equality = is inductively defined by EqD := pxne(V, X" zx).
3. The missing logical connectives V, A, 3 are nullary inductive predicates
with parameters. For instance, disjunction is a special case of union

Cupy z = puxe(Vz(Y¥ — X°0), Vz(Z% — X°0)).
Since Y, Z can be chosen as either c.r. or n.c. we obtain the variants
CupDye ze = puxe(Vz(YT — XF), Va(Z2°0 — X°0)),
CupLye gne = puxe(Vz(YT — X0), Vz(27°% — X°T)),
CupRyne ze = puxe(Vz(Y"T — X0), Vz(Z2°7 — X°T)),
CupUyme gne = pxe(Vz(Y"T — X0), Vz(277% — X°T)),
CupNey ;= puxnc(Va(YT — X"F), Va(Z27 — X"F)).
(D, L, R, U for “double”, “left”, “right” and “uniform”). Then by definition

7(CupD) = pe(Bo — &, 1 — &) = Bo + b,
7(CupL) = pe(8 — &, €) =p+1,
7(CupR) = pe(€, 8 — §) =U+5,
7(CupU) = pe(§, €) =B.

In case of nullary predicates we write AV B for CupD {1A}.{|B}> and similarly

for V1, V¥, V¥, V¢, Since the “decoration” is determined by the c.r./n.c. sta-
tus of the two parameter predicates we can leave it out in V4, V!, v*, v and
write V. However in the final nc-variant we suppress even the information
which clause has been used, and hence must keep the notation V™°.

3.2. Axioms of TCF. The essential axioms of TCF are introduction and
elimination axioms for (co)inductively defined predicates. To grasp the ge-
neral form of these axioms it is convenient to write a clause

Vg(}}c — ch — (Vgi(WinC — Xz))l<n — X) as Vf((Ay(X))y<n — X{)
Definition. For an inductive predicate zx (Vz, (A (X))y<n; — X))ick =
I we have k introduction axioms I;" (i < k) and one elimination axiom I~

(2) I:_: vi‘l((Aw(I))V<m - It_;),
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(3) I (Vo (A (I N X))yen, = XE))ick > T C X

(3) expresses that every competitor X satisfying the same clauses contains
I. We take all substitution instances of I;“ , I~ (w.r.t. substitutions for type
and predicate variables) as axioms.

In (3) a “strengthened” form of the “step formula” has been used, namely
Va, (A (I N X))yan, — X, rather than Va, (A (X)) v<n, — Xt;. In appli-
cations this simplifies the proof of the “step”, since we have an additional
I-hypothesis available.

To understand the axioms for coinductive predicates note that the con-
junction of the k clauses (2) of an inductive predicate I is equivalent to

i<k v<n,
Definition. For an inductive predicate ux (Vz, ((Ai (X))y<n; — X))ick =
I we define its closure aziom I~ and its greatest-fized-point axiom I :

(4) I Va(IE — W 3z ( N\ A (D AT =1))

i<k v<n,
(5) I VH(XT = W I5( N\ An(CTUX)AT=1%)) = X C .
i<k v<ng

(5) expresses that every competitor X satisfying the closure axiom is con-
tained in ©°I. We take all substitution instances of ©I~, It (w.r.t. type
and predicate variables) as axioms.

Here again we have used a strengthened form of the step formula, with
A, (I U X) rather than A;,(X). In applications of (5) this simplifies the
proof of the step, since its conclusion is weaker.

Example. The conjunction of the two clauses of Even is equivalent to
Vo(n =0V 3, (n' € Even An = 8(Sn’)) — n € Even).
Hence the closure and greatest-fixed-point axioms for its dual “’Even are
Va(n € “Even = n =0V 3,,(n' € “Even An = 8(Sn'))),
Vo(Xn —=n=0V 3, (n € (“EvenU X) An=8(Sn))) - X C “°Even.
For n.c. inductive or coinductive predicates the axioms are formed as in
the c.r. case, using V"¢ for the closure axiom of “°I"°. But there is an impor-
tant restriction: for /™ with more than one clause the elimination axiom
(I™¢)~ can only be used with a non-computational competitor predicate.
This is needed in the proof of the soundness theorem below. However, this
restriction does not apply to I™¢ defined by one clause only. Important exam-

ples of such one-clause-nc inductive predicates are Leibniz equality and the
non-computational variants of the existential quantifier and of conjunction.

Lemma 3.1. I C I, "¢ C °°I"¢ and also I C I"¢, °°I C °°["c.

From the definition of Leibniz equality we can deduce the property Leibniz
used as a definition.

Lemma 3.2 (Compatibility of EqD). V, ,(z =y — A(z) = A(y)).
Proof. By the elimination axiom with X := {z,y | A(x) — A(y) }. O
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Using compatibility of = one easily proves symmetry and transitivity.
Define falsity by F := (ff = tt). Then we can prove “Ex-falso-quodlibet”:

Theorem 3.3. For every formula A we can derive F — A from assump-
tions Efy : Vz(F — YZ') for predicate variables Y strictly positive in A, and
Ef;: Vz(F — IZ) for inductive predicates I without a nullary clause.

Proof. We first show Efgqp: F — 2 = y”. By the introduction axiom we
have Riffzy = REffzy. Then from ff = tt we get Rgttzy = REffzy by
compatibility. Now Rfttzy converts to z and Riffzy converts to y. Hence
xf = yP, since we identify terms with a common reduct.

The claim can now be proved by induction on A. Case I§. If I has no
nullary clause take Ef;. Otherwise let K; be the nullary clause, with final
conclusion It. By induction hypothesis from F we can derive all parameter
premises. Hence It. From F we also obtain s; = t;, by the remark above.
Hence 5 by compatibility. Case “°Is. Use Lemma 3.1. The cases Y3,
A — B and VA are obvious. O

A crucial use of the equality predicate EqD is that it allows us to lift
a boolean term t® to a formula, using atom(¢®) := (¥ = ). This opens
up a convenient way to deal with equality on algebras. The computation
rules ensure that, for instance, the boolean term St =y Ss, or more precisely
=n(St, Ss), is identified with ¢ =y s. We can now turn this boolean term into
the formula (St =y Ss) = tt, which again is abbreviated by St =y Ss, but
this time with the understanding that it is a formula. Then (importantly)
the two formulas St =y Ss and t =y s are identified because the latter is a
reduct of the first. Consequently there is no need to prove the implication
St =n §s — t =y s explicitly.

3.3. Equality and extensionality. We first consider closed base types and
take the algebra Y of binary trees as an example. Totality Ty is inductively
defined by the axioms

(Ty)§ : — € Ty, (Ty)T : Vi 10 (t1, 12 € Ty = Ctaty € Tyy),

Ty:—€X = Vyn(ttaeTyNX = Clhito € X) = Ty C X.
and cototality “°Ty coinductively by
TS : Vy(t € “Ty — (t=—) V Iy 1, (b1, ta € Ty A t=Ct1t2))
OTF Vit € X = (t=—) V Ty 1o (t1, t2 € ©Ty U X AN 1=Ct1t2)) — X C “Ty.
As candidates for equality we define binary versions of Ty and “°Ty, called
similarity ~y and bisimilarity ~y, for instance by

-~y —, Voo, (01 ~y ] = Vi g (t2 ~y th — Ctity ~y Ctity)).

We aim at using ~y and a2y for a characterization of equality at Ty and
€Ty. This is useful because it gives us a tool (induction, coinduction) to
prove equalities ¢ = t/, which otherwise would be difficult. We will need
another axiom, the Bisimilarity Axiom, which is justified by the fact that it
holds in our intended model (cf. Lemma 1.5).

Axiom (Bisimilarity). V,y(t =y t' =t =1).

Lemma 3.4 (Characterization of equality at Ty and “Ty).
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(a) vt,t’(t ~y t s t,tl ey Nt = t/).
(b) Viw(t =yt <> t,t € Ty Nt =1).
Proof. (b). The proof of Lemma 1.6 has been given in enough detail to make
its formalization immediate. We need COT{{E and z§.

(a). Similar to (b), using T§{t, Ng{t instead. For the proof of t ~y ' — ¢t =1
use (b) and ~y C ~y. O

Hence ~vy is a partial equivalence relation on €y with domain Ty, and
similar for ~y and “°Ty.

At higher types we use pointwise equality of Gandy (1953, 1956) and
Takeuti (1953). This notion is somewhat delicate in our setting, since we
allow infinite base type objects.

Definition. For every algebra form ¢ with type parameters & we define two
predicate forms ~,, =, (called relative similarity and relative bisimilarity)
with type parameters & and predicate parameters Y (where Y; has arity
(i, 7)) as follows. Let @ — (§)i<n — & be a constructor type. Take
(11/v)z(K ), where the clause for the constructor type above is

Yiuwu) = - = Yyupul, = Zoyw) = -+ = Zog), — Z(Cuv, Ci'v)

with C the corresponding constructor of ¢. (Absolute) similarity / bisimi-
larity predicates arise from the relative ones by substituting a similarity /
bisimilarity predicate for Y.

Definition (Cotype of a c.r. predicate or formula C). Cotypes p(C) are
like types 7(C'), but with algebra occurrences ¢y marked as “.y if they arise
from a coinductive predicate: @(“I(7,P)) := “ir(¢(P°)).

Definition (Pointwise equality =, w.r.t. a cotype ¢).
(x =0 y) :=Yzy with Y uniquely assigned to «,

(z =) y) = (x~y) with ~:= NL(ng),

(7 =coyg) y) i= (xmy) with === (=p),

(f = g) = vx,y(x =p Y — Jx =y gy).
Eztensionality Ext, w.r.t. a cotype ¢ arises as a special case
(x € Exty) = (v =, ©).

Of course extensionality is a desirable property, but in our model it does
not hold generally. Here is an example of a functional F which is non-
extensional w.r.t. (N — N) — N. Define f,g of type N — N by the com-
putation rules fn =0 and g0 = 0, g(Sn) = gn. Then fLly = 0 because of
the computation rules for f. For g1y no computation rule fits, but by the
inductive definition of (U,a) € [AzM] (see Section 2) [gLy] is the empty
object [Ly]. Hence f = g, i.e., Vo m(n =y m — fn =y gm), since n =y m
implies n € Ty and n = m. Therefore F' defined by F'h = hly maps the
pointwise equal f, g to different values.

By Lemma 3.4 we know the equivalence of Exty and Ty (and of Extcoy)
and “°Ty); this also holds for arbitrary closed base cotypes. This equivalence
can be extended to closed cotypes of level 1:
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Lemma 3.5. The predicates Ext, and T, are equivalent for closed cotypes
of level <1.

Proof. For closed base cotypes this has been proved in Lemma 3.4 (for the
special case of the algebra Y). In case of level 1 we use induction on the
height of the cotype. Let o — 1) be a closed cotype of level 1. The following
are equivalent.

f e Ext, .y
f itp—ﬂb f
Vay(z =py — fo =y fy)
Veer, (fz =y f1) by Lemma 3.4, since lv(p) =0
Veer, (fx € Exty).
By induction hypothesis the final formula is equivalent to f € Ti, . O

Lemma 3.6. For every closed cotype ¢ the relation =, is a partial equiva-
lence relation with domain Ext,.

Proof. By induction on the height |¢| of ¢. Case ¢(F)/“c(F). For ~y and
~y this was proved in Lemma 3.4. In the general case use the induction
hypothesis and the inductive / coinductive definition of ~, / =,.

Case ¢ — 1. We first prove symmetry of =,_,,. Let f =,y g. The
goal is g =,y f. Assume x =, y. The goal now is gz =, fy. From z =, y
we obtain y =, x by symmetry of =,, hence fy =, gz from f =, g,
hence gr =, fy by symmetry of =,.

We finally prove transitivity of =, ;. Let f =,y g and g =,y h.
The goal is f =,y h. Assume x =, y. The goal now is fx =y hy. From
x =, y we obtain y =, x by symmetry of =, hence x =, x by transitivity
of =,. Then fzx =, gz follows from f =,_,, g. We also have gz =, hy
from g =,_,y h. Using transitivity of =, we obtain fx = hy. O

4. COMPUTATIONAL CONTENT OF PROOFS

We define what it means for a term ¢ to “realize” a c.r. formula A. From
a proof M of A we extract a term et(M) and (formally) prove that it is a
realizer of A. In this proof we need “invariance axioms” stating that every
c.r. formula not involving realizability is invariant under realizability.

4.1. Realizability. Assume that we have a global assignment giving for
every c.r. predicate variable X of arity p an n.c. predicate variable X* of
arity (p, &) where £ is the type variable associated with X. We will also
introduce I*/°I* for (co)inductive predicates I/°I. A formula or predicate
C is called r-free if it does not contain any of these X, I™ or “[*. A
derivation M is called r-free if it contains r-free formulas only.

Definition (C* for r-free predicates and formulas C). For every r-free pre-
dicate or formula C' we define a predicate or formula C*. For n.c. C let
C* :=C. In case C is c.r. C" is an n.c. predicate of arity (&, 7(C)) with &
the arity of C'. We often write z r C for C*z in case C is a c.r. formula. For
c.r. predicates X let X' be the n.c. predicate variable provided, and

{Z|A}Y ={Zz|zr A}.
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Now consider a c.r. (co)inductive predicate

17T := (p/v) x (Ki(X))i<k

with associated algebra form ¢ = pe(ki(§))ick Wwhere k;(€) = 7(K;(X)).
The i-th constructor of ¢y is C;: k;(tr). Let s be a variable of type 7(I) and
¥ the substitution & — 7(I), X* +— {Z,s | Y&s }. We define n.c. predicates
I" and °°I* by

1M1 = (u/v)y ((Ci v Ki(X))9)i<k-
The substitution v is necessary since the arity of Y (and hence of I*/[")
must be (p, 7(I)) and not (g,&). For c.r. formulas let

zr Pt := P'iz,

Vy(wr A— zwr B) if Aisc.ur.

zr (A — B):= e oa s
A—zrB if A isn.c.
zr VA=V, (21 A).

As an example for the construction of I' consider the predicate Even,
defined by Mx(Ko(X),Kl(X)) with K()(X) = (0 S X) and Kl(X) =
Vn(n € X = S§(Sn) € X). The associated algebra form is pue(ro(§), £1(§))
with ko(§) := £ and k1(€) := & — &, i.e., the algebra N with constructors
Co :=0and C; := S. Let ¢ be the substitution £ — N, X* — {n,m | Ynm }.
Since S r K7 (X) is Yy m (X nm — X*(S(Sn), Sm)) we obtain

I" := py (Y00,V m(Ynm — Y (S(Sn), Sm)).
Lemma 4.1. For closed base types ¢ the following are equivalent.
(a) Ty,
(b) x ~y,
(c)xeTANx=y.

Proof. (a) <» (b). Both TFzy and x ~}° y satify the same clauses. Use the
respective elimination axiom in each of the two directions.

(b) <> (c). Use Lemma 3.4. O

Lemma 4.2. For closed base types v the following are equivalent.
(a) T zy,

(b) = ~;vy,

(c) ze T Nr =y.

Proof. As an example we give the proof for N. Since we have n.c. goals only,
decorations are omitted. For (a) — (b) apply =~y with “Tg for X.

Ry Vam(Xnm - (n=0Am=0)V
e (0 2y m' VX'm ) An=8n" Am=8m')) = X C ~y.
It suffices to prove the premise. Assume “Tynm; the goal is
C :=THOOV Ty (0 =y m! vV OTER'm') An = Sn' Am = Sm).
By the closure axiom (“°Tjj)~ we have
(Rn=0Am=0)V Iy (CITEn'm An=8n' Am=8Sm').

We argue by cases (i.e., use V7).
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Case 1. n=0Am = 0. Go for the Lh.s. of the disjunction C' and show
€Tx00. But this follows from the greatest-fixed-point axiom for Ty with
competitor predicate {n,m |[n=0Am =0}.

Case 2. 3y py (CTE'M A= Sn' Am = Sm’). Go for the r.h.s. of C.

(b) = (a). Recall Ty := vx (0 € X, Vpex(Sn € X)), hence by definition

TN = vxr (X700, Vpm(X'nm — X" (Sn)(Sm))).

To show m ~y n — “Tmn, apply (“°T5)" with ~y for X; recall (“°Tf)™:
Vim(Xnm — X00V 3y (n',m' € (PTHUX) An=8n" Am=8m')) —
X C “°TyR.
It suffices to prove the premise. Assume n ~y m; the goal is

C:=0=y0)VIyw((n,m e (“T{Ury) An=8n" Am=8m')).
By the closure axiom (~y)~ we have

naeym— (n=0Am=0)V Iy n aym' An=8n Am=8Sm).

We argue by cases (i.e., use V7).
Case 1. n=0Am = 0. Go for the Lh.s. of the disjunction C' and show
0 ~y 0. But this follows from n ~y m.
Case 2. 3y (0 =y m/ An =8n Am = 8m’). Go for the r.h.s. of C.
(b) <> (c). Use the Bisimilarity Axiom and Lemma 3.4. O

Lemma 4.3 (Realizers for 3). zr 3;A < 3,(2r A) for A c.r.
Proof. Recall Exy := ux(Vz(x € Y — X)). Then
Exyre = puxr (Ve (Y22 = X"2)).
Now substituting Y* by {z,z | zr A} in the introduction axiom gives
(EX?:c,z\er})(T: Veo(21A— 2zr 3, A)

Conversely, the elimination axiom (Exy)~ is

Vi(z € Exyr -V (Y22 5 2€ X) 5 2€ X).
which is equivalent to

V.(z € Exyr = V(Y 22 5 2 € X) = 2z € X).

Substituting X by {z | 3(Y"2zz) } makes the middle part provable. Thus
with {z,z | 2z r A} for Y* we obtain V,(z r 3,4 — Fz(z r A)) from

(Ex{y ooray) U
Lemma 4.4 (Realizers for A). zr (A A B) is equivalent to
z = (Ift(z),rht(2)) A (Ift(2) r A) A (tht(z) r B) for A c.r. and B c.r.
(zr A)A B for A c.r. and B n.c.
AN (zr B) for A n.c. and B c.r.
Proof. Case A, B c.r. Recall AndDxe ye := pize(X¢ — Y — Z¢). Then
AndDr yr = pgr (Va(z € X¥ = Vy(y €Y' = (2,9) € Z7))).
Substituting X* by {z|zr A} and Y by {y | yr B} gives
(DY 1y (e Vol 4) =5 Y, (y ¥ B = () v (A B))).
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This suffices for “-”. Conversely, the elimination axiom (AndD% y+)~ is
Ve(z € X' =V (y €Y' = (7,y) € Z)) = AndDXr y« C Z.

Substitute Z by { z | z = (Ift(z), rht(z)) A (Ift(z) r A) A (rht(z) r B) }. With
{x|xr A} for X" and {y | yr B} for Y the premise is provable. Hence

V.(zr (AN B) — z = (Ift(2), rht(z)) A (Ift(z) r A) A (rht(z) r B)).
Case A c.xr., B n.c. Recall AndLxe yne 1= pze(X¢ — Y™ — Z¢). Then
AndLir yne 1= pzr(Vo(z v X = Y — 2 € Z7)).
Substituting X* by {z | zr A} and Y" by B gives
(AndLEZmA},B)SF: V.((zr A) - B— zr (AN B)).
This suffices for “«-”. Conversely, the elimination axiom (AndL’ yac)™ is
Vizr X = Y™ 5 2€7) - AndL yne € Z.

Substitute Z by {z | (zr A) AB}. Then with {z | zr A} for X and B for

Y "¢ the premise is provable and we obtain
V.(zr (ANB) — (2 r A) A B). O

Recall that for the sum type p+ o we had the constructors (InL,, )P 71
and (InR,,)? 7?77, In the special situation that one of the two parameter
types is the unit type U it is common to view the sum type U+ ¢ as a unary
algebra form, with constructors DummyL of type U + ¢ and Inr of type
0 — U+ 0. Similarly p+ U is viewed as a unary algebra, with constructors
Inl of type p — p + U and DummyR of type p + U.

Lemma 4.5 (Realizers for V). zr (AV B) is equivalent to

Jp(xr ANz =1InL(z)) V' 3 (yr BAz=1InR(y)) for A,B c.r.
dp(zr ANz =Inl(z)) V' (B A z = DummyR) for A c.r. and B n.c.
(AN z=DummyL) V* 3, (yr BAz = Inr(y)) for A n.c. and B c.r.
(ANz=1t) V™ (BAz =) for A, B n.c.

Proof. As an example consider the case A n.c., B c.r. Recall OrRxne ye :=
uz(X" — Z,Y°¢ — Z). Then

OrRxne yr 1= pize (X" — DummyL € Z%,V,(y r Y — Inr(y) € Z7)).
Substituting X™ by A and Y* by {y | y r B } gives
(OrR’A’{y‘yrB})(‘;: A — DummyL r (AV B),
(OrR’A’{y‘yrB})f: Vy(yr B = Inr(y) r (AV B)).
This suffices for “<~”: if A A z = DummyL, then from (OrR’IA,{y‘yrB})S_ we
obtain z r (A V B), and if we have y with y r B and z = Inr(y), then from

(OI‘RZ,{y\yrB})T we again obtain zr (A V B).
Conversely, the elimination axiom (OrRnc yr)™ is

(X" = DummyL € Z) = V,(yr Y — Inr(y) € Z) — OrRiuc yx C Z.
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Substitute Z by { z | (AA z = DummyL) V" 3,(y r BAz =Inr(y)) }. Then
with A for X" and {y |y r B} for Y the premises are provable. Hence

V.(zr (AV B) - (AA 2z =DummyL) V** 3 (yr BAz=1Inr(y))). O

4.2. Extracted terms. Let M be a proof in TCF of a c.r. formula A.
Assume M is an r-free proof, i.e., M contains no realizability predicates I*
or “I*. We define its extracted term et(M), of type 7(A), with the aim to
express M’s computational content.

Let M be a proof in TCF of a c.r. formula A. Assume M is an r-free
proof, i.e., M contains no realizability predicates I™ or “°I*. We define its
extracted term et(M), of type 7(A), with the aim to express M’s compu-
tational content. It will be a term built up from variables, constructors,
recursion operators, destructors and corecursion operators by A-abstraction
and application.

Definition (Extracted term). For an r-free proof M of a c.r. formula A we
define its extracted term et(M) by

(Z;—(A) uniquely associated to u?),

Az et(M) if Ais c.r.
et(M) if Aisn.c.

et(M)et(N) if Aisc.r.
(M) if Ais n.c.

et(u?) =z

et(MA7PNA)P) =

et((AMA)Y=A) = et(M),
et ((MY=A@HAR) .= ot (M).

It remains to define extracted terms for the axioms. Consider a (c.r.) in-
ductively defined predicate I. For its introduction and elimination axioms
define et(I;7) := C; and et(I~) := R, where both the constructor C; and
the recursion operator R refer to the algebra ¢; associated with I. For
the closure and greatest-fixed-point axioms of “I define et(“°/~) := D and
et(“I") := R, where both the destructor D and the corecursion operator
R refer to the cotype “°t; where ¢y is the algebra associated with 1. For
the elimination axiom (I™¢)~ of a one-clause-nc inductive predicate with a
c.r. competitor predicate the extracted term is the identity.

One can see easily that the identity realizes the elimination axiom (™)~
of a one-clause-nc inductive predicate with a c.r. competitor predicate. More
work is needed to show that the extracted term of I, I* realizes the
respective axiom. We prove this for a special case only, the algebras of
lists and streams of “signed digits”. Such objects are of interest for the
representation of (dyadic) rational numbers and of real numbers.

Let ~p be the similarity relation for the three-element algebra D of signed
digits 1, 0, —1 (written 1), defined by the three clauses s ~p s for s a signed
digit. We will work with lists L(DD) of signed digits and streams S(D) of
signed digits, abbreviated I and S. The similarity relation ~y, has clauses

[~ V1 50,01, (51 ~D 82 = £y~ ba — 81 12y ~1, 89 1 £a)
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and the elimination axiom ~ :

X[ = Ys1,00,01,65 (81 ~m 52 = €1 ~p, by — XUily — X (s1:: 41,59 11 42)) —
~L C X.

For the first two claims we only consider the inductive predicate ~r..
Lemma 4.6. The constructors of L realize the clauses of ~r,.

Proof. We only consider the second constructor ::. We must show that :
realizes the following formula C equivalent to (~,)]:

Ve1,s0(51 ~p 82 = Vo, 0, (€1 ~1 o — 51 0 41~ 82 :: L))
i.e., : v C. Pick s1,s5. The goal then is

i (81 ~p s2 = Vo, 0, (01~ bo — 51 0y~ g i 0).
Pick s with ~f(s1,52,s). The goal then is

28TV (0 ~L le — 51 by~ s i fo).
Pick €1, 0o, ¢ with ~f (¢1,4,¢). The goal then is
(s l)r (51 0y ~p sgily), de, ~f (s1:ly,82::0a,5::10)).
But this follows from what we have by the second clause of ~f :
Vs1.5,5.01.00.0(~D (81,82, 8) = ~[ (b1,02,0) — ~1 (s1:: 41,82 2 4o, s :: (). O

Lemma 4.7. The recursion operator Rf' realizes ~y .

Proof. We equivalently rewrite ~; as C' :=
Voo (01 ~L la = X|[] = Vs so,00,60(51 ~D 82 = £y~ by — Xl —
X(s1:: 01,80 4)) = Xl143)
to make its type the same as the one for Ry
Lba—-D—-L-sa—a) —a

We must show R{ r C. Pick ¢y,05, 4,z with ~J (¢1,02,¢) and X"[][Jz. The
goal then is

Rﬁﬁx r (VSth’gl,gZ (81 ~p S92 — 51 ~T, EQ — X£1€2 — X(81 b ﬁl, S9 i 62)) —
X0105).
Assume f r V51,527g1142(81 ~p S2 — 61 ~L, 52 — Xflgg — X(Sl b ﬁl,Sg b
62)), which implies V51,32757[1’427[’y(ND(81, S92, S) — N]L(El,gg,g) — erlfgy —
X' (s1 :: 4y, 89 12 L, fsly)). Our goal is
Xr(El,Eg,Rﬁﬂxf) = Q£1€2£
To this end we use the elimination axiom for ~f :
vg17£27[(’\“£(£1,€2,€) — QH H H - v51782,5,@1752,@(f\’]5(81> 52, 8) — N£(€1>€27£) -
Q€1£2€ — Q(Sl o £1, So i 52, S 5)) — Q£1€2€)
It suffices to prove the premises Q[|[][] and Vs, s,.5.6, 00.0(~5(51,52,5) —
~ (1, b, 8) — QUilal — Q(s1 2 41,82 = £a,s 2 £)). By a computation
rule for R{ the former is X*[|[Jx, which we have. For the latter assume sq,
s, 8, {1, {2, £ and its premises. We show Q(s; :: £1, 89 :: la, s :: 0), i.e.,

X¥(s1 1 41,89 :: by, Ri' (s :: O)x f).
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By the computation rules for R{* this is the same as
X¥(s1 4y, 89 2 la, fsU(Rilxf)).
But with y := R4z f this follows from what we have. (|

The bisimilarity relation /g is defined by the closure axiom
Rig YVt us (ug ~g ug —
/ / — / — /
Ty oy (51 ~D S2 AUy R Uy Aug = 511Uy Aug = 89 1 Up))

and the greatest-fixed-point axiom = :

Yy up (Xt = 3y gyt g (51 ~p 82 A (U] = uhy V Xujuy) A
up = 81 Ul Aug = s i uh)) —
X C =s.
For the final two claims we only consider the coinductive predicate ~s.
Lemma 4.8. The destructor Ds realizes the closure axiom ~g .
Proof. Recall ~g': Vy, u,(u1 =s ug — Fo1, 50,0 ub (s1~p s2a Auj g ub Aug =
51 ) Aug = sp :uh)) with cotype ©S — D x S, The goal is Ds r ~g :
Vs u (R (1, w2, w) = Dsut 3y g, r s (51~ 82 Ay s uy A
up = 81Ul Aug = sg 1 ub)).
Assume ~§(u1,u2,u). We need to prove
351,32,u/1,u’2(DSu r (81 ~p S2 A u'l g UIQ) ANup = 81 :: u'l NUuy = 89 :: UIQ)
By (=§)~ from ~g(u1, uz,u) we obtain si, s2, s, u}, uh, u' such that
~h (81, 82,8) A g (ul, ub,u') Aup =51 u) Aug = sp mub) Au=s .

Take s1, s2, u}, uh. It remains to show Dsu r (s1 ~p s2 A uj =s ub). By
the computation rule of Ds we know Dsu = Dg(s :: v’) = (s,u’). Hence we
must prove ~J(s1, s2,s) and ~§(uq, u2, u), which we both have. O

Lemma 4.9. The corecursion operator ““Rg realizes zg

Proof. Equivalently rewrite %g as C 1= Yy, up (Xuiug — Vo, uo (Xujug —
351,52,u’1,u/2(31 ~p s2 A (U] &g uh vV Xujuh) Auy = s1 0 u) Aug = sg 1 uhy)) —
uy s ug) to make its cotype the same as the one for ORg:
a— (a—=Dx (“S+a)) — ©“S.
We show that ““Rg realizes C, i.e., ““Rg r C. The goal then is
ORE r (Xujug —
Vi un (Xurtiz = 3y gy 0t ar (51 ~p 52 A (U] ~s uhy V Xujug) A
uy = 81 Ul Aug = s ub)) —
uy Ag Ug).
Pick u with X"ujusu and f such that
Vo ugu (X urugu = fur 3y, o, 0r 0y (51 ~p S2 A (u] ~s ubh vV Xujuy) A

up = 81 uj Aug = sg it ub)).
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Our goal is =& (u1, ug, “R&uf). To this end we use (=§)* in the form

Vg ugu(Quingu —
Vg g u(Quivgu —
oy sms.y iy (VD (51, 82, 8) A (R (ug, uh, u') V Quyiugu) A
uy = sp0u) Aug = sonuh) Au = stu')) —
g (1, ug, u))
with
(X ugugs’ Au = “OREL f) = Quiusu.
It suffices to prove the closure property of Q). Let wuy,us,u and also u’ be

given such that X ujuou’ A u = ©REu f. We need to show

st sa.,0
(6)  ~h(s1,82,8) A (RE(u), ub, ') V T (X ugugu’ Au = CREU f)) A

U = 81 ::u’l/\u2 = S9 ::ué/\uzs i u/).
Since ~f(s1, s2, s) is equivalent to s; = so = s and X ujusu’ we know
fu'r Fo1, 52y (51 ~D saA (U] ~g uhV Xujub)Auy = s1 i uf Aug = so 1 ub).
Then fu' = (s,w) with ~J(s1,52,5) and w r (v} =g v V Xujuh), for some
S1, 82, u}, ub such that u; = s :: uf and ug = s9 :: u). Hence

Fu (~E(uf, ub, ') Aw = InL(u')) V (X ujuju” A w = InR(u”)).

We distinguish cases on this disjunction. Recall
su if fu= (s,InL(u)),

CORQ =
suf {s 2 ORgUfif fu= (s, InR(u)

Case L. =§(u},u),u') AN w = InL(u') for some u’. Then (6) holds, since
u=“RUf=su

Case R. X" ujubu” Aw = InR(u”) for some «”. Then again (6) holds with
u = ORgu"f, since u = R f=s5: “Rgu'f=s . O

4.3. Soundness. Constructively to state A means the same as to say that
A has a realizer. This statement A <> 3,(x r A) was called “to assert is
to realize” in Feferman (1979). Here we call it invariance axiom, since it
expresses invariance of A under the realizability interpretation. Using the
invariance axioms we will prove the soundness theorem.

Axiom (Invariance). For r-free c.r. formulas A we require
(7) InvAll4: Vi(zr A — A).
(8) InvExa: A — J.(z1 A).

Theorem 4.10 (Soundness). Let M be an r-free derivation of a formula A
from assumptions u;: C; (i < n). Then we can derive

et(M)r A if Aisc.r.
A if A is n.c.
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from assumptions
2y, T Cy if Cy is c.r.
CZ' Zf Cl 18 n.c.

Proof. By induction on M. The axiom cases have been done before, and
from the remaining cases we only treat the ones using invariance axioms.

Case (A\,aMP)A78B with B n.c. and A cr. We need a derivation of
A — B. By induction hypothesis we have a derivation of B from z r A.
Using the invariance axiom A — 3,(z r A) we obtain the required derivation
of B from A as follows.

[z v A]
A— 3, (2r A) A | IH
d.(zr A) B -

B

Case (MA7BNAB with B n.c. and A c.r. We need a derivation of B. By
induction hypothesis we have derivations of A — B and of et(N) r A. Using
the invariance axiom V,(z r A — A) we obtain the required derivation from

ViizrA— A) et(N) | IH
et(N)rA— A et(N)r A
A
and the derivation of A — B. O

4.4. Extensionality of extracted terms. Let I be an inductive predicate
and ¢5 its associated algebra. One can show that

e every constructor of ¢y is extensional w.r.t. its clause [ ;L ,
R7, is extensional w.r.t. the least-fixed-point axiom I,
the destructor of ¢y is extensional w.r.t. the closure axiom “J~, and
R is extensional w.r.t. the greatest-fixed-point axiom “J +.

We prove these claims for special cases only. For the first two claims we
consider the inductive predicate ~r..

Lemma 4.11. The constructors of . are extensional w.r.t. ~1’s clauses.

Proof. We only consider the second constructor C. The goal is to show that
C is extensional w.r.t. the cotype D — . — LL of ~p’s second clause, which
by definition of = means

v51,827€1,f2 (81 ~p S9 — fl ~L EQ — 81 El ~T, S92 gg).
But this is the second clause of ~,. O

Lemma 4.12. Rf' is extensional w.r.t. the least-fized-point axiom ~ .

Proof. We equivalently rewrite ~; as C' :=
Voo (01 ~1 la = X|[] = Vs s0.00,05(51 ~p 82 = 41~ by — Xl —
X (s1 41,80 ::42)) — l149)
to make its cotype the same as the one for Rf':

L-a—->D—-L—-a—a —a
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We must show Rf* =¢ Rf* with a := ¢(X). By definition of =¢ this is
equivalent to
Var,@a,f1,fa,60,L2 (r1 =a 2 = f1 =DosLoasa fo = b~ b —
Riliz1fi =a Rilozaf2).

Assume z1 =, z2 and fi =p_L_oa—a f2. Use the least-fixed-point axiom
~ (in its original form) with competitor predicate

X = {1, b2 | REGi1 f1 =a REL272f2 }

Case []. By the computation rules for Rf the claim X[|[] follows from
r1 =q 2. Case ::. Assume s; ~p so and fi =p_L sa—sa fo. Let y1 :=
Ritliz1f1 and y2 := Rilaxafz. Then y; =, y2 by assumption. The goal
J1s1l1y1 =a folowoys follows from fi=fa, s1~s2, f1~l2 and y1=4y2. O

For the final two claims we only consider the coinductive predicate =s.
Lemma 4.13. The destructor Ds is extensional w.r.t. ~g .

Proof. The closure axiom =~g has cotype “°S — D x “°S. The goal is
DS i(COS_ﬂD)XcOS) DS7 which unfolds into

Vg up (U1 & U2 — Dsug ~pxeos Dsuz).
Assume u1 ~g ug. By /g we obtain si, sp, u}, uy with
S1 ~D 82/\’LL/1 S u'z/\ul =31 ::ull/\uz = S92 ::u’2.
By the computation rule for Ds we have Dsu; = (s, u). By the clause for
~pxeog this implies the claim Dsuq ~pycos Dsts. O

Lemma 4.14. “Rg is extensional w.r.t. the greatest-fized-point axiom zg

Proof. Equivalently rewrite ~d as C 1= Yy, uy (Xurts — Vo, up (Xuiug —
s1sa (51~ S2 A (U] &g up V Xujuy) Aug = st uy Aug = s it u)) —
u1 ~s uz) to make its cotype the same as the one for “Rg:
a— (a—=Dx(“°S+a)) = °S.
Call this cotype 1. The goal is ““Rg = “°Rg, which unfolds into
vxhxz (351 =q T2 — vfl:fQ (fl ia%DX(COS%»a) f2 — CORgxlfl ~s CORg£2f2))~

Assume @1 =, z2 and f1 =4 px(costa) f2. Let up == “Rgz1f1 and ugp =

““Rgxa fa. To prove the goal u1 ~s uz we use coinduction, or more precisely
ffug with competitor predicate

X o= {ur,ug | 3y, (w1 = “Ry1fr ANuz = “Ryafa Ay =a y2) }-
This means that we have to show
51,527u’1,u’2(
51~ sz A () s uh V 3y, y, (U] = Ry fi Auy = “Ryafo Ayt =a y2)) A
up = 51 Uy Aug = Sg i ub).

From z; =, @3 and f1 =, ,px(costa) f2 We obtain fiz1 ~py(cogia) foTa.
By definition of ~« this implies the existence of s1, s3, a1, as with

fixy = <81, CL1> A foxg = <82, az) A\ s1 ~p s2 A ay ~(c0S+a) A2,
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and by definition of ~ from a; ~(cog;q) az we obtain the disjunction
(a1 = InL(u}) A a2 = InL(u)) A u) ~s uh) V
(a1 = InR(z)) A ag = InR(x)) A 2} =4 75).

We argue by cases on this disjunction. Recall

ORAyf = st if fz = (s,InL(u)),
s s OR&'f if fa = (s,InR(2)).
Case L. Then we have s1, s2, u}, uy, with s ~p s2 and v} ~g u), such that
2x; = (s;,InL(u})). Hence u; := “°R&%x; f; = s; :: v}, and the claim follows.
7 S 7
Case R. Then we have s1, s9, 2, 2, with s; ~p s2 and 2} =, 2} such that
fizi = (si,InR(x)). Hence u; := “Rgz;fi = s; == v, with u} := “°REz.f;,
and again the claim follows. O

We now prove compatibility of extracted terms with pointwise equality
w.r.t. the cotype of the formula proved. For a convenient formulation we
assume two more fixed assignments u — 2/, 2! of object variables to as-

ur ~u
sumption variables.

Theorem 4.15 (Compatibility of extracted terms). Let M: A be a proof of
a c.r. formula A and u;: C; (i =1,...,n) all free c.r. assumptions whose
associated object variable z,, is free in et(M). Then we can find a proof of

et(M)(zy,,--- 2y, ) =a et(M) (2, 2, )

Un, ULyttt Fup

from assumptions z,. =c, 2, fori=1,...,n.

Proof. By induction on M. Case u: C. Immediate. Case ¢: A an axiom.
This is clear in case the extracted term is the identity. For the axioms I*
and I+ it was proved in Lemmas 4.11 - 4.14.

Case (A\,aMP)A7B with A cr. For simplicity assume that u is the
only assumption variable whose z, is free in et(M). By IH we have a
proof of et(M)(z],) =4 et(M)(z]) from 2], =4 2. We want a proof of
et(A\yM) =4, et(A\, M), ie., Ay et(M)(zy) =45 Az, et(M)(z,), which is

Va2 (20 =4 2y = et(M)(2,) =p et(M)(z,)).

u u

Apply — and twice VT to the proof given by IH. In case A n.c. the extracted
term et(A, M) is et(M) and the claim is immediate.

Case MA7BNA with A c.r. For simplicity assume that there no assump-
tion variables whose associated object variable is free in et(MN). By IHjs
we have a proof of et(M) =4_,p et(M), i.e.,

Vo (2 =4 2z, — et(M)z, =p et(M)z,).

us u u

By IHx we have a proof of et(N) =4 et(N). Applying an instance of the

first proof to the second gives et(M)et(IN) =p et(M )et(N), as required. In

case A n.c. the extracted term et(M N) is et(M) and the claim is immediate.
Cases \; M, Mt. Obvious, since the extracted term does not change. [

Corollary 4.16 (Extensionality of extracted terms). Let M: A be a proof
of a c.r. formula A and u;: C; (i =1,...,n) all free c.r. assumptions whose
associated object variable z,; is free in et(M). Then we can find a proof of
et(M) =4 et(M) from assumptions z,, =c; zu, fori=1,...,n.
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Proof. In the constructed proof substitute z;, , z;;. by zy,. O

5. APPLICATIONS

Space restrictions do not permit to go into applications, which are mainly
in constructive analysis>. We can only refer to e.g. Berger et al. (2016);
Schwichtenberg and Wiesnet (2021).
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