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Introduction

The goal of this course is to study computable functionals, in the context
of a minimal logical system allowing to do proofs about them.

We develop a natural deduction system for minimal logic in the language
based on implication —, conjunction A, disjunction V and the quantifiers
V and 4. We present a general notion of a model suitable for minimal
logic, called Beth-structures. For such models we prove a soundness and a
completeness theorem; both proofs are constructive.

Intuitionistic logic can be embedded into minimal logic, and the sound-
ness and completeness proofs carry over, again with constructive proofs.

Classical logic can be embedded into minimal logic as well. For classical
logic a different notion of a structure and of validity in such structures is
appropriate. The soundness theorem for classical models is easy. We will
derive the completeness theorem for classical logic as a consequence of the
one for minimal logic. However, this proof will not be constructive any
more. We will need the law of excluded middle and the classical axiom of
dependent choice.

We also present a different completeness proof for classical logic. It
consists in simultaneously searching for a derivation and a counterexample.
Special attention is given to the principles used in this proof which go beyond
minimal logic. We show that a test for infinity of a binary decidable tree
suffices, and in fact is equivalent to the completeness theorem.






CHAPTER 1
Logic

The main subject of Mathematical Logic is mathematical proof. In this
introductory chapter we deal with the basics of formalizing such proofs.
The system we pick for the representation of proofs is Gentzen’s natural
deduction, from (1934). Our reasons for this choice are twofold. First, as
the name says this is a natural notion of formal proof, which means that
the way proofs are represented corresponds very much to the way a care-
ful mathematician writing out all details of an argument would go anyway.
Second, formal proofs in natural deduction are closely related (via the so-
called Curry-Howard correspondence) to terms in typed lambda calculus.
This provides us not only with a compact notation for logical derivations
(which otherwise tend to become somewhat unmanagable tree-like struc-
tures), but also opens up a route to applying the computational techniques
which underpin lambda calculus.

Apart from classical logic we will also deal with more constructive logics:
minimal and intuitionistic logic. This will reveal some interesting aspects of
proofs, e.g., that it is possible und useful to distinguish beween existential
proofs that actually construct witnessing objects, and others that don’t.

An essential point for Mathematical Logic is to fix a formal language to
be used. We take implication — and the universal quantifier V as basic. Then
the logic rules correspond to lambda calculus. The additional connectives L,
3, V and A are defined via axiom schemes. These axiom schemes will later
be seen as special cases of introduction and elimination rules for inductive
definitions.

1.1. Formal Languages

1.1.1. Terms and formulas. Let a countable infinite set {v; | i € N}
of variables be given; they will be denoted by x,y, z. A first order language
L then is determined by its signature, which is to mean the following.

e For every natural number n > 0 a (possible empty) set of n-ary rela-
tion symbols (also called predicate symbols). 0-ary relation symbols
are called propositional symbols. L (read “falsum”) is required as

3



4 1. LOGIC

a fixed propositional symbol. The language will not, unless stated
otherwise, contain = as a primitive.

e For every natural number n > 0 a (possible empty) set of n-ary
function symbols. 0-ary function symbols are called constants.

We assume that all these sets of variables, relation and function symbols are
disjoint.

L-terms are inductively defined as follows.

e Every variable is an L-term.

e Every constant of £ is an L-term.

o If ¢1,...,t, are L-terms and f is an n-ary function symbol of £
with n > 1, then f(t1,...,t,) is an L-term.

From L-terms one constructs L£-prime formulas, also called atomic for-
mulas of L: If t1,...,t, are terms and R is an n-ary relation symbol of L,
then R(t1,...,t,) is an L-prime formula.

L-formulas are inductively defined from L-prime formulas by

e Every L-prime formula is an £-formula.

e If A and B are L-formulas, then so are (A — B) (“if A, then B”),
(AANB) (“Aand B”) and (AV B) (“A or B”).

o If Ais an L-formula and z is a variable, then V,A (“for all z, A
holds”) and 3;A (“there is an z such that A”) are L£-formulas.

Negation, classical disjunction, and the classical existential quantifier
are defined by

-A =A-1,
AV B:=-A—-B— 1,
A = V,-A

Usually we fix a language £, and speak of terms and formulas instead
of L-terms and L-formulas. We use

r,s,t for terms,

T,Y, 2 for variables,

c for constants,
PQ,R for relation symbols,
f,9.h for function symbols,

A, B,C,D for formulas.

DEFINITION. The depth dp(A) of a formula A is the maximum length
of a branch in its construction tree. In other words, we define recursively
dp(P) = 0 for atomic P, dp(A o B) = max(dp(A4),dp(B)) + 1 for binary
operators o, dp(cA) = dp(A) + 1 for unary operators o.
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The size or length |A] of a formula A is the number of occurrences of
logical symbols and atomic formulas (parentheses not counted) in A: |P| =1
for P atomic, |Ao B| = |A|+ |B|+1 for binary operators o, |0 A| = |A|+1
for unary operators o.

One can show easily that |A| 41 < 2dP(A)+1,

NOTATION (Saving on parentheses). In writing formulas we save on
parentheses by assuming that V,d,— bind more strongly than A,V, and
that in turn A,V bind more strongly than —, <> (where A < B abbreviates
(A — B) AN (B — A)). Outermost parentheses are also usually dropped.
Thus AN -B — C is read as ((AA (—B)) — C). In the case of iterated
implications we sometimes use the short notation

A1—>A2—>...An_1—>An for A1—>(A2—>(An_1—>An))

To save parentheses in quantified formulas, we might use a mild form of
the dot notation: a dot immediately after V, or 3, makes the scope of that
quantifier as large as possible, given the parentheses around. So V,.A — B
means V(A — B), not (V;A) — B.

We also save on parentheses by writing, e.g., Rxyz, Rtotits instead of
R(z,y,z), R(to,t1,t2), where R is some predicate symbol. Similarly for a
unary function symbol with a (typographically) simple argument, so fx for
f(x), etc. In this case no confusion will arise. But readability requires that
we write in full R(fz, gy, hz), instead of Rfxgyhz.

Binary function and relation symbols are usually written in infix nota-
tion, e.g., © + y instead of +(z,y), and z < y instead of <(z,y). We write
t# s for ~(t=s) and t £ s for —(t < s).

1.1.2. Substitution, free and bound variables. Expressions &£, &’
which differ only in the names of bound variables will be regarded as iden-
tical. This is sometimes expressed by saying that £ and £’ are a-equivalent.
In other words, we are only interested in expressions “modulo renaming of
bound variables”. There are methods of finding unique representatives for
such expressions, for example the namefree terms of de Bruijn (1972). For
the human reader such representations are less convenient, so we shall stick
to the use of bound variables.

In the definition of “substitution of expression £ for variable x in ex-
pression £”, either one requires that no variable free in £ becomes bound
by a variable-binding operator in £, when the free occurrences of = are re-
placed by &£ (also expressed by saying that there must be no “clashes of
variables”), “€’ is free for x in £”, or the substitution operation is taken to
involve a systematic renaming operation for the bound variables, avoiding
clashes. Having stated that we are only interested in expressions modulo
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renaming bound variables, we can without loss of generality assume that
substitution is always possible.

Also, it is never a real restriction to assume that distinct quantifier
occurrences are followed by distinct variables, and that the sets of bound
and free variables of a formula are disjoint.

NoOTATION. “FV” is used for the (set of) free variables of an expression;
so FV(t) is the set of variables free in the term t, FV(A) the set of variables
free in formula A etc.

Elx := t] denotes the result of substituting the term ¢ for the variable
z in the expression £. Similarly, £[# := ] is the result of simultaneously
substituting the terms ¢ = ¢1, ..., t, for the variables ¥ = z1, . .., &, respec-
tively.

Locally we shall adopt the following convention. In an argument, once
a formula has been introduced as A(x), i.e., A with a designated variable z,
we write A(t) for A[x := t], and similarly with more variables. O

1.1.3. Subformulas. Unless stated otherwise, the notion of subfor-
mula we use will be that of a subformula in the sense of Gentzen.

DEFINITION. (Gentzen) subformulas of A are defined by

(a) A is a subformula of A;

(b) if B o C is a subformula of A then so are B, C, for o = — A, V;

(c) if V4B or 3B is a subformula of A, then so is B[z := t], for all ¢ free
for z in B.

If we replace the third clause by:
(c) if V4B or 3, B is a subformula of A then so is B,

we obtain the notion of literal subformula.

DEFINITION. The notions of positive, negative, strictly positive subfor-
mula are defined in a similar style:

(a) A is a positive and a stricly positive subformula of itself;

(b) if BAC or BV C' is a positive [negative, strictly positive] subformula of
A, then so are B, C;

(c) if V., B or 3, B is a positive [negative, strictly positive] subformula of A,
then so is B[z := t|;

(d) if B — C'is a positive [negative] subformula of A, then B is a negative
[positive] subformula of A, and C' is a positive [negative] subformula of
A.

(e) if B — C'is a strictly positive subformula of A, then so is C'.

A strictly positive subformula of A is also called a strictly positive part
(s.p.p.) of A. Note that the set of subformulas of A is the union of the
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positive and negative subformulas of A.  Literal positive, negative, strictly
positive subformulas may be defined in the obvious way by restricting the
clause for quantifiers.

EXAMPLE. (P — Q) — R AV, R/'(z) has as s.p.p.’s the whole formula,
R AV4R'(z), R, VR (x), R'(t). The positive subformulas are the s.p.p.’s
and in addition P; the negative subformulas are P — @), Q.

DEFINITION. Harrop formulas (in the literature also called Rasiowa-
Harrop formulas) are formulas for which no s.p.p. is a disjunction or an
existential formula.

These formulas will play an important role later on.

1.2. Natural Deduction

We introduce Gentzen’s system of natural deduction. To allow a direct
correspondence with the lambda calculus, we restrict the rules used to those
for the logical connective — and the universal quantifier V. The rules come
in pairs: we have an introduction and an elimination rule for each of these.
The other logical connectives are introduced by means of axiom schemes:
this is done for conjunction A, disjunction V and the existential quantifier
3. The resulting system is called minimal logic; it has been introduced by
Johansson (1937). Notice that no negation is present.

If we then go on and require the ez-falso-quodlibet scheme for the nullary
propositional symbol L (“falsum”), we can embed intuitionistic logic . To
obtain classical logic, we add as an axiom scheme the principle of indirect
proof, also called stability. However, to obtain classical logic it suffices to
restrict to the language based on —, V, L and A; we can introduce classical
disjunction V and the classical existential quantifier 3 via their (classical)
definitions above. For these the usual introduction and elimination proper-
ties can then be derived.

1.2.1. Examples of derivations. Let us start with some examples for
natural proofs. Assume that a first order language L is given. For simplicity
we only consider here proofs in pure logic, i.e., without assumptions (axioms)
on the functions and relations used.

(1.1) (A-B—-C)—(A—B)—A—C.

Assume A — B — C. To show: (A — B) - A — C. So assume A — B.
To show: A — C'. So finally assume A. To show: C. We have A, by the last
assumption. Hence also B — C, by the first assumption, and B, using the
next to last assumption. From B — C and B we obtain C, as required. [

(1.2) V.(A— B) - A—V,B, ifx¢FV(A).
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Assume V(A — B). To show: A — V,B. So assume A. To show: V,B.
Let = be arbitrary; note that we have not made any assumptions on z. To
show: B. We have A — B, by the first assumption. Hence also B, by the
second assumption. O

(1.3) (A —V,B) = Vo(A — B), ifz¢FV(A).

Assume A — V,B. To show: V(A — B). Let x be arbitrary; note that
we have not made any assumptions on x. To show: A — B. So assume A.
To show: B. We have V, B, by the first and second assumption. Hence also
B. O

A characteristic feature of these proofs is that assumptions are intro-
duced and eliminated again. At any point in time during the proof the free
or “open” assumptions are known, but as the proof progresses, free assump-
tions may become cancelled or “closed” because of the implies-introduction
rule.

We now reserve the word proof for the informal level; a formal represen-
tation of a proof will be called a derivation.

An intuitive way to communicate derivations is to view them as labelled
trees. The labels of the inner nodes are the formulas derived at those points,
and the labels of the leaves are formulas or terms. The labels of the nodes
immediately above a node v are the premises of the rule application, the
formula at node v is its conclusion. At the root of the tree we have the
conclusion of the whole derivation. In natural deduction systems one works
with assumptions affixed to some leaves of the tree; they can be open or else
closed.

Any of these assumptions carries a marker. As markers we use as-
sumption variables Oy, 0y, ..., denoted by u,v,w,ug,ui,.... The (previ-
ous) variables will now often be called object variables, to distinguish them
from assumption variables. If at a later stage (i.e., at a node below an as-
sumption) the dependency on this assumption is removed, we record this by
writing down the assumption variable. Since the same assumption can be
used many times (this was the case in example (1.1)), the assumption marked
with v (and communicated by u: A) may appear many times. However, we
insist that distinct assumption formulas must have distinct markers.

An inner node of the tree is understood as the result of passing form
premises to a conclusion, as described by a given rule. The label of the node
then contains in addition to the conclusion also the name of the rule. In some
cases the rule binds or closes an assumption variable u (and hence removes
the dependency of all assumptions u: A marked with that ). An application
of the V-introduction rule similarly binds an object variable z (and hence
removes the dependency on z). In both cases the bound assumption or
object variable is added to the label of the node.
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1.2.2. Introduction and elimination rules for — and V. We now
formulate the rules of natural deduction. First we have an assumption rule,
that allows an arbitrary formula A to be put down, together with a marker
u:

u: A  Assumption

The other rules of natural deduction split into introduction rules (I-rules
for short) and elimination rules (E-rules) for the logical connectives — and
V. For implication — there is an introduction rule —"u and an elimination
rule —~, also called modus ponens. The left premise A — B in —~ is
called major premise (or main premise), and the right premise A minor
premise (or side premise). Note that with an application of the —tu-rule
all assumptions above it marked with u: A are cancelled.

[u: A
o MW
B A—B A -
D o+ B
A—-B Y
For the universal quantifier V there is an introduction rule V™2 and an
elimination rule V—, whose right premise is the term r to be substituted.
The rule Yz is subject to the following (Eigen-) variable condition: The
derivation M of the premise A should not contain any open assumption with
x as a free variable.

| M | M
A . VA T
Vi A Ve Alx := ] v

We now give derivations for the example formulas (1.1) — (1.3). Since
in many cases the rule used is determined by the formula on the node, we
suppress in such cases the name of the rule,

u:A—-B—>C w: A v:A— B w: A
B—-C B
AfCC —Tw . (1.1)
(A-B)—A—cCc "
(A-B—C)—(A—-B)—A—C

Tu

u: Vi (A — B) x
A— B v: A

B
V. B vVt (1.2)
A—V,.B —Tv

Vy(A— B) - A—V,B

—>+u
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Note here that the variable condition is satisfied: z is not free in A (and
also not free in V,(A — B)).

u: A—V.B v: A

V.B T
P . 13
_l’_
VaA=B) ' ¥

—)+u

(A—V,B) - Vy(A— B)

Here too the variable condition is satisfied: z is not free in A.

1.2.3. Axiom schemes for disjunction, conjunction, existence
and falsity. We follow the usual practice of considering all free variables
in an axiom as universally quantified outside.

Disjunction. The introduction axioms are

Vi:A— AVB
\/1": B— AVB
and the elimination axiom is
V:(A—-C)—(B—-C)— AVB—C.
Conjgunction. The introduction axiom is
ANT:A—-B—AAB
and the elimination axiom is
AN:(A-B—-C)—AANB—C.
Ezxistential Quantifier. The introduction axiom is
It A—- 3,4
and the elimination axiom is
37 :Vy(A— B) - 3;A— B (z not free in B).

Falsity. This example is somewhat extreme, since there is no introduc-
tion axiom; the elimination axiom is

171 — A.

In the literature this axiom is frequently called “ex-falso-quodlibet”, written
Efq. It clearly is derivable from its instances 1 — RZ, for every relation
symbol R.
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Equality. The introduction axiom is
Eq": Eq(z, z)
and the elimination axiom is
Eq : V. R(z,z) — Eq(z,y) — R(z,y).

It is an easy exercise to show that the usual equality axioms can be derived.

All these axioms can be seen as special cases of a general scheme, that
of an inductively defined predicate, which is defined by some introduction
rules and one elimination rule. Later we will study this kind of definition in
full generality. Eq(z,y) is a binary such predicate, L is a nullary one, and
AV B another nullary one which however depends on the two parameter
predicates A and B.

The desire to follow this general pattern is also the reason that we have
chosen our rather strange A~ -axiom, instead of the more obvious AAB — A
and AN\ B — B (which clearly are equivalent).

1.2.4. Minimal, intuitionistic and classical logic.

DEFINITION (F, F;). Consider —V_1VA3-formulas.

(a) A is called derivable (in minimal logic), written - A, if there is a deriva-
tion of A without free assumptions, from the axioms of Sec.1.2.3 using
the rules from Sec.1.2.2, but without using the ex-falso-quodlibet axiom,
i.e., the elimination axiom 1~ for 1. A formula B is called derivable
from assumptions Ay, ..., Ay, if there is a derivation (without L ~) of B
with free assumptions among Ay, ..., A,. Let T be a (finite or infinite)
set of formulas. We write I' = B if the formula B is derivable from
finitely many assumptions Ai,..., A, € I'.

(b) Let Efq := {VZ(L — RZ) | R relation symbol distinct from L }. A is
called derivable in intuitionistic logic, written ; A, if in addition axioms
from Efq are allowed. I' i; B is defined similarly.

We obtain classical logic by adding, for every relation symbol R distinct
from L, the principle of indirect proof expressed as the so-called “stability
axiom” (Stabg): == RZ¥ — RZ. Let

Stab := {VZ(—-—RZ — RZ) | R relation symbol distinct from L }.

For classical logic there is no need to use the full set of logical connectives:
classical disjunction as well as the classical existential quantifier are defined,
by AV B :=—-A — =B — 1 and 3zA := —V,—A. Moreover, when dealing
with derivability we can even get rid of conjunction; this can be seen from
the following lemma:
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LeMMA (Elimination of A). For each formula A built with the connec-
tives —, A,V there are formulas A1, ..., A, without A such that - A <
%?:1 Ay

PROOF. Induction on A. Case Rt. Take n = 1 and A; := Rf. Case
A A B. By IH (induction hypothesis), we have Aj,..., A, and By,..., By,.
Take Ay, ..., An, B1,...,Bm. Case A — B. By IH, we have Aq,..., A, and

By, ..., By,. For the sake of notational simplicity assume n = 2 and m = 3.
Then

H (Al/\A2—>Bl/\BQ/\B3)
<—>(Al—>A2—>Bl)/\(A1—>A2—>B2)/\(A1—>A2—>Bg).
Case V,A. By IH for A, we have Ay,...,A,. Take V,Aq,...,V, A, for

n n
Ve N Ai = N Va4, O
i=1 i=1
However, for the rest of this section we keep A in the language. The
reason is that the notions introduced and the results obtained are slightly
more general this way.

DEFINITION (F.). Consider —VA_L-formulas. We call the formula A
classically derivable and write . A if there is a derivation of A using A*-
axioms and stability axioms from Stab. Similarly we define classical deriv-
ability from I'" and write I" . A.

THEOREM (Stability, or Principle of Indirect Proof). For every —VA_L-

formula A,
F.——A — A.

PRrROOF. Induction on A. For simplicity, in the derivation to be con-
structed we leave out applications of —*1 at the end. Case Rt with R
distinct from L. Use Stabg. Case L. Observe that -—L — L = ((L —
1) — 1) — L. The desired derivation is

u: L
vi(lL—1)—1 1 -1
1
Case A — B. Use - (-——B — B) — -—=(A — B) — A — B; a derivation is
ug: A — B w: A

—>+u

uy: B B
B S
— U9
v: =—(A — B) -(A — B)
+
u: B — B -—B "

B
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Case Yz A. Clearly it suffices to show F (-=A4 — A) — ==V, A — A; a
derivation is

ug: Vi A x
up: A A
+
v: VA -V, A o
L +
u: A — A —a M
A
The case A A B is left to the reader. O

REMARK. The argument given proves a more general proposition (cf.
Troelstra (1973, 1.10.8)): if A is a Harrop formula (defined in Sec.1.1.3) con-
structed from decidable or doubly negated prime formulas, then - =—A4 —

A.
Notice that F, L — A, for stability is stronger:

| Mstab w: L i
——A— A -—A4 Y
A
+
1A U
where Mg, is the (classical) derivation of stability.
Notice also that even for the — 1-fragment the inclusion of minimal
logic in intuitionistic logic, and of the latter in classical logic are proper.
Examples are

/1 —P, but +F; 1L — P
i ((P—Q)—P)— P, but +.((P—-Q)—P)— P.

Non-derivability can be proved by means of countermodels, using a semantic
characterization of derivability; this will be done later. F; 1. — P is obvious,
and the Peirce formula ((P — Q) — P) — P can be derived in minimal
logic from | — @ and ——P — P, hence is derivable in classical logic.

-A

1.2.5. Negative translation. We embed classical logic into minimal
logic, via the so-called negative (or Godel-Gentzen) translation. A formula
A is called negative, if every atomic formula of A distinct from | occurs
negated, and A does not contain V, 3.

LEMMA. For negative A, F ——A — A.

Proor. This follows from the proof of the stability theorem, using +
———Rt — =Rt O

Again we consider —VA_L-formulas only.
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DEFINITION (Negative translation 9 of Gédel-Gentzen).
(Rt)9 = ——Rt (R distinct from 1),
19 =1,
(AANB)Y = AN DBY,
(A— B)Y := A% — BY,
(VoA =V, A9,

THEOREM. For all —=VAL-formulas A,

(a) Fc A A9,
(b) T'Fc A if and only if T9 = A9, where 9 :={B9| B e€T}.

PRrROOF. (a). The claim follows from the fact that i, is compatible with
equivalence. (b). <. Obvious =. By induction on the classical deriva-
tion. For a stability assumption ——Rf — Rf we have (——Rt — Rt)9 =
————Rt — ——Rt, and this is easily derivable. Case —1. Assume

[u: A]
A E B u
Then we have by TH
u: A9 [us A7]
DI hence DI
Be 57

+
A9 By

Case — . Assume

Dy D1
A— B A
B
Then we have by TH
Dy D, Ds Dy
A9 —- B9 AY oHee A8 — Bs A9
BY
The other cases are treated similarly. O

COROLLARY (Embedding of classical logic). For negative A, . A if and
only if H A.

PrOOF. By the theorem we have . A if and only if F A9. Since A is
negative, every atom distinct from L in A must occur negated, and hence in
A9 it must appear in threefold negated form (as =~——R#). The claim follows
from - ———Rt < —REt. O
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Since every formula is classically equivalent to a negative formula, we
have achieved an embedding of classical logic into minimal logic.

Note that t/ =—P — P (as we shall show later). The corollary therefore
does not hold for all formulas A.

1.2.6. Formulas implying their negative translation. We intro-
duce a further observation (due to Leivant; see Troelstra and van Dalen
(1988, Ch.2, Sec.3)) which will be useful for program extraction from classi-
cal proofs. There it will be necessary to actually transform a given classical
derivation . A into a minimal logic derivation F A9. In particular, for every
assumption constant C' used in the given derivation we have to provide a
derivation of C'Y9. Now for some formulas .S — the so-called spreading formu-
las — this is immediate, for we can derive S — 59, and hence can use the
original assumption constant.

First notice that our formulas may contain predicate variables denoted
by X, which are place holders for comprehension terms, i.e., formulas with
distinguished variables. We use the obvious notation A[X := {Z | B}| or
shortly A[{Z | B}] or even A[B] for substitution for predicate variables.
Clearly the Godel-Gentzen translation of Xt is =——X%.

Notice also that an assumption constant may be viewed as consisting of
an uninstantiated formula (e.g., X0 — V,(Xn — X(n + 1)) — V,Xn for
induction) together with a substitution of comprehension terms for predicate
variables (e.g., X — {n | n < n+1}). Then in order to immediately
obtain a derivation of CY for C' an assumption constant it suffices to know
that its uninstantiated formula S is spreading, for then we generally have
+ S[A9 — S[A]¢ (see the theorem below) and hence can use the same
assumption constant with a different substitution.

We define spreading formulas S, wiping formulas W and isolating for-
mulas I inductively.

S:=1|Rt|Xt|SAS|I— S|V.S,
Wo=L1|Xt|WAW|S — W |V, W,
I:=RE|W|IAL
Let S (W, Z) be the class of spreading (wiping, isolating) formulas.
THEOREM.

F S’[ffg] — S[/_l‘]g for every spreading formula S,

F W[/T]g — W[/Tg] for every wiping formula W,

FI[A]9 — ——I[A9]  for every isolating formula I.

We assume here that all occurrences of predicate variables are substituted.
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ProOOF. By induction on the simultaneous generation of S, W and Z.
We write S9 for S[A]¢9 and S for S[AY], and similarly for W and I.

Case 1. € S. We must show - L — 19. Take \utu. . .

Case Rt € S. We must show + Rt — ——Rt. Take Auf v ™F vu.

Case Xt € S, with X substituted by { # | A}. We must show - A9[t] —
A9[t], which is trivial.

Case Sy A Sy € S. We must show - 51 A Sy — SY A S§. Take

TH u: S1 A Ss IH u: S1 NSy
Sy — Y Si Sy — S§ Sa
S S5
ST NS

Case I — S € §. We must show - (I — S) — [9 — S9. Recall that

F —-=59 — 59 by the Stability Lemma, because SY is negative. Take

IH wu:l — S wy:l
S — 59 S
IH wy: 189 S9
19— =1 w:I9 L +
— IV
Stab 1 4
=89 = §9 N
59
Case ¥V, S € S. We must show + V.S — V,59. Take
1H u: V.8 T
S — 59 S
S9

Case 1. € W. We must show - L9 — L. Take Autu.

Case Xt € W, with X substituted by { Z | A }. We must show - A9[t] —
A9[t], which is trivial.

Case W1 A Wy € W. We must show + ng A W2g — Wi A Ws. Take

IH u: Wi AW IH u: Wi AW
Wy — W, wy W5 — W, Wy
W1 W2
Wi AWy
Case S — W € W. We must show - (89 — W9) — S — W. Take
IH
S — 59 v: S
IH u: 89— W9 S9
w9 —- W w9

w
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Case YV, W € W. We must show + V, W9 — V,W. Take

TH u: VW9 T
w9 —Ww w9
w

Case Rt € T. We must show - ——Rt — ——Rt, which is trivial.
Case W € Z. We must show F W9 — ——=W, which trivially follows
from the IH - W9 — W. Take

IH
Wi —-Ww u: W9
v: W wW
1
Case Iy N I € T. We must show - I{ A I — =—(I; A I3). Take
L I
g A 79 A1 L2
IH LN (L AD) T AL
S e I
TH TN — Y
Boh X T
_‘_‘IQ —|_[2
1
O

1.3. Normalization

We show that every derivation can be brought into a normal form. A
derivation in normal form does not make “detours”, or more precisely, it
cannot occur that an elimination rule immediately follows an introduction
rule. The shape of derivations in normal form will be analyzed. In parti-
cular, we will prove the subformula property, which says that every formula
in a normal derivation is a subformula of the goal formula or else of an
assumption. Moreover, we also consider “long” normal forms.

1.3.1. Conversion. A conversion eliminates a detour in a derivation,
i.e., an elimination immediately following an introduction. We consider the
following conversions:

—-CONVETrsion.

[u|1;{\]4 N
A
B 4 | N — | M
A—-B "
— B

B
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V-conversion.

| M
A . | M
Vi A Ve, - -~ Alz =]
Alz =]

1.3.2. Derivations as terms. It will be convenient to write deriva-
tions as terms, where the derived formula is viewed as the type of the term.
This representation is known under the name Curry-Howard correspondence.

We give an inductive definition of derivation terms in Table 1 on page
19, where for clarity we have written the corresponding derivations to the
left. For the universal quantifier V there is an introduction rule V' and
an elimination rule V~, whose right premise is the term r to be substituted.
The rule V*z is subject to the following (Eigen-) variable condition: The
derivation term M of the premise A should not contain any open assumption
with x as a free variable.

1.3.3. Reduction, normal form. Every derivation term carries a for-
mula as its type. However, we shall usually leave these formulas implicit and
write derivation terms without them.

Notice that every derivation term can be written uniquely in one of the
forms

uM | AWM | \M)NL,

where u is an assumption variable or assumption constant, v is an assump-
tion variable or object variable, and M, N, L are derivation terms or object
terms.

Here the final form is not normal: (A\vM)NL is called S-redex (for “re-
ducible expression”). The conversion rule is

(AWM)N —g Mv := NJ.

Notice that in a substitution M[v := N] with M a derivation term and
v an object variable, one also needs to substitute in the formulas of M.
The closure of the conversion relation g is defined by

o If M —p3 M then M — M’
o If M — M’, then also MN — M'N, NM — NM', \oM — \vM’
(inner reductions).

So M — N means that M reduces in one step to N, i.e., N is obtained
from M by replacement of (an occurrence of) a redex M’ of M by a con-
versum M" of M, i.e., by a single conversion. The relation —* (“properly
reduces to”) is the transitive closure of — and —* (“reduces to”) is the re-
flexive and transitive closure of —. The relation —* is said to be the notion
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derivation term
u: A u?
[u: A
| M (AuAMB)A—B
B

[ — +
ApB U

| M | N
A B A (MA—>BNA)B
B -
| M
ANV A :
Ay (with var.cond.) (AxM*)7=4 (with var.cond.)
VoA
| M
VA o (MVmAT)A[a:::r]
Alz =] v

TABLE 1. Derivation terms for — and V

T, «* are the relations converse to

of reduction generated by . «—, «—
—, —T, —* respectively.

A term M is in normal form, or M is normal, if M does not contain a
redex. M has a normal form if there is a normal N such that M —* N.

A reduction sequence is a (finite or infinite) sequence My — M; —
Ms ... such that M; — M, for all .

Finite reduction sequences are partially ordered under the initial part
relation; the collection of finite reduction sequences starting from a term
M forms a tree, the reduction tree of M. The branches of this tree may
be identified with the collection of all infinite and all terminating finite
reduction sequences.
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A term is strongly normalizing if its reduction tree is finite.
EXAMPLE.
Azdyrz.zz(yz)) Audv w) A/ ' u') —
(AyAz.(Audvu)z(yz)) (A’ o' o) —
(AyAz.(Av 2) (y2)) (' ' o) —
(AyAz z)(Au/ 2’ o) — Az z.
LEMMA (Substitutivity of —). (a) If M — M’, then M[v := N| —

M'[v := N].
(b) If N — N’, then M[v:= N| —* M[v:= N'].

PROOF. (a) is proved by induction on M — M’; (b) by induction on
M. Notice that the reason for —* in (b) is the fact that v may have many
occurrences in M. U

1.3.4. Strong normalization. We show that every term is strongly
normalizing.

To this end, define by recursion on k a relation sn(M, k) between terms
M and natural numbers k£ with the intention that k is an upper bound on
the number of reduction steps up to normal form.

sn(M,0) ;<= M is in normal form,
sn(M,k+1) <= sn(M' k) for all M’ such that M — M’.

Clearly a term is strongly normalizing if there is a k such that sn(M, k).
We first prove some closure properties of the relation sn.

LeMMA (Properties of sn). (a) If sn(M, k), then sn(M,k+1).

b) If sn(MN, k), then sn(M, k).

c) If sn(M;, k;) fori=1...n, then sn(uMy ... Mp, k1 + -+ kp).
)
)

—~

If sn(M, k), then sn(AvM, k).
e) If sn(M[v := N]L, k) and sn(N,1), then sn((A\oM)NL, k+ 1+ 1).

PROOF. (a). Induction on k. Assume sn(M, k). We show sn(M, k + 1).
So let M’ with M — M’ be given; because of sn(M, k) we must have k > 0.
We have to show sn(M’, k). Because of sn(M,k) we have sn(M’' k — 1),
hence by IH sn(M’, k).

(b). Induction on k. Assume sn(M N, k). We show sn(M, k). In case k =
0 the term M N is normal, hence also M is normal and therefore sn(M,0).
So let K > 0 and M — M’; we have to show sn(M’,k —1). From M —
M’ we have MN — M’'N. Because of sn(MN,k) we have by definition
sn(M'N,k — 1), hence sn(M’, k — 1) by IH.

—_ T~
o,
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(c). Assume sn(M;, k;) for i = 1...n. We show sn(ub; ... M,, k) with
k= ki +- -+ k,. Again we employ induction on k. In case k = 0 all
M; are normal, hence also uMy...M,. So let &k > 0 and ubMy ... M, —
M'. Then M’ = ub...M]...M, with M; — M/; We have to show
sn(uMy ... M} ... M,k —1). Because of M; — M/ and sn(M;, k;) we have
k; > 0 and sn(M/, k; — 1), hence sn(uM; ... M/ ... M,k —1) by IH.

(d). Assume sn(M, k). We have to show sn(AvM, k). Use induction on
k. In case k = 0 M is normal, hence AvM is normal, hence sn(AvM,0). So
let K > 0 and A\vM — L. Then L has the form AoM’ with M — M’. So
sn(M', k — 1) by definition, hence sn(AvM’, k) by TH.

(¢). Assume sn(M[v := N]L,k) and sn(N,1). We need to show that
sn((AWM)NL, k+1+1). We use induction on k + I. In case k + 1 = 0 the
term N and M[v:= N ]E are normal, hence also M and all L;. So there is
exactly one term K such that (A\wM)NL — K, namely M[v := N]L, and
this K is normal. Now let k+1 > 0 and (\wM)NL — K. We have to show
sn(K, k+1).

Case K = M[v := N]L, i.e., we have a head conversion. From sn(M[v :=
N]L, k) we obtain sn(M[v := N]L,k +1) by (a).

Case K = (\WM')NL with M — M’. Then we have M[v := N]L —
M'[v := N]L. Now sn(M[v := N]L,k) implies k¥ > 0 and sn(M'[v :=
N]L,k —1). The IH yields sn((A\M/)NL, k —1+1+1).

Case K = (\uM)N'L with N — N’. Now sn(N, 1) implies [ > 0 and
sn(N',1 —1). The IH yields sn((AoM)N'L, k +1 — 1+ 1), since sn(M|v :=
N'|L, k) by (a),

Case K = (\WM)NL' with L; — L for some i and L; = L for j # 1.
Then we have M[v := N]L — M[v := N]L'. Now sn(M[v := N]L, k)
implies k > 0 and sn(M|v := N]L',k —1). The IH yields sn((A\wM)NL', k —
1+1+1). O

The essential idea of the strong normalization proof is to view the last
three closure properties of sn from the preceding lemma without the infor-
mation on the bounds as an inductive definition of a new set SN:

M € SN (Var) —MESN_ M[v:=N]LeSN N eSN
ubM € SN AvM € SN (AWM)NL € SN

(8)

COROLLARY. For every term M € SN there is a k € N such that
sn(M, k). Hence every term M € SN is strongly normalizing

ProOF. By induction on M € SN, using the previous lemma. O



22 1. LOGIC

In what follows we shall show that every term is in SN and hence is
strongly normalizing. Given the definition of SN we only have to show
that SN is closed under application. In order to prove this we must prove
simultaneously the closure of SN under substitution.

THEOREM (Properties of SN). For all formulas A, derivation terms M €
SN and N4 € SN the following holds.
(a) M[v:= N] € SN.
(a’) M|z :=r] € SN.
(b) Suppose M derives A — B. Then M N € SN.
(b’) Suppose M derives VzA. Then Mr € SN.

PROOF. By course-of-values induction on dp(A), with a side induction
on M € SN. Let N4 € SN. We distinguish cases on the form of M.

Case uM by (Var) from M € SN. (a). The SIH(a) (SIH means side
induction hypothesis) yields M;[v := N] € SN for all M; from M. In case
u # v we immediately have (uM)[v := N] € SN. Otherwise we need
NM|v := N] € SN. But this follows by multiple applications of IH(b),
since every M;[v := N] derives a subformula of A with smaller depth. (a’).
Similar, and simpler. (b), (b’). Use (Var) again.

Case AvM by (X) from M € SN. (a), (a’). Use () again. (b). Our goal
is (A\M)N € SN. By () it suffices to show M[v := N] € SN and N € SN.
The latter holds by assumption, and the former by SIH(a). (b’). Similar,
and simpler.

Case AwM)KL by (8) from M[w := K]L € SN and K € SN. (a). The

STH(a) yields M[v := N[w := K[v:= N]|L[v := N] € SN and K[v := N] €
SN, hence (AwM|v := N])K[v := N]L[v := N| € SN by (3). (a’). Similar,
and simpler. (b), (b’). Use () again. O

REMARK (Arithmetical comprehension). The theorem continues to hold
if we allow quantification over predicate variables, but restrict the rule vV~
to comprehension terms with quantification over object variables only. This
restriction is known under the name arithmetical comprehension. The proof
above then is by a main induction on the depth of nesting of predicate quanti-
fiers, a first side induction on dp(A) (which disregards predicate quantifiers),
and a second side induction on M € SN.

COROLLARY. For every term we have M € SN; in particular every term
M is strongly normalizing.

PRrROOF. Induction on the (first) inductive definition of derivation terms
M. In cases u and AvM the claim follows from the definition of SN, and in
case M N it follows from the preceding theorem. O
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1.3.5. The structure of normal derivations. To analyze normal
derivations, it will be useful to introduce the notion of a track in a proof
tree, which makes sense for non-normal derivations as well.

DEFINITION. A track of a derivation M is a sequence of f.0.’s Ag, ..., An
such that
(a) Ag is a top f.o. in M (possible discharged by an application of an —~-
rule);

(b) A; for i < n is not the minor premise of an instance of —~, and A;; is
directly below Aj;;

(¢) A, is either the minor premise of an instance of —~, or the conclusion
of M.

The track of order 0, or main track, in a derivation is the (unique) track
ending in the conclusion of the whole derivation. A track of order n + 1
is a track ending in the minor premise of an — -application, with major
premise belonging to a track of order n.

LEMMA. In a derivation each formula occurrence belongs to some track.

PrOOF. By induction on derivations. U

Now consider a normal derivation M. Since by normality an E-rule
cannot have the conclusion of an I-rule as its major premise, the E-rules
have to precede the I-rules in a track, so the following is obvious: a track
may be divided into an E-part, say Ao, ..., A;_1, a minimal formula A;, and
an I-part A;11,...,A,. In the E-part all rules are E-rules; in the I-part all
rules are I-rules; A; is the conclusion of an E-rule and, if i < n, a premise
of an I-rule. Tracks are pieces of branches of the tree with successive f.0.’s
in the subformula relationship: either A;y; is a subformula of A; or vice
versa. As a result, all formulas in a track Ag,..., A, are subformulas of Ay
or of A,; and from this, by induction on the order of tracks, we see that
every formula in M is a subformula either of an open assumption or of the
conclusion. To summarize:

THEOREM. In a normal derivation each formula is a subformula of either
the end formula or else an assumption formula.

PRrOOF. We prove this for tracks of order n, by induction on n. O

REMARK (Conservativeness of predicate quantifiers). Again the theorem
continues to hold if we allow quantification over predicate variables, but
restrict the rule V~ to comprehension terms with quantification over object
variables only. But notice that every formula with quantification over object
variables only is a subformula of VpP, so the notion of a subformula is of
limited use here. However, we can conclude that the extension of the logic
to predicate quantifiers is conservative over the original one.
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1.3.6. Long normal forms. 7-conversion is defined by
e Mx—y, M if ¢ FV(M) and M is non-introduced.

It can easily be analyzed. n-expansion is supposed to reverse n-conversion.
Unfortunately this can lead to reduction loops when combined with (-
reduction:

MN —p1 (Ae.Mx)N —g MN or AeM —pp Ay.(AxM)y —g AzM.

Thus we have to prevent terms in applicative positions and abstractions
from being expanded. This is achieved if we define —,; from the conversion
rule

MP=Z7 = Ao Mz if M is non-introduced

by means of term closure for non-applicative positions, i.e.,

o If M 1 M', then M —,; M’
o If M —,1 M’', then also NM —,1 NM', \oM —,; AvM'.

The following can be seen easily:
(a) nT-reduction does not create any new (-redexes.
(b) Normal forms with respect to —,; can be characterized by the grammar
M == (zM)" | \xM | (AaM)NN)".
(¢) Bnl-normal forms (also called long normal forms) are obtained if we
omit the last rule.
Define n,(M?) (outer n-ezpansion) and its expansion height 41, € N by

n(M) == M, e =0,
Moo (M) i= A2P1g (Mnp(x)). pp=o =1+ pp + fio-
LEMMA.
(14) M —5 M = (M) —gn(M).
(1.5) M*P —>Z? np(M) if M is non-introduced.
(1.6) If M,M,N are nl-normal, then also n(zM) and n((AzM)NDM).
(L7) g(M)F =4 n(My()).
(1.8)  n(n(M)) —5 n(M).

PROOF. (1.4) is clear. (1.5)-(1.8) are proved by induction on the type p
of n,. For (1.5) we have

MP=7 — 4 Ax? (Mz)°
—>¢%’ Ax.Mn,(x) by IH
—>f;%’ Axn(Mn(z)) by IH.
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For (1.6), e.g. np:m(x]\_f') = Aypng(q:ﬂnp(y)) € Nf,; by IH, and IH,. For

(1.7) we have

Nomo(M)NN = (Azn(Mn(x)))N

=B 77(M77(N))J\7
—5n(Mn(N)n(N)) by IH,
and for (1.8)

n(n(MP=7)) = Xz n(n(M)n(z))
= Az n([Ayn(Mn(y))In(x))

— g Az qn(Mnn(x))
—5 Az n(Mn(z)) by IH.

This concludes the proof.
Define the n-expansion exp(M) of M by
exp(xM) := n(z exp(M)),
exp(AzM) := Az exp(M),
exp(AzM)NN) := 5((Az exp(M) exp(N) exp())

and its expansion height #,(M”) € N by

#U(«TM) = pp + #W(M)J
#U(AJJM) = #U(M)a
#n(AzM)NN) := p1, + #,(M, N, N).

Here #n(M) means ., #,(M;).
LEMMA.
(1.9) M H#T"(M) exp(M) € Nf,;.
(1.10) M eNf,; < exp(M) =M < #,(M)=0.
(L11)  n(exp(M)) Eexp(M)
(112)  exp(M)z = 5(z)] — exp(M).
(1.13)  n(exp(M) exp(N)) —7 exp(MN).
(1L.14)  exp(M)[z := exp(N)] —j exp(M[z := N]).
(1.15)

M — M = exp(M) = exp(M’), #U(M) = #U(Ml) +1
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PRrROOF. (1.9). First show exp(M) € Nf,; by induction on M, using
(1.6). Then prove M —>#T"(M) exp(M) also by induction on M, using (1.5).
(1.10). Use (1.6) and the above characterization of Nf,;. (1.11) and (1.12)

are proven by simultaneous induction on M. (1.11). For non-introduced
terms use (1.8). For an abstraction we have

n(exp(AzM)) = n(Az exp(M))
= Ay n((Az exp(M))n(y))

—g Az n(exp(M)[z :=n(x)])
— 5 Az1(exp(M)) by TH(1.12)
— Az exp(M) by TH(1.11).

The only interesting case for (1.12) is M = M , where we have

—5 n(n(z)exp(M)) by IH(1.12)
—% nn(z n(exp(M))) by (1.7)
—% n(zn(exp(M))) by (1.8)
—% n(zexp(M)) by TH(1.11)

= exp(zM).

(1.13) is shown by induction on M. By (1.11) we can assume that N is not
empty.

—5 nn(x exp M) exp(N)) by (1.11)
—h n(zexp(M) exp(N)) by (1.8)
= exp(zMN)

and

n(exp(AzM) exp(N)) = n((Az exp(M)) exp(NV))
= exp((AzM) N).
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The case (AxM ){( K is similar. (1.14) is an easy induction on M. We only
treat the case x M, where one needs (1.13).
exp(eM)[z := exp(N)] = n(exp(N) exp(M)[z := exp(N)])
—75 n(exp(N) exp(M[z := NJ)) by IH
—% exp(N Mz := N)) by (1.13).

1.15). For an nT-conversion M +,1 Ax.Mx, M non-introduced, we treat
Y n7
the case M = zM.

exp(zM) = Np=o (T exp( 1))
= P10 (z exp(M)1,(y))
= exp()\y.xﬂy).

and
#a (2 M=) = fpmg + #9(M)
= L+ g + #9(M) + g1y
= 1+ g + #9 (M, )
=1+ #,(\yP.xMy).
The case M = (AzN)KK is analogous. O

LEMMA. B-reduction is simulated on expanded terms:

M —5 M' = exp(M) —7 exp(M’).

Conclude that — g, is strongly normalizing.

PrOOF. The first part is proved by induction on M. We only handle
the interesting case of a (B-conversion.

exp((AzM)NN) = n((Az exp(M)) exp(N) exp(NV))
— g n(exp(M)[z 1= exp(N)] exp(N))

—7 n(exp(Mlz := NJ) exp(N)) by (1.14)
—7 exp(M[z := NN) by (1.13).

All other cases follow directly from the IH.

To prove strong normalization of —g,¢, note that we can simulate any
[-reduction on a term M by a positive number of S-reductions on exp(M),
while n-expansions leave exp(M) unchanged by (1.15). Strong normaliza-
bility of M now follows by induction on the height of the (-reduction tree
of exp(M) and side induction on #,(M). O
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1.4. Normalization with Permutative Conversions

We now consider —V_| VA3-formulas. The normalization result in Sec.1.3
and in particular the subformula property does not say much in this case,
since in our derivations we allow arbitrary A*, V¥ and 3T-axioms. The
cure consists in the following. (1) In derivations in long normal form we can
replace every use of an AT, V¥ F*t-axiom by a corresponding rule; in fact,
there is almost no difference between these derivations. (2) After this re-
placement the need for permutative conversions becomes visible, if we want
to keep the subformula property for normal derivations. We shall prove
strong normalization, and analyse again the shape of normal derivations.

1.4.1. Rules for Vv, A and 3. Notice that we have not given rules for
the connectives V, A and d. There are two reasons for this omission:

e They can be covered by means of appropriate axioms as constant
derivation terms, as given in Sec.1.2.3;

e For simplicity we want our derivation terms to be pure lambda
terms formed just by lambda abstraction and application. This
would be violated by the rules for V, A and 4, which require addi-
tional constructs.

However — as just noted — in order to have a normalization theorem with a
useful subformula property as a consequence we do need to consider rules
for these connectives. So here they are:

Disjunction. The introduction rules are

| M | M
AV B AV B
and the elimination rule is
[u: A [v: B]
| M | N | K
AV B C C V-
U, U
C

Congunction. The introduction rule is

| M | N
A B
ArnB N
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and the elimination rule is

[u: Al  [v: B]
| M | N
AANB C A=, v
C
Ezistential Quantifier. The introduction rule is
| M
r Alx :==1] 3+
d. A
and the elimination rule is
[u: A
| M | N
3. A B

37z, u (var.cond.)

B

The rule 37z, u is subject to the following (Eigen-) variable condition: The
derivation N should not contain any open assumptions apart from wu: A
whose assumption formula contains z free, and moreover B should not con-
tain the variable z free.

It is easy to see that for each of the connectives V, A, 3 the rules and the
axioms are equivalent, in the sense that from the axioms and the premises
of a rule we can derive its conclusion (of course without any V, A, 3-rules),
and conversely that we can derive the axioms by means of the V, A, 3-rules.
This is left as an exercise.

The left premise in each of the elimination rules V=, A~ and 3~ is called
magjor premise (or main premise), and each of the right premises minor
premise (or side premise).

1.4.2. Conversion. In addition to the —,V-conversions in Sec.1.3.1,
we consider the following conversions:
V-conversion.

| M [u: A [v: B] | M
A V(J)r | N | K . A
AV B C C - | N
U, v
C C
and
| M [u: A [v: B] | M
B \/15- | N | K - B
AV B C C - | K
U, v

c C
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A-conversion.
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| M | N [u: A] [v: B | M | N
A | K A B
AT —
ANB C - | K
U, U
C C
J-conversion.
| M [u: A | M
T Alzx =] | N Alz =]
!
J,A Tz | N
B B

1.4.3. Permutative conversion. In a permutative conversion we per-

mute an E-rule upwards over the minor premises of V—, A~ or d™.

V-perm conversion.

| M | N | K
AV B C c | L o
!/
¢ D ¢ E-rule
| N | L | K | L
M ’ /
A\|/ B ¢ D ¢ E-rule D ¢ E-rule
D
A-perm conversion.
| M | N
AAB C | K .
/
C ¢ E-rule
| N | K
M /
A/’\B ¢ D ¢ E-rule
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J-perm conversion.

| M | N
3,A B | K -,
B D E-rule
| N | K
Elzf]l\/[ B,%C E-rule
D

1.4.4. Derivations as terms. The term representation of derivations
has to be extended. The rules for vV, A and 3 with the corresponding terms
are given in Table 2 on page 32.

The introduction rule 3 has as its left premise the witnessing term r to
be substituted. The elimination rule 3~ u is subject to an (Figen-) variable
condition: The derivation term N should not contain any open assumptions
apart from u: A whose assumption formula contains = free, and moreover
B should not contain the variable z free.

1.4.5. Reduction for permutative conversions. In this section we
shall write derivation terms without formula superscripts. We usually leave
implicit the extra (formula) parts of derivation constants and for instance
write 37, 37 instead of 3; 4> 3, 4p- So we consider derivation terms
M, N, K of the forms 7 o

w| AWM | AyM | VM | ViM | (M,N) | 3trM |
MN | Mr | M(vg.No,v1.N1) | M(v,w.N) | M(v.N);
in these expressions the variables y, v, vg, v1, w get bound.
To simplify the technicalities, we restrict our treatment to the rules for

— and d. It can easily be extended to the full set of rules; some details for
disjunction are given in Sec.1.4.6. So we consider

w| MM | 3trM | MN | M(v.N);

in these expressions the variable v gets bound.

We reserve the letters E, F,G for eliminations, i.e., expressions of the
form (v.N), and R, S, T for both terms and eliminations. Using this notation
we obtain a second (and clearly equivalent) inductive definition of terms:

uM | uME | \oM | 37 M |
(AWM)NR | 3*rM(v.N)R | uM ERS.
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derivation term
| M | M AVB AVB
v v
A v B__ 4t (Vo sM?) (Vi MP)
AV B AV B
[u: A] [v: B
| M | N | K (MAVB(uA NC, o8 KC))©
AV B C C -
U, v
C
| M | N
A . <MA7NB>A/\B
A
ANB
[u: Al [v: B]
| M | N (MA/\B(UA’UB.NC))C
ANB ¢ -
U, v
C
| M B
=\ Ja
r Alzx =] (HIATMA[QC‘_T}) ‘
J+
3, A
[u: A
| M |V (MHIA(uA.NB))B (var.cond.)
3, A B __
5 372, u (var.cond.)

TABLE 2. Derivation terms for V, A and 3
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Here the final three forms are not normal: (AwM)NR and 3*rM(v.N)R

both are (-rederes, and uMERS is a permutative redexr. The conversion
rules are

(AWM)N —3 Mv:= N]| [B_-conversion,
EI;;ATM(U.N) —3 N[z :=r][v:= M] [(3-conversion,
Mw.N)R  +—, M(v.NR) permutative conversion.

The closure of these conversions is defined by
o If M —p3 M or M +—, M, then M — M.
o If M — M’ then also MR — M'R, NM — NM', N(v.M) —
N@w.M"), \oM — AoM', ItrM — ITrM' (inner reductions).

We now give the rules to inductively generate a set SN:

M € SN (Varo) M € SN (A M € SN E
uM € SN AvM € SN ItrM € SN

MNESN (o u]\{(v.NR)i €SN ar)
uM(v.N) € SN uM(v.N)RS € SN

Mp:=NJReSN N eSN
(AWM)NR € SN

(6-)

Nz :=r][v := M]R € SN M € SN
35 4rM(v.N)R € SN

(83)

where in (Var;) we require that v is not free in R.

Write M| to mean that M is strongly normalizing, i.e., that every re-
duction sequence starting from M terminates. By analyzing the possible
reduction steps we now show that the set Wf := { M | M| } has the closure
properties of the definition of SN above, and hence SN C WH{.

LEMMA. Every term in SN is strongly normalizing.

PRrOOF. We distinguish cases according to the generation rule of SN
applied last. The following rules deserve special attention.
Case (Vary). We prove, as an auxiliary lemma, that
uM (v.NR)S| implies uM (v.N)RS|,

by induction on uM (v.NR)S| (i.e., on the reduction tree of this term). We
consider the possible reducts of uM (v.N)RS. The only interesting case is
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uM (v.N)(v.N")TT, and we have a permutative conversion of (v/.N') with
T, leading to the term M = uM (v.N)(v'.N'T)T. Now M| follows, since

uM (v.N(W' .N')TT

leads in two permutative steps to M, hence by assumption M |.

Case (6_.). We show that M[v := N]R| and N| imply (\uM)NR].
This is done by a induction on N |, with a side induction on M[v := N ]ffl
We need to consider all possible reducts of (A\wM)NR. In case of an outer
(B-reduction use the assumption. If IV is reduced, use the IH. Reductions in

M and in R as well as permutative reductions within R are taken care of
by the side TH.

Case (33). We show that N[z := r][v := M]R| and M| together imply
3t M(v.N)R|. This is done by a threefold induction: first on M|, second
on Nz :=r][v := M]R| and third on the length of E. We need to consider
all possible reducts of 37rM (v.N )ﬁ In case of an outer B-reduction use the
assumption. If M is reduced, use the first IH. Reductions in N and in R as
well as permutative reductions within R are taken care of by the second IH.
The only remaining case is when K = SS and (v.N) is permuted with S, to
yield 3+ M (v.NS)S. Apply the third IH, since (NS)[z := r][v := M]S =
Nz :=r][v := M]SS.

O

For later use we prove a slightly generalized form of the rule (Vary):
PROPOSITION. If M(v.NR)S € SN, then M(v.N)RS € SN.

PROOF. Induction on the generation of M(v.NR)S € SN. We distin-
guish cases according to the form of M.

Case uT'(v.NR)S € SN. If T = M, use (Vary). Otherwise we have
uM(v'.N")R(v.NR)S € SN. This must be generated by repeated appli-
cations of (Vary) from uM (v.N'R(v.NR)S) € SN, and finally by (Var)
from M € SN and N'R(v.NR)S € SN. The IH for the latter yiclds
N'R(v.N)RS € SN, hence uM (v.N'R(v.N)RS) € SN by (Var) and finally
uM (v.N")R(v.N)RS € SN by (Var,).

Case 3trMT(v.NR)S € SN. Similarly, with ((3) instead of (Var,). In
detail: If T is empty, by (43) this came from (NR)[z = r][v := M]S =
Nz :=r][v := M]RS € SN and M € SN, hence I*rM(v.N)RS € SN again
by (33). Otherwise we have 3TrM(v/.N')T(v.NR)S € SN. This must be
generated by (83) from N'[z := r][v/ := M]T(v.NR)S € SN. The IH yields
N'[z = r][v/ := M]T(v.N)RS € SN, hence 3*+M(v'.N')T(v.N)RS € SN
by (53).
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Case (\WM)N'R(w.NR)S € SN. By ((_.) this came from N’ € SN and
M[v := N'|R(w.NR)S € SN. The IH yields M[v := N'|R(w.N)RS € SN,
hence (A\vM)N'R(w.N)RS € SN by (6_.). O

In what follows we shall show that every term is in SN and hence is
strongly normalizing. Given the definition of SN we only have to show
that SN is closed under —~ and 37. In order to prove this we must prove
simultaneously the closure of SN under substitution.

THEOREM (Properties of SN). For all formulas A,

(a) for all M € SN, if M proves A = Ag — Ay and N € SN, then MN €
SN,

(b) for all M € SN, if M proves A = 3B and N € SN, then M (v.N) € SN,

(c) for all M € SN, if N4 € SN, then M[v:= N] € SN.

PRrOOF. Induction on dp(A). We prove (a) and (b) before (c), and hence
have (a) and (b) available for the proof of (c¢). More formally, by induction
on A we simultaneously prove that (a) holds, that (b) holds and that (a),
(b) together imply (c).

(a). By induction on M € SN. Let M € SN and assume that M proves
A=Ay — A; and N € SN. We distinguish cases according to how M € SN
was generated. For (Varg), (Vary), (6—) and (f3) use the same rule again.

Case uM (v.N') € SN by (Var) from M,N’ € SN. Then N'N € SN by
side TH for N’, hence uM (v.N’N) € SN by (Var), hence uM (v.N')N € SN
by (Varg).

Case (AwM)4o=41 ¢ SN by (\) from M € SN. Use (f_); for this we
need to know M[v := N] € SN. But this follows from IH(c) for M, since N
derives Ag.

(b). By induction on M € SN. Let M € SN and assume that M proves
A =3,B and N € SN. The goal is M(v.N) € SN. We distinguish cases
according to how M € SN was generated. For (Vary), (6—) and ((3) use
the same rule again.

Case uM € SN by (Var) from M € SN. Use (Var).

Case (3TrM)34 € SN by (3) from M € SN. Use (35); for this we need
to know N[z := r][v := M| € SN. But this follows from IH(c) for N[z :=r],
since M derives Alz :=r].

Case uM (v/.N') € SN by (Var) from M, N’ € SN. Then N’'(v.N) €
SN by side IH for N’, hence uM (v.N’(v.N)) € SN by (Var) and therefore
uM (v.N")(v.N) € SN by (Var,).

(c). By induction on M € SN. Let N4 € SN; the goal is M[v := N] €
SN. We distinguish cases according to how M € SN was generated. For (\),
(3), (6—) and ((3) use the same rule again.
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Case uM € SN by (Varg) from M € SN. Then M[v := N] € SN by
SIH(c). If u # v, use (Varg) again. If u = v, we must show NM|[v := N] €
SN. Note that N proves A; hence the claim follows from (a) and the IH.

Case uM (v'.N') € SN by (Var) from M, N’ € SN. If u # v, use (Var)
again. If u = v, we must show NM[v := N](v'.N'[v := N]) € SN. Note
that N proves A; hence in case M empty the claim follows from (b), and
otherwise from (a) and the IH.

Case uM (v'.N")RS € SN by (Var,) from uM (v/.N'R)S € SN. If u # v,
use (Var;) again. If u = v, from the IH we obtain

NM][v := N](v'.N'[v := N]R[v := N])S[v := N] € SN
Now use the proposition above. O
COROLLARY. Fvery term is strongly normalizing.

PROOF. Induction on the (first) inductive definition of terms M. In
cases u, A\vM and 3TrM the claim follows from the definition of SN, and in
cases M N and M (v.N) from parts (a), (b) of the previous theorem. O

1.4.6. Disjunction. We describe the changes necessary to extend the
result above to the language with disjunction V.
We have additional 8- and permutative conversions

\/ZT"M(UO.NO, v1.N1) —3 Njv; == M| By, -conversion,
M (vg.Ng,v1.N1)R 5 M(v9.NoR,v1.N1R) permutative conversion.
The definition of SN needs to be extended by

M € SN (Vi)
Vi M € SN
1 M (vg.NoR,v1.N1R)S € SN
_'MaN()le GSN (VaI'V) u _FUO 04, U1 1 )_’ € (Var\/,Tr>
uM(Uo.No,Ul.Nl) € SN uM(’U().No,’Ul.Nl)RS € SN

Nivi:=M]JReSN N _;ReSN  MeSN
(/6\/2)

\/:FM(U().N(), Ul.Nl)ﬁ € SN

The former rules (Var), (Var,) should then be renamed into (Vars), (Varg ;).
The lemma above stating that every term in SN is strongly normalizing
needs to be extended by an additional clause:
Case (By,). We show that N;[v; := M]R|, Ny_;R| and M| together im-
ply V;" M (vg.No, Ul.Nl)ﬁl. This is done by a fourfold induction: first on M |,
second on Nj;[v; := M]ﬁl, Nl,iﬁl, third on Nl,iﬁl and fourth on the length
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of B. We need to consider all possible reducts of \/;FM(U().NQ, vl.Nl)ﬁ. In
case of an outer B-reduction use the assumption. If M is reduced, use the
first IH. Reductions in N; and in R as well as permutative reductions within
R are taken care of by the second IH. Reductions in N;_; are taken care of
by the third IH. The only remaining case is when B = S5 and (vo.No,v1.N7)
is permuted with S, to yield (vg.NoS,v1.N1S). Apply the fourth TH, since
(N;S)[v := M]S = N;[v := M]SS.

Finally the theorem above stating properties of SN needs an additional
clause:

e for all M € SN, if M proves A = Ay V A1 and Ny, N1 € SN, then
M(’U(].No,vl.Nl) € SN.

PROOF. The new clause is proved by induction on M € SN. Let M € SN
and assume that M proves A = Ay V A; and Ny, N; € SN. The goal is
M (vg.Ng,v1.N7) € SN. We distinguish cases according to how M € SN was
generated. For (Varg,), (Vary ), (6-), (#3) and (By,) use the same rule
again.

Case uM € SN by (Varg) from M € SN. Use (Vary).

Case (Vi M)AVA1 € SN by (V;) from M € SN. Use (3y,); for this we
need to know Nj;[v; := M] € SN and Nj_; € SN. The latter is assumed, and
the former follows from main IH (with V;) for the substitution clause of the
theorem, since M derives A;.

Case uM (v'.N') € SN by (Vars) from M, N’ € SN. For brevity let
E := (v9.Ny,v1.N1). Then N'E € SN by SIH for N’, so uM (v/.N'E) € SN
by (Vars) and therefore uM (v/.N')E € SN by (Vars ).

Case uM (v}.N}, v} .N|) € SN by (Vary) from M, N}, N] € SN. Let E :=
(vo-No,v1.N1). Then N/E € SN by SIH for N/, so uM (vy.N}E,v|.N|E) €
SN by (Var,) and therefore uM (v}).N}, v}.N{)E € SN by (Vary ).

Clause (c) now needs additional cases, e.g.,

Case uM(UO.NO, v1.N1) € SN by (Vary) from M, No, N1 € SN. If u # v,
use (Vary). If u = v, we show NM[v := N](vo.No[v := N],v1.Ny[v := N]) €
SN. Note that N proves A; hence in case M empty the claim follows from
(b), and otherwise from (a) and the IH. O

1.4.7. The structure of normal derivations. As mentioned already,
normalization aims at removing local maxima of complexity, i.e., formula oc-
currences which are first introduced and immediately afterwards eliminated.
However, an introduced formula may be used as a minor premise of an ap-
plication of V=, A~ or 37, then stay the same throughout a sequence of
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applications of these rules, being eliminated at the end. This also consti-
tutes a local maximum, which we should like to eliminate; this is what the
permutative conversions are designed for.

DEFINITION. A segment of (length n) in a derivation M is a sequence
Ay, ..., A, of occurrences of a formula A such that
(a) for 1 <1i < n, A; is a minor premise of an application of V=, A~ or 37,
with conclusion A;41;
(b) A, is not a minor premise of V7, AT or 3.
(c) A; is not the conclusion of V7, A™ or 37.
(Note: An f.o. which is neither a minor premise nor the conclusion of an
application of V=, A~ or 3~ always belongs to a segment of length 1.) A
segment is mazimal or a cut (segment) if A, is the major premise of an
E-rule, and either n > 1, or n = 1 and A; = A, is the conclusion of an
I-rule.

We shall use 0,0’ for segments. We shall say that o is a subformula of
o’ if the formula A in o is a subformula of B in ¢’. Clearly a derivation is
normal if and only if it does not contain a maximal segment.

The argument in Sec.1.3.5 needs to be refined to also cover the rules
for V,A,d. The reason for the difficulty is that in the E-rules V7 ,A7, 37
the subformulas of a major premise AV B, A A B or 3,A of an E-rule
application do not appear in the conclusion, but among the assumptions
being discharged by the application. This suggests the definition of track
below.

The general notion of a track is designed to retain the subformula prop-
erty in case one passes through the major premise of an application of a
V7,A7,d -rule. In a track, when arriving at an A; which is the major
premise of an application of such a rule, we take for A;;1 a hypothesis
discharged by this rule.

DEFINITION. A track of a derivation M is a sequence of f.0.’s Ag, ..., An
such that
(a) Agis a top f.o. in M not discharged by an application of an V=, A™, 37 -
rule;

(b) A; for i < m is not the minor premise of an instance of —~, and either
(i) A, is not the major premise of an instance of a V=, A~, 3 -rule and
A;y1 is directly below A;, or
(ii) A; is the major premise of an instance of a V=, A™,3 7 -rule and
A;11 is an assumption discharged by this instance;
(c) A, is either
(i) the minor premise of an instance of —~, or
(ii) the conclusion of M, or



1.4. NORMALIZATION WITH PERMUTATIVE CONVERSIONS 39

(iii) the major premise of an instance of a V—, A, 37 -rule in case there
are no assumptions discharged by this instance.

LEMMA. In a derivation each formula occurrence belongs to some track.
ProoF. By induction on derivations. For example, suppose a derivation
K ends with an 3~ -application:
[u: A]
| M | N
3. A B
B

B in N belongs to a track = (IH); either this does not start in u: A, and
then 7, B is a track in K which ends in the conclusion; or 7 starts in u: A,

and then there is a track ' in M (IH) such that «’,7,C is a track in K
ending in the conclusion. The other cases are left to the reader. U

1 z,u

DEFINITION. A track of order 0, or main track, in a derivation is a
track ending either in the conclusion of the whole derivation or in the major
premise of an application of a V~—, A~ or 37 -rule, provided there are no
assumption variables discharged by the application. A track of order n + 1
is a track ending in the minor premise of an —~-application, with major
premise belonging to a track of order n.

A main branch of a derivation is a branch 7 in the proof tree such that =
passes only through premises of I-rules and major premises of E-rules, and
7 begins at a top node and ends in the conclusion.

REMARK. By an obvious simplification conversion we may remove every
application of an V™, A~ or 37 -rule that discharges no assumption variables.
If such simplification conversion are performed, each track of order 0 in a
normal derivation is a track ending in the conclusion of the whole derivation.

If we search for a main branch going upwards from the conclusion, the
branch to be followed is unique as long as we do not encounter an A™-
application.

Now let us consider normal derivations.

PROPOSITION. Let M be a normal derivation, and let m = oy, ...,0, be
a track in M. Then there is a segment o; in 7, the minimum segment or
minimum part of the track, which separates two (possibly empty) parts of m,
called the E-part (elimination part) and the I-part (introduction part) of
such that
(a) for each oj in the E-part one has j < i, oj is a major premise of an
E-rule, and oj41 1s a strictly positive part of o;, and therefore each o
is a s.p.p. of og;
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(b) for each oj which is the minimum segment or is in the I-part one has
i < j, and if j # n, then o; is a premise of an I-rule and a s.p.p. of
0j+1, s0 each o is a s.p.p. of op,.

THEOREM (Subformula property). Let M be a normal derivation where
every application of an VvV~ , A~ or 37 -rule discharges at least one assumption
variable. Then each formula occurring in the derivation is a subformula of
either the end formula or else an assumption formula.

PROOF. As note above, each track of order 0 in M is a track ending in
the conclusion of M. We can now prove the theorem for tracks of order n,
by induction on n. O

THEOREM (Disjunction property). If I' does not contain a disjunction
as s.p.p. (= strictly positive part, defined in Sec.1.1.3), then, if ' = AV B,
it follows thatI' = A or I' - B.

PRroOF. Consider a normal derivation M of A V B from assumptions I
not containing a disjunction as s.p.p. The conclusion A V B is the final for-
mula of a (main) track, whose top formula A in M must be an assumption
in I". Since I does not contain a disjunction as s.p.p., the segment o with
the conclusion AV B is in the I-part. Skip the final \/j'—rule and replace the
formulas in ¢ by A if i =0, and by B if i = 1. O

There is a similar theorem for the existential quantifier:

THEOREM (Explicit definability under hypotheses). Let I' - 3, A.

(a) If T does not contain an existential s.p.p., then there are terms ry, ra,
oo, T osuch that T'F Alx :=r] V...V Az :=ry].

(b) If T neither contains a disjunctive s.p.p., nor an ezistential s.p.p., then
there is a term r such that T' = Alx :==r].

PRroOOF. Consider a normal derivation M of 3, A from assumptions I
not containing an existential s.p.p. We use induction on the derivation, and
distinguish cases on the last rule.

(a). By assumption the last rule cannot be 3. We only consider the
case V™ and leave the others to the reader.

[u: B] [v: C]
| M | No | M1
V©ou,v

3, A
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By assumption again neither B nor C can have an existential s.p.p. Applying
the IH to Ny and N7 we obtain

[u: B] [v: C]
| N() ’ Nl
o W Alei=r] o WET Al =1

n+m \ n+m \/+
Bv(C \Y/izl A[.I‘ = 7’1'] \Y/izl A[w = Ti] B
V7ou,v
Wi Al o= )
(b). Similarly; by assumption the last rule can be neither V~ nor 3-. O

REMARK. For I' consisting of Harrop formulas both theorems above
hold.

1.5. Soundness and Completeness for Beth Models

It is an obvious question to ask whether the logical rules we have been
considering suffice, i.e., whether we have forgotten some necessary rules.
To answer this question we first have to fix the meaning of a formula, i.e.,
provide a semantics. This will be done by means of Beth models. Using
this concept of a model we will prove soundness and completeness for both,
minimal and intuitionistic logic.

1.5.1. Beth models. Consider a finitely branching tree of “possible
worlds”. The worlds are represented as nodes in this tree. They may be
thought of as possible states such that all nodes “above” a node k are the
ways in which k£ may develop in the future. The worlds are increasing, that
is, if an atomic formula RS true is in a world &, then RS is true in all future
worlds k.

More formally, each Beth model is based on a finitely branching tree T
A node k over a set S is a finite sequence k = (ag,a1,...,a,—1) of elements
of S; 1h(k) is the length of k. We write k < k" if k is an initial segment of
k. A tree on S is a set of nodes closed under initial segments. A tree T is
finitely branching if every node in 7" has finitely many immediate successors.

A tree T is infinite if for every n € N there is a node k € T such that
Ih(k) = n. A branch of T is a linearly ordered subtree of T'. A leaf is a node
without successors in T

For the proof of the completeness theorem, a Beth model based on a
complete binary tree (i.e., the complete tree over {0,1}) will suffice. The
nodes will be all the finite sequences of 0’s and 1’s, and the ordering is as
above. The root is the empty sequence and kO is the sequence k with the
element 0 added at the end; similarly for k1.
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DEFINITION. Let (7, <) be a finitely branching tree. B = (D, Iy, 1) is a
L-Beth model on T', where D is a nonempty set, and for every n-ary function
symbol in £, Iy assigns f a map Io(f): D™ — D. For every n-ary relation
symbol R in £ and every node k € T, I;(R,k) C D™ is assigned in such a
way that monotonicity is preserved, that is,

k=K = L(R k) CL(RK).

If n = 0, then I;(R, k) is either true or false, and it follows by the mono-
tonicity that if & < k" and I1(R,k) then I;(R,k'). We write R5(d, k) for
ael (R, k)

There is no special requirement set on I1 (L, k). In minimal logic, falsum
L plays a role of an ordinary propositional variable.

It is obvious from the definition that any 7" can be extended to a com-
plete tree T without leaves, in which for every leaf k € T all sequences
k0, k00, k000,... are added to T. For every node kO...0, we then add
Il(R, kO... 0) = Il(R, ki)

For an assignment 7, t[n] is understood in the canonical sense. The
usual satisfaction relation M = A[n] is replaced by the forcing relation in
Beth models.

DEFINITION. B,k I A[n] (B forces A at node k for an assignment 7)
is defined inductively as follows. We write &k |- A[n] when it is clear from
the context what the underlying model B is, and Vj» j A for Vi»5.1h(K') =
Ih(k) +n — A.

kI (R3)[n] = 3V, REGEE ], K.
kIF(AVB)n <= F.Vps k- A or k' IF Bln).
kIE (LA = IV wdaes K I Algl.

kIF (A— B)[n] = Vs I Afy] = K - Bn).
kElF(AADB)[n <= klFAn and k- B[n).

kF (V3 A) [N = Vaeip| kI A[ng].

Notice that the clauses for atoms, disjunction and existential quantifier
include a concept of a “bar”, in T

1.5.2. Covering lemma. It is easily seen (using the definition and
monotonicity) that from k |- A[n] and & < k' we can conclude £’ I Aln].
The converse is also true:

LEMMA (Covering Lemma).
vk'ink E - A[n] =kl A[U]
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PROOF. Induction on A. We write k I+ A for k I- A[n].
Case RS. Assume

IV, 1 K IF RS,
hence by definition
3k I s RE (35 1], )
Since T is a finitely branching tree,
Fn oz e RE (3P [0], K).

Hence k IF RS.

The cases AV B and 3, A are handled similarly.

Case A — B. Let k' IF A — B for all ¥ »= k with 1h(k") = lh(k) + n.
We show

vltk-l FA=1IFB.

Let I = k and | I A. We show that [ I B. We apply the IH to B
and m := max(lh(k) + n,1h(l)). So assume !’ > [ and h(l') = m. It is
sufficient to show I’ |- B. If 1h(I") = 1h(l), then I’ = | and we are done. If
Ih(l") =1h(k) +n > lh(l), then I’ is an extension of [ as well as of k and has
length lh(k) + n, and hence I’ - A — B by assumption. Moreover, I’ I- A,
since I’ = [ and [ I A. Tt follows that !’ IF B.

The cases A A B and V,A are obvious. O

1.5.3. Soundness.

LeEMMA (Coincidence). Let B be a Beth model, t a term, A a formula
and n, & assignments in |B].

(a) If n(z) = &(x) for all x € vars(t), then n(t) = £(t).
(b) If n(x) = &(x) for all x € FV(A), then B,k I+ Aln] < B,k I+ A[{].

PRrooF. Induction on terms and formulas. O

LEMMA (Substitution). Let B be a Beth model, t,r terms, A a formula
and n an assignment in |B|. Then

(a) n(rlz = 1)) =" ().
(b) B,k I+ Az :=t][n] < B, kI Aqnpi).

PRroOOF. Induction on terms and formulas. O

THEOREM (Soundness). Let 'U{A} be a set of formulas such thatT' - A.
Then, if B is a Beth model, k a node and n an assignment in |B|, it follows
that B,k I T'[n] entails B, k I+ A[n].
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ProOF. Induction on derivations.

We begin with the axiom schemes \/g, Vi, v7, 3% and 37. kIF C[n] is
abbreviated k IF C, when 7 is known from the context.

Case \/ar: A — AV B. Weshow kIF A — AV B. Assume for k' = k that
k' |- A. Show: k' I+ AV B. This follows from the definition, since k' I+ A.
The case \/f: B — AV B is symmetric.

Case V-: (A - C) - (B —- C) - AV B — C. We show that
ElF(A—-C)— (B—C)— AVB — C. Assume for ¥ = k that
EF'FA—C,KIFB— Candk IF AV B (we can safely assume that k' is
the same for all three premises ). Show that k' IF C. By definition, there
is an n s.t. for all ¥/ =, k', ¥” I A or ¥” I+ B. In both cases it follows
that £ IF C, since k' I A — C and k' IF B — C. By the Covering Lemma,
k- C.

Case 37: A — 3, A. Show that k I- (A — 3, A)[n]. Assume that k' = k

and k' IF A[n]. Show that &' I+ (3,A4)[n]. Since n = n’;(””) there is an a € |B|
(namely a := n(z)) such that &’ I+ A[n%]. Hence, k' IF (3,4)[n].

Case 37: V4(A — B) — 3;A — B and = ¢ FV(B). We show that k |-
(Vz(A — B) — 3,A — B)[n]. Assume that ¥’ = k and £’ I+ V(A — B)[n]
and k' IF (3, A)[n]. We show &’ I B[n]. By definition, there is an n such that
for all k" =, k" we have a € |B| and k" IF A[n%]. From k' IF V(A — B)[n]
it follows that k" I+ B[n%], and since x ¢ FV(B), from the Coincidence
Lemma, k" |- B[n]. Then, finally, by the Covering Lemma k£’ I B[n)].

Case —1. Assume k IF I'. We show k IF A — B. Assume k' > k and
E'IF A. Our goal is k' IF B. We have k' IF T U {A}. Thus, £’ IF B by TH.

Case —~. Assume k |- I". The IH gives us k IF A — B and k IF A.
Hence k IF B.

Case V. Assume k |- T'[n] and z ¢ FV(T'). We show k I (V,A)[n], i.e.,
k IF A[n?] for an arbitrary a € |B|. We have

kIFT[n3] by the Coincidence Lemma, since = ¢ FV(I)
k- Ang] by IH.

Case ¥V~. Let k I- I'[n]. We show that k IF Az := ¢][n]. We have
kI (V,A)[y] by IH

k- A by definition
k- Alx :=t][n] by the Substitution Lemma.

This concludes the proof. O

1.5.4. Counter models. With soundness at hand, it is easy to build
counter models for derivations not valid in minimal or intuitionistic logic.
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A Beth model B = (D, Iy, 1) for intuitionistic logic is a Beth-structure
in which L is never forced, i.e., I; (L, k) = 0 for all k. Then

klF-A <— vk’tk K W A,
klF——A <— vk’tk K U?L -A
<~ vk’tkélk”tk/ E'IF A.

As an example, we show that t/; =——P — P. We describe the desired
Beth model by means of a diagram below. Next to every node, we write the
propositions forced on that node.

Clearly this is an intuitionistic Beth model. Using the remark above, it is
easily seen that

() IV P, () IF ==P.

Thus () If =—P — P and hence I/ =——P — P. Since for every R and all k,
k I- Efqp, it also follows that t/; =—P — P. The model also shows that the
Peirce formula ((P — @) — P) — P is invalid in intuitionistic logic.

1.5.5. Completeness.

THEOREM (Completeness). Let I' U {A} be a set of formulas. Then the
following propositions are equivalent.

(a) T'H A.
(b) T'IF A, i.e., for all Beth models B, nodes k and assignments n

B,k - T[n) = B,k IF Aln].

PROOF. Soundness is one direction. For the other direction we employ
a technique developed by Harvey Friedman and construct a Beth model B
(over the set Tp; of all finite 0-1-sequences k ordered by the initial segment
relation k£ < k') with the property that I' b B is equivalent to B, () I+ Blid].
We can assume here that I' and also A are closed.

In order to define B, we will need an enumeration Ay, A1, As,... of L-
formulas, in which every formula occurs infinitely often. We also fix an
enumeration g, z1,... of distinct variables. Write I' = J,, I';, with finite
sets [, such that I';, C I',,1.1. With every node k € Tp1, we associate a finite
set Ay of formulas and a set Vj of variables, by induction on the length of
k.
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Let Ay := 0 and V}y := (. Take a node k such that lh(k) = n and
suppose that Ay, Vi are already defined. Write A F,, B to mean that there
is a derivation of length < n of B from A. We define Ayg, Vio and Agy, Vi

as follows:
Case 0. FV(A,,) € Vi. Then let

Ao := A1 := A and Vi := Vi1 := Vi
Case 1. FV(A,) C Vi and Ty, A £, Ay. Then let
Ago:=Ar and Ap = A U{A,},
Vio := Vi1 := Vi
Case 2. FV(A,) C Vi and 'y, Ax b, A, = Al vV AV, Then let
Apo = ArU{A,, ALY and  Agp = A U{A4,, AV},
Vio := Vi1 := Vg
Case 3. FV(A4,) C Vi and 'y, A by, A, = 3, A) (2). Then let
Apo = Agp = A, U{A,, Al (z:)} and Vi := Vig := Vi U {2},

where x; is the first variable ¢ V.
Case 4. FV(A,) C Vi and Iy, Ag by, Ay, with A, neither a disjunction
nor an existentially quantified formula. Then let

Ao = Ap1 := AR U {An} and Vi := Vi =V},

REMARK. (1) Because of - 3, T and this formula is repeated infi-
nitely often in the given enumeration, for every variable x; there is
an m such that z; € Vj, for all k£ with lh(k) = m.
(2) Obviously FV(Ag) C Vi, and k < k' implies that A C Ay

We note that
(1.16) Virsok (D, Ay B B) =T, A+ B, provided FV(B) C V.
It is sufficient to show that, for FV(B) C Vj,
[AgpHFB and I'NApE B imply ', Ap - B.

In cases 0, 1 and 4, this is obvious. For case 2, the claim follows imme-
diately from the axiom scheme V~. In case 3, we have FV(A4,) C V; and
Tp, Ak br Ay = 3, A0 (2). Assume T, Ay U{A,, Al (x;)} b B with z; ¢ Vj,
and FV(B) C V. Then z; ¢ FV(A, U {A,, B}), hence I, A, U{A,} - B
by 37 and therefore I', Ax - B.

Next, we show

(1.17) F, Ak FB= ank’tnk (B S Ak/), pl“OVided FV(B) - Vk.

Choose n > lh(k) such that B = A, and '), Ay b, A,,. For all ¥’ = k, if
Ih(k") =n+1 then A,, € Ay (cf. the cases 2-4).



1.5. SOUNDNESS AND COMPLETENESS FOR BETH MODELS 47

Using the sets Ay we can define an £-Beth model B as (Terg, Iy, I1)
(where Ter, denotes the set of terms of £) and the canonical Iy(f)5 := f§
and

RB(5,k) = RieAy.
Obviously, t5[id] = ¢ for all L-terms .
Write k |- B for B, k I+ B[id]. We show that

(1.18) I,Ap+ B <= kI B, provided FV(B) C Vj.
The proof is by induction on B. Case Rs. Assume FV(RS) C Vj,. =.
')Ay F RS

Vi k (RS € Agr) by (1.17)
3,V x RE(5, k') by definition of B
k- R§ by definition of IF, since ¢5[id] = t.

k- RS
3V, x RE(5,k") by definition of I, since t[id] = t.
3.V k (RS € Ayr) by definition of B
I, A RS by (1.16).
Case BV C. Assume FV(BV C) C Vj.. =. Let I, Ay = BV C. Choose

an n > lh(k) such that T, Ax b, A, = BV C. Then, for all ¥ = k s.t.
Ih(k") = n it follows that

Apog=Apy U{BVC,B} and Ay =ApyU{BVCC},
and by IH
K'Ol-B and K'1IFC.

By definition, we have kIF BV C. <.

kIFBvVC

3 Vs k (K IF B or k' IFC)

Vim0, Ay FB or I'Ap = C) by IH

Vi ok (D, Ay E BV CO)

Ay BvVC by (1.16).

The case B A C'is evident.
Case B — C. Assume FV(B — C) C V.. =. Let ', Ay - B — C. We
must show k IF B — C, i.e.,

Vese(K IF B =K I C).
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Let k' = k be such that ¥’ I B. By IH, it follows that I', Ay, = B, and
I', A F C follows by assumption. Then again by IH ¥ IF C.

<. Let k IF B — C, ie., Vp=i(K' IF B = k' |- C). We show that
I'yAr F B — C. At this point, we apply (1.16). Choose an n > lh(k) such
that B = A,. Let kK’ =,, k be such that m := n — lh(k). We show that
I Ay B— C.

If T, Ay y, Ay, then k' I B by IH, and &’ IF C' by assumption, hence
I', A F C again by IH and thus I', Apy - B — C.

If T, At Ay, then by definition Agp = A U{B}, hence I', Apy - B,
and k'l |- B by IH. Now k'l I C by assumption, and finally I'; Ayq = C by
IH. From Ayq = Ap U {B}, it follows that I', Aps = B — C.

Case VyB(x). Assume FV(V,B(z)) C Vi. =. Let I'| Ay F V,B(x).
Fix a term ¢. Then I', A;, = B(¢). Choose n such that FV(B(t)) C Vj for
all &/ ~n k. Then Vk’tnk (F,Ak/ + B(t)), hence vk’tnk (k‘/ I+ B(t)) by IH,
hence k IF B(t) by the Covering Lemma. This holds for every term ¢, hence
kI V,B(x).

<. Assume k I+ V,B(x). Pick k¥ >, k such that A, = 3,T, for
m := lh(k) +n. Then at height m we put some z; into the variable sets:
for ' =, k we have z; ¢ Viy but z; € Vj;. Clearly ¥'j IF B(z;), hence
I'Ap; = B(x;) by IH, hence (since at this height we consider the trivial
formula 3, T) also I', Ay = B(x;). Since x; ¢ Vi we obtain I', Ay =V, B(z).
This holds for all &' =, k, hence I', A F ¥, B(x) by (1.16).

Case 3;B(z). Assume FV(3,B(x)) C V.

=. Let I', A = 3, B(z). Choose an n > 1h(k) such that I',,, Ax b, 4, =
3, B(x). Then, for all k' = k such that 1h(k’) = n it follows that

Ak’o = Ak’l = Ak U {ExB(x), B(wz)}
with 2; ¢ Vis. Hence by IH for B(z;) (applicable since FV(B(z;)) C Vi, for
J=0, 1)
K0l B(x;) and K'11F B(z;).
It follows by definition that & IF 3, B(x).

<. Assume k I 3, B(x). Then Virs, ;Fteter (K IF B(x)[id}]) for some n,

hence Vi, k3teter (K’ IF B(t)). For each of the finitely many k' =, k pick

an m such that Vir i (FV(B(tg)) C Vir). Let mg be the maximum of all
these m. Then

Vit nk SteTer (K7 I B(t) and  FV(B(t)) C Vin).
The IH for B(t) yields
Vi g sk TteTer (I A = B(2))
moink (I Apr = 3, B(x))
' A - 3;B(x) by (1.16).

vk’”i
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Now, we can finish the proof of the Completeness Theorem. We apply
(b) to the Beth model B constructed above from I', the empty node () and
the assignment 1 = id. Then B, () I- I'[id] by (1.18), hence B, () I- A[id] by
assumption and therefore I' = A by (1.18) again. O

Completeness of intuitionistic logic follows as a corollary.

COROLLARY. Let I'U{A} be a set of formulas. The following proposi-
tions are equivalent.
(a) r |_i A.
(b) T',EfqIF A, i.e., for all Beth models B for the intuitionistic logic, nodes
k and assignments n

B,k - T[n) = B,k IF Aln]. 0

1.6. Soundness and Completeness of the Classical Fragment

We will prove completeness by means of a technique due to Beth, Hin-
tikka and Schiitte (BHS-technique for short); it consists in simultaneously
searching for a derivation and a counterexample. This proof is non-construc-
tive: it makes use of the principle of omniscience (Bishop and Bridges, 1985,
p.11) for the property of being a bound for the height of a binary tree; we
call this principle the infinity test for binary trees. Using DC (dependent
choice), this principle also suffices to prove Konig’s Lemma, which is a cru-
cial ingredient of completeness proofs with the BHS-technique.

1.6.1. Models. We define the notion of a model (or more accurately,
L-model), and what the value of a term and the meaning of a formula in
such a model should be. The latter definition is by induction on formulas,
where in the quantifier case we need a quantifier in the definition.

For the rest of this section, fix a countable formal language £; we do not
mention the dependence on £ in the notation. Recall that by Lemma 1.2.4
it is not necessary to consider A. So let us assume that £ is based on —, V
and L.

DEFINITION. M = (D,I) is a pre-model, if D a non-empty set (the
carrier set or the domain of M) and I is a map (interpretation) assigning
to every n-ary function symbol f of £ a function I(f): D™ — D. In case
n =0, I(f) is an element of D. M = (D, Iy, 1) is a model, if (D, Iy) is
a pre-model and I; a map assigning to every n-ary relation symbol R of £
an n-ary relation on D". In case n = 0, I;(R) is either true or false; in
particular we require that ;(L) is false.

If M = (D,I) or (D,Iy, 1), then we often write | M| for the carrier set
D of M and fM, RM for the interpretations Io(f), I;(R) of the function
and relation symbols.
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An assignment (or variable assignment) in D is a map 7 assigning to
every variable z € dom(n) a value n(x) € D. Finite assignments will be
written as [z1 = ai,...,T, = ay] (or else as [a1/x1,...,an/2y]), with
distinct x1,...,2,. If n is an assignment in D and a € D, let n$ be the
assignment in D mapping = to a and coinciding with 7 elsewhere, so

ap.r . )n), ify#x
a(y) = {a, if y =x.

Let a pre-model M and an assignment 7 in |M]| be given. We define a
homomorphic extension of 1 (denoted by 7 as well) to the set Ter of terms
t such that vars(t) C dom(n) by

n(c) =M,

n(f(tla s 7tn)) = fM(n(tl)a R W(tn))
Observe that the extension of 7 depends on M; we sometimes write ¢ [n]

for n(t).

DEFINITION (Validity). For every model M, assignment 7 in |M| and
formula A such that FV(A) C dom(n) we define M |= A[n] (read: A is valid
in M under the assignment 1) by induction on A, with the following clauses.

MER(ty,... )] = RMMn),.... 6" ),
M E (A — B)n] = (M = Afp)) — (M = Bln))),
M = (V2 A)[n] = Ve M E Alngl.

Since I;(L) is false, we have in particular M = L[n].
If " is a set of formulas, we write M |=T'[n], if M |= A[n] for all A €T.
If M = Aln] for all assignments 1 in |[M|, we write M = A.

LeEMMA (Coincidence). Let M be a model, t a term, A a formula and

n,& assignments in |M|.
(a) If n(z) = &(z) for all x € vars(t), then n(t) = £(t).
(b) If n(z) = &(z) for all x € FV(A), then M = Aln] if and only if M =

Al
ProoOF. Induction on terms and formulas. O

LEMMA (Substitution). Let M be a model, t,r terms, A a formula and
n an assignment in |M|. Then

(2) n(rlz = t]) = ni ().
(b) M Al = ][] <= Mk AR,

PRroOF. Induction on terms and formulas. O



1.6. SOUNDNESS AND COMPLETENESS OF THE CLASSICAL FRAGMENT 51

A model M is called stable if ~—RM (&) — RM (@) for all relation sym-
bols R and all @ € |[M].

1.6.2. Soundness. We prove that every formula derivable in classical
logic is valid in an arbitrary stable model.

THEOREM (Soundness). Let I' . B, M a stable model and n an assign-
ment in |[M|. Then M [=T'[n] entails M = Bn].

PrOOF. Induction on derivations. The given derivation of B from I’
can only have finitely many free assumptions; hence we may assume I' =
{A1,..., A}

Case u: B. Then B € I" and the claim is obvious.

Case Stabg: VZ(——RZ — RZ). The claim follows from our assumption
that M is stable, i.e., ~—RM (@) — RM(@) for all @ € |[M|. The other
axioms are clearly valid.

Case —~. Assume M = I'[n]. We must show M = B[p|. By IH,
M = (A — B)n] and M = A[n]. The claim follows from the definition of
E.

Case —T. Assume M | T'[n]. We must show M E (A — B)[n|. So
assume in addition M = A[n]. We must show M = B[n|. By IH (with
I'U{A} instead of I') this clearly holds.

Case Y. Assume M | T'[n]. We must show M E A[n?]. We may
assume that all assumptions Ay, ..., A, actually appear in the given deriva-
tion. Since because of the variable condition for V* the variable z does not
appear free in any of the formulas Ay, ..., A,, we have by the Coincidence
Lemma M = I'[n¢]. The IH (with n¢ instead of n) yields M = A[n2].

Case ¥~. Assume M |=I'[n]. We must show M = Az := t][n], i.e., by
the Substitution Lemma M = A[n%] with b := n(t). By IH, M = (V. A)[n],
ie., M = An¢] for all a € |[M|. With n(t) for a the claim follows. O

1.6.3. Completeness. Let us first introduce some relevant notions. A
node is a finite sequence k = (ko,k1,...,ky,—1) of natural numbers; n is
called the length 1h(k) of k. We write k1 < kg, if k1 is an initial segment xo.
A tree is a set of nodes closed under the formation of initial segments. A tree
T is finitely branching, if every node x € T has only finitely many immediate
continuations in 7. A tree T is infinite, if for every n there is a node k € T
with lh(k) = n. A branch in a tree T is a linearly ordered subset of T" closed
under the formation of initial segments. Every infinite branch is determined
by a sequence (ky)nen of natural numbers, whose initial segments are the
nodes of the branch.

LEMMA (Konig). Every finitely branching infinite tree has an infinite
branch.
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PRrROOF. We make use of the principle of the availability of an infinity
test for binary trees, and moreover DC (dependent choice). Let T be a
finitely branching infinite tree. We define recursively natural numbers k,, by
requiring that k,, is the least k such that (ko, k1, ..., k,—1, k) has arbitrarily
large continuations in 7. O

REMARK. Without the assumption that T is finitely branching, Konig’s
Lemma is false. To see this, consider the set T of all nodes (n,0,...,0) with
n occurrences of 0. Clearly T is infinite, but it has no infinite branch.

THEOREM (Completeness). Let I'U {A} be a set of formulas. Then
PEA=Tk A

PROOF. We use the BHS-technique and construct a universal search tree
(i.e., a tree independent of I' and A). Using this universal search tree we
obtain for a given I" and A either a derivation of A from I in classical logic
or else a counterexample, i.e., a model of I'U {—A}.

In order to define this universal search tree we need at certain points new
variables. Clearly we can assume that there is a countably infinite set V' of
variables that occur neither in I" nor in A. Let AllFor be the set of universal
formulas and Ter the set of terms of £. Since L is assumed to be countable,
we can assume that we have a fixed enumeration of AllFor x Ter; we write
(VyC,s) T (VuB,t) if (V,C,s) comes before (V,B,t) in this enumeration.
Then we can define recursively an injective map new: AllFor x Ter — V
such that new(V,B,t) does not occur in any (V,C,s) such that (V,C,s) C
(VuB,t).

Recall that we may assume that neither I' nor A contains the connec-
tive A. Let AtomFor be the set of atomic formulas and ImpFor the set of
implication formulas of £. Consider

I := AtomFor U (ImpFor x {0,1}) U (AllFor x Ter)

as an index set. For every F' € I and every k € {0,1} we define a finite set
Ag(F) of formulas by

AL(RT) ~J{=Rt}, k=0,
g T V{REY, k=1,

{_‘(B—>C),B,_|C}, it k=0,

Ag(B — Cii) := {B — C,—B}, if k=1andi=0,
{B—C,C}, if k=1andi=1,
Ap(VoB(x),t) == {=V.B(z),-B(y)}, if k=0 and y=new(V,B(x),t),
k (Ve " Ve B(2), B(t)}, ifk=1.
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A partial map « from I into {0,1} will be called a search path or shortly
path. For every search path a we define a set I',, of formulas by

Fa = U AQ(F)(F)

Fedom(a)
« is called T', A-blocked or shortly blocked if

e Acl'y or -B €T, for some B €T, or
e B,-B eI, for some B, or
e | €1,.

Positive main case. There is an Iy Cg, I such that all search paths o
through Iy (i.e., with dom(a) = Iy) are blocked.

We show that in this case I' . A. To this end let us assume that Iy is
ordered in such a way that behind all elements of AllFor x Ter ordered by C
we list all formulas from AtomFor and (ImpFor x {0,1}). Let J range over
all subsets of Iy forming initial segments w.r.t. this ordering. We show that
for every such J and all a through J we have I'y UT" . A, by induction on
the number of elements in Iy \ J. With J = () we obtain the claim T I, A.

In the base case we have J = Iy. Then by assumption « is blocked;
hence I'y UT . A. In the step we distinguish three cases.

Case {Rt} U J. Let a be a search path through .J. By IH we have
Lopeyriy U T e A for every k € {0,1}, hence

{-Rt}UT,UT+F.A and {Rf}UTLUT,A.

Using . (Rt — A) — (=Rt — A) — A we obtain T', UT . A.
Case {(B — C,i)} U J . Let a be a search path through J. By IH we
have L'y /(B—cyiy) UT Fe A for every k,i € {0,1}, hence

(1.19) {~(B — C),B,~C}UT,UT +, A,
(1.20) {B— C,~-BYUT,UT I, A,
(1.21) {B— C,C}UT4UT -, A.

Because of . =(B — C) — B and . =(B — C) — —C we obtain from
(1.19)

(1.22) {~(B— C)}UT,UT k. A.

Since . (-B — A) — (C — A) — (B — C) — A, from (1.20) and (1.21)
we get

(1.23) {B—C}UT', Ul A.

From (1.22) and (1.23) we now obtain I'y UT' . A, using case distiction
again.
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Case {(V.B(z),t)} U J with J C AllFor x Ter and (V,B(z),t) 3
(VyC(y),s) for all (V,C(y),s) € J. Let a be a search path through J.
By IH we have T'q/(v, B(x),t)) UT Fe A for every k € {0, 1}, hence

{_‘va(x)v _‘B(y)} Ul UT k¢ A,
{VsB(z),B(t)} U, UT . A,

where y does not occur in ¥, B(x), 'y, I' and A. Using
Fe (VaB(2) = A) = ¥, (=¥ B(z) — =B(y) = 4) — A

for y ¢ FV(V,B(x), A) we obtain I', UT" . A, again using case distiction.

Negative main case. For every Iy Cg, I there is a non-blocked search
path « through Ij.

We show that in this case there is a non-blocked search path a through
all of I. From «a we will construct a counterexample to the hypothesis of
the Completeness Theorem.

Since £ was assumed to be countable, I is countable as well and can be
assumed to be given in the form { F,, | n € N} with F,, # F,, for n # m.
Let

T:= {H | Ja non—blockedvn<1h(n)'Fn € dOIH(Oé) N %(n) = Oé(Fn) }

Clearly T is a tree, i.e., closed against the formation of initial segments
Moreover, T is finitely branching, since we always have o(F') € {0,1}. T
is infinite because of the assumption in the negative main case. By Konig’s
Lemma there is an infinite branch in 7', determined say by (kn)nen. Let
a(Fy,) := kyp. Then « is a non-blocked search path through all of I.

Using this non-blocked search path « and the set of formulas

Lo = U Acy(F)(I?)
Fel

determined by it, we can now construct the required counterexample. First
we collect some properties of I',, that follow immediately from its definition.

a) For every formula B, either B € I',, or =B € T,
1 ¢T,.
A¢Ta, and T C T,

(
;
(d) If «(B — C) €Ty, then B €T’y and -C € T,.
)
)

b
¢
d
IfB—-CeTl,,then -Bel,or CeTl,.

If -V, B(z) € I'y, then =B(y) € I'y, for some y.
) If V,B(x) € Ty, then B(t) € T, for all terms ¢.

Define aa model M by

(e
(f
(g

M = (Ter710711)7
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where

I()(f)(tl,. . .,tn) = f(tl,.. . ,tn),
RM = {(t1,...,tn) | R(t1,...,t,) €Ty }.

Write M = B for M = Blid]. We show
(1.24) MEB <= Bel,.

The proof is by induction on the number of logical connectives —,V in B.
Notice that for our canonical definition of Iy(f) we have id(t) = t for all
terms .

Case Rt. M |= Rt by definition means Rt € T',,.

Case L. By (b) we have L ¢ T,,.

Case B — C. =. Assume M = B — C. We must show B — C € T,
By (a) it suffices to know =(B — C) ¢ I',. So assume (B — C) € I',.
Then by (d) B € I'y and =C € T, hence by (a) C ¢ I',. By IH it follows
that M = B und M [~ C, contradicting the assumption M = B — C.

<. Assume B — C € T'y. We must show M =B — C. So let M = B.
We must show M = C. By IH we have B € Ty, hence by (e) and (a)
C €Ty, hence by IH M = C.

Case VyB(x). =. Assume M |= VY, B(z). We must show V,B(z) € I',.
By (a) it suffices to know =V, B(z) ¢ I's. So assume -V, B(z) € I'y. Then
by (f) =B(y) € T'y for some y, hence by (a) and the IH M [~ B(y), hence
by the Substitution Lemma M = B(x)[idY], contradicting the assumption
M =V, B(x).

<. Assume V,B(z) € T,. We must show M = V,B(z). So let ¢t be
an arbitrary term. We must show M = B(z)[id%], hence M [= B(t) by the
Substitution Lemma. But from (g) we obtain B(t) € T',, hence by IH for
B(t) also M = B(t).

Now we can finish the proof of the Completeness Theorem. Because of
(c) we have A ¢ I'y and I' C 'y, hence M (= A and M |= B for all B €T,
i.e., M and the assignment id form a counterexample to the hypothesis
I' = A of the Completeness Theorem. (]

1.7. Notes

The proof of the existence of normal forms w.r.t permutative conversions
is originally due to Prawitz (1965). We have adapted a method developed by
Joachimski and Matthes (2003), which in turn is based on van Raamsdonk
and Severi (1995).

The remark in Sec.1.3.4 concerning arithmetical comprehension is essen-
tially due to Takeuti (1978); it has been extended by Troelstra (1973).



56 1. LOGIC

The constructive completeness proof of minimal logic w.r.t. Beth models
in Sec. 1.5 is due to Friedman (1975). An exposition of (a version of) this
proof, together with an extensive discussion of the history of completeness
proofs for minimal and intuitionistic logic, can be found in (Troelstra and
van Dalen, 1988).

Loeb (2005) shows that the completeness theorem of classical proposi-
tional calculus is equivalent to the Fan Theorem.

Kolmogorov (1925) provided the first translation of classical proposi-
tional logic into minimal logic, by inserting double negations everywhere.
Godel (1932) and Gentzen (independently, about the same time, but un-
published) rediscovered this translation, in a somewhat simplified form. For
implication, Gédel had (A — B)T := (AT A =BT), whereas Gentzen had
(A — B)T := AT — BT. So Gédel translated into the A,--language,
whereas Gentzen had the —, —-language instead. Both Go6del and Gentzen
extended the translation to first order logic. The fact that classical logic can
be embedded into intuitionistic logic came as a surprise at the time. Goédel
and Bernays (see Hilbert and Bernays (1968)) since distinguished between
“finitary” and “intuitionistic” reasoning.

Harrop formulas are called Rasiowa-Harrop formulas in Troelstra and
van Dalen (1988), for they were considered by Rasiowa before Harrop came
across this notion. However, we continue to use the more common name
here.



CHAPTER 2

Computation with Partial Continuous Functionals

The logic considered up to now is very general, and for instance does not
allow to speak of natural numbers. We therefore introduce inductive types
(or free algebras) as base domains; they are given by constructors. We also
allow function spaces, with the inductive types as base types. We specialize
our minimal logic to a simply typed one, where the variables are typed, and
the formation of terms is adapted. We add induction axioms, to express
the minimality of the inductive types. Every inductive type comes with a
recursion operator, which has certain conversion or definitional equality rules
associated with it. We prove that every term (possibly with free variables)
can be converted into normal (or canonical) form.

We describe a constructive theory of computable functionals, based on
the partial continuous functionals as their intendend domain. Such a task
had been started by Scott (1969), under the well-known abbreviation LCF.
However, the prime example of such a theory, the type theory of Martin-Lof
(1984), in its present form deals with total (structural recursive) functionals
only. An early attempt of Martin-Lof (1983) to give a domain theoretic
interpretation of his type theory has not even been published, probably
because it was felt that a more general approach — such as formal topology,
see Coquand et al. (2003) — would be more appropriate.

Here we try to make a fresh start, and do full justice to the fundamental
notion of computability in finite types, with the partial continuous function-
als as underlying domains. The total ones then appear as a dense subset
(Kreisel, 1959; Ershov, 1972; Berger, 1993b; Stoltenberg-Hansen et al., 1994;
Schwichtenberg, 1996; Kristiansen and Normann, 1997), and seem to be best
treated in this way.

Computable functionals and logic. Types are built from base types by
the formation of function types, p = 0. As domains for the base types
we choose non-flat (cf. Fig. 2 on page 66) and possibly infinitary free alge-
bras, given by their constructors. The main reason for taking non-flat base
domains is that we want the constructors to be injective and with disjoint
ranges.

The naive model of such a finitely typed theory is the full set theoretic
hierarchy of functionals of finite types. However, this immediately leads

57
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to higher cardinalities, and does not lend itself well for a theory of com-
putability. A more appropriate semantics for typed languages has its roots
in (Kreisel, 1959) (which used formal neighborhoods) and (Kleene, 1959).
This line of research was taken up and developed in a mathematically more
satisfactory way by Scott (1970) and Ershov (1974). Today this theory is
usually presented in the context of abstract domain theory (see Stoltenberg-
Hansen et al. (1994); Abramsky and Jung (1994)); it is based on classical
logic.

The present work can be seen as an attempt to develop a constructive
theory of formal neighborhoods for continuous functionals, in a direct and
intuitive style. The task is to replace abstract domain theory by a more
concrete and (in case of finitary free algebras) finitary theory of representa-
tions. As a framework we use Scott’s information systems (see Scott (1982);
Larsen and Winskel (1991); Stoltenberg-Hansen et al. (1994)). It turns out
that we only need to deal with “atomic” and “coherent” information sys-
tems (abbreviated acis), which simplifies matters considerably. In this setup
the basic notion is that of a “token”, or unit of information. The elements
of the domain appear as abstract or “ideal” entitites: possibly infinite sets
of tokens, which are “consistent” and “deductively closed”.

Total functionals. One reason to be interested in total functionals is
that for base types, that is free algebras, we can prove properties of total
objects by structural induction. This is also true for the more general class
of structure-total objects, where the arguments at parameter positions in
constructor terms need not be total. An example is a list whose length is
determined, but whose elements need not be total.

We show that the standard way to single out the total functionals from
the partial ones works with non-flat base domains as well, and that Berger’s
proof (1993b) of Kreisel’s (1959) density theorem can be adapted.

Terms and their denotational and operational semantics. Since we have
introduced domains via concrete representations, it is easy to define the
computable functionals, simply as recursively enumerable ideals (= sets of
tokens). However, this way to deal with computability is too general for
concrete applications. In practice, one wants to define computable functio-
nals by recursion equations. We show that and how computation rules (see
Berger et al. (2003); Berger (2005)) can be used to achieve this task. The
meaning [AZ M] of a term M (with free variables in Z) involving constants
D defined by computation rules will be an inductively defined set of tokens
((7, b), of the type of A& M.

So we extend the term language of Plotkin’s PCF (1977), by constants
defined via “computation rules”. One instance of such rules is the definition
of the fixed point operators ), of type (p = p) = p, by Vof = f(Vof).
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Another instance is the structural recursion operator R, defined by

nat(f797 ) = fv nat(fvgasn) - g(n Rnat(fvgvn))'

Operationally, the term language provides some natural conversion rules
to “simplify” terms: 8, n, and — for every defined constant D — the defi-
ning equations DP — M with non-overlapping constructor patterns P the
equivalence generated by these conversions is called operational semantics.
We show that the (denotational) values are preserved under conversions,
including computation rules.

Computational adequacy. Clearly we want to know that the conversions
mentioned above give rise to a “computationally adequate” operational se-
mantics: If [M] = k, then the conversion rules suffice to actually reduce M
to the numeral k. We show that this holds true in our somewhat extended
setting as well, with computation rules and non-flat base domains.

Structural recursion. An important example of computation rules are
those of the (Godel) structural recursion operators. We prove their totality,
by showing that the rules are strongly normalizing. A predicative proof of
this fact has been given by Abel and Altenkirch (2000), based on Aczel’s
notion of a set-based relation. Our proof is predicative as well, but — being
based on an extension of Tait’s method of strong computability predicates —
more along the standard line of such proofs. Moreover, it extends the result
to the present setting.

Related work. The development of constructive theories of computable
functionals of finite type began with Godel’s (1958). There the emphasis was
on particular computable functionals, the structural (or primitive) recursive
ones. In contrast to what was done later by Kreisel, Kleene, Scott and
Ershov, the domains for these functionals were not constructed explicitly,
but rather considered as described axiomatically by the theory.

Denotational semantics for PCF-like languages is well-developed, and
usually (as in Plotkin’s (1977)) done in a domain-theoretic setting. The
study of the semantics of non-overlapping higher type recursion equations
- called here computation rules - has been initiated in Berger et al. (2003),
again in a domain-theoretic setting. Recently Berger (2005) he has intro-
duced a “strict” variant of this domain-theoretic semantics, and used it to
prove strong normalization of extensions of Godel’s T by different versions
of bar recursion. Information systems have been conceived by Scott (1982),
as an intuitive approach to domains for denotational semantics. The idea to
consider atomic information systems is due to Ulrich Berger (unpublished
work); coherent information systems have been introduced by Plotkin (1978,
p.210). Taking up Kreisel’s (1959) idea of neighborhood systems, Martin-
Lof developed in unpublished (but somewhat distributed) notes (1983) a
domain theoretic interpretation of his type theory. The intersection type
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discipline of Barendregt, Coppo, and Dezani-Ciancaglini (1983) can be seen
as a different style of presenting the idea of a neighborhood system. The
desire to have a more general framework for these ideas has lead Martin-
Lof, Sambin and others to develop a formal topology; cf. Coquand, Sambin,
Smith, and Valentini (2003).

It seems likely that the method in (Kristiansen and Normann, 1997,
Section 3.5) (which is based on an idea of Ulrich Berger) can be used to
prove density in the present case, but this would require some substantial
rewriting.

The first proof of an adequacy theorem (not under this name) is due to
Plotkin (1977, Theorem 3.1); Plotkin’s proof is by induction on the types,
and uses a computability predicate. A similar result in a type-theoretic
setting is in Martin-Lof’s notes (1983, Second Theorem). Adequacy the-
orems have been proved in many contexts, by Abramsky (1991); Amadio
and Curien (1998); Barendregt et al. (1983); Martin-Lo6f (1983). Coquand
and Spiwack (2005) — building on the work of Martin-Lo6f (1983) and Berger
(2005) — observed that the adequacy result even holds for untyped languages,
hence also for dependently typed ones.

The problem of proving strong normalization for extensions of typed A-
calculi by higher order rewrite rules has been studied extensively in the lit-
erature: Tait (1971); Girard (1971); Troelstra (1973); Blanqui et al. (1999);
Abel and Altenkirch (2000); Berger (2005). Most of these proofs use im-
predicative methods (e.g., by reducing the problem to strong normalization
of second order propositional logic, called system F' by Girard (1971)). Our
definition of the strong computability predicates and also the proof are re-
lated to Zucker’s (1973) proof of strong normalization of his term system for
recursion on the first three number or tree classes. However, Zucker uses a
combinatory term system and defines strong computability for closed terms
only. Following some ideas in an unpublished note of Berger, Benl (in his
diploma thesis (1998)) transferred this proof to terms in simply typed A-
calculus, possibly involving free variables. Here it is adapted to the present
context.

Organization of the chapter. In Sec.2.1 atomic coherent information sys-
tems are defined, and used as a concrete representation of the relevant do-
mains, based on non-flat and possibly infinitary free algebras. Sec.2.5 deals
with total and structure-total ideals; it is shown that the density theorem
holds. Sec.2.3 introduces the term language, extending Plotkin’s PCF by
defined constants and computation rules. The denotational and operational
semantics is defined, the former by an inductive definition of a relation
(U,b) € [AZ M], the latter by conversions which include the computation
rules. We prove preservation of values under conversions. Sec.2.4 contains



2.1. PARTIAL CONTINUOUS FUNCTIONALS 61

the proof of the adequacy theorem. The structural recursion operators are
taken up in Sec.1.3, as an example of computation rules defining total ob-
jects. The chapter concludes in Sec.2.6 with remarks on an implementation
of some of its ideas, in the Minlog proof assistant www.minlog-system.de
under development in Munich.

2.1. Partial Continuous Functionals

Information systems have been introduced by Scott (1982), as an intu-
itive approach to deal constructively with ideal, infinite objects in function
spaces, by means of their finite approximations. One works with atomic
units of information, called tokens, and a notion of consistency for finite
sets of tokens. Finally there is an entailment relation, between consistent
finite sets of tokens and single tokens. The ideals (or objects) of an infor-
mation system are defined to be the consistent and deductively closed sets
of tokens; we write |A| for the set of ideals of A. One shows easily that
|A| is a domain w.r.t. the inclusion relation. Conversely, every domain with
countable basis can be represented as the set of all ideals of an appropriate
information system (Larsen and Winskel, 1991).

Here we take Scott’s notion of an information system as a basis to intro-
duce the partial continuous functionals. Call an information system atomic
if the entailment relation U F b is given by Jsepy{a} F b and hence deter-
mined by a transitive relation on A (namely {a} F b, written a > b). Call
it coherent (Plotkin, 1978, p.210) when a finite set U of tokens is consistent
if and only if every two-element subset of it is. We will show below that if
B is atomic (coherent), then so is the “function space” A — B. Since our
algebras will be given by atomic coherent information systems, this is the
only kind of information systems we will have to deal with.

2.1.1. Types. A free algebra is given by its constructors, for instance
zero and successor for the natural numbers. We want to treat other data
types as well, like lists and binary trees. When dealing with inductively
defined sets, it will also be useful to explicitly refer to the generation tree.
Such trees are quite often infinitely branching, and hence we allow infinitary
free algebras.

The freeness of the constructors is expressed by requiring that their
ranges are disjoint and that they are injective. To allow for partiality —
which is mandatory when we want to deal with computable objects —, we
have to embed our algebras into domains. Both requirements together imply
that we need “lazy domains”.

Our type system is defined by two type forming operations: arrow types
p = o and the formation of inductively generated types ud <, where & =
(0j)j=1,..n is a list of distinct “type variables”, and K = (K;)i=1,...k is a list
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of “constructor types”, whose argument types contain aq, ..., ay in strictly
positive positions only.

For instance, pa(a, @ = «) is the type of natural numbers; here the list
(o, = «) stands for two generation principles: « for “there is a natural
number” (the 0), and o = « for “for every natural number there is a next
one” (its successor).

DEFINITION. Let & = (aj)j=1,..,~ be a list of distinct type variables.
Types p,o, 7, € Ty and constructor types k € KT (&) are defined induc-
tively by

P,01,...,0n €Ty
p=(01=a;)=...= (0h = q;,) = a; € KT(Q)
ooy kn € KT (&
Ii_} Kn () (n>1)
(p@ (K1,...,kn)); € Ty

(n > 0)

p,o €Ty
p=>0€Ty

Here p'= o means p; = ... = p,, = 0, associated to the right. We
reserve p for types of the form (pud (k1,...,kg));. The parameter types of p

are the members of all g appearing in its constructor types k1, ..., K.
EXAMPLES.
unit = paa, unit
boole = pa (o, a), booleans
nat = pa(a,a = a), natural numbers
list(p) =pa(a,p=a=a), lists
pR T =pa(p=o0=a), (tensor) product
p+o = pa(p= a0 = a), sum
(tree, tlist) := pu(a, B) (nat = o, B = o, B, = B = ),
bin = pa (o, = o= a), binary trees
o = pa(a,a = a, (nat = a) = a), ordinals
7o := nat,
Tni1 = po(a, (7, = a) = a). trees

Notice that there are many equivalent ways to define these types. For
instance, we could take unit 4+ unit to be the type of booleans, and list(unit)
to be the type of natural numbers.

A type is called finitary if it is a p-type with all its parameter types §
finitary, and in all its constructor types

(2.1) p=(01=>a;)=...= (0= q,) = q
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the 71,...,d, are all empty. In the examples above unit, boole, nat, tree,
tlist and bin are all finitary, whereas O and 7,41 are not. list(p), p® o and
p~+ o are finitary provided their parameter types are. An argument position
in a type is called finitary if it is occupied by a finitary type.

2.1.2. Atomic coherent information systems.

DEFINITION. An atomic coherent information system (abbreviated acis)
is a triple (A, Con, >) with A a countable set (the tokens, denoted a,b, ... ),
Con a nonempty set of finite subsets of A (the consistent sets or formal
neighborhoods, denoted U, V,...), and > a transitive and reflexive relation
on A (the entailment relation) which satisfy
(a) 0 € Con, and {a} € Con for every a € A,

(b) U € Con if and only if every two-element subset of U is in Con, and
(c) if {a,b} € Con and b > ¢, then {a,c} € Con.

We write U > a for dpepyb > a, and U > V for V,eyU > a. — Every acis
is an information system in the sense of Scott (1982); this follows from

LEMMA. Let A = (A,Con,>) be an acis. U > Vi,V implies V1 U Vs €
Con.

Proor. Let by € Vi, by € V5. Then we have a1, as € U such that a; > b;.
From {a;, a2} € Con we obtain {aj,b2} € Con by (c), hence {b1,b2} € Con
again by (c). O

DEFINITION. Let A = (A4,Cong,>4) and B = (B, Cong, >p) be acis’s.
Define A — B = (C,Con, >) by

C :=Cony x B,
{(Ul,bl), ... (Un, bn)} € Con :+ VZ-J- (UZ @] Uj € Conyg — {bi,bj} € COHB),
(U,b) > (V,c) i V>4 UNb>pc.

LEMMA. Let A = (A,Cong,>4) and B = (B,Cong,>p) be acis’s.
Then A — B is an acis again.

PROOF. Clearly > is transitive and reflexive, and the conditions (a) and
(b) of an acis hold; it remains to check (c). So let {(U1,b1),(Us,b2)} €
Con and (U2,b2) > (V,c), hence V' > Uy and by > ¢. We must show
{(U1,b1),(V,c)} € Con. So assume U; UV € Con; we must show {b1,c} €
Con. Now U1UV € Con and V' > U; by the previous lemma imply Uy UUs €
Con. But then {b1,b2} € Con, hence {b1,c} € Con by (c). O

Scott (1982) introduced the notion of an approzimable map from A to
B. Such a map is given by a relation r between Cony and B, where (U, b)
intuitively means that whenever we are given the information U € Con4 on
the argument, then we know that at least the token b appears in the value.



64 2. COMPUTATION WITH PARTIAL CONTINUOUS FUNCTIONALS

DEFINITION (Approximable map). Let A and B be acis’s. A relation
r C Cong X B is an approzimable map from A to B (written r: A — B) if
and only if

(a) if 7(U,b1) and r(U, ba), then {by,be} € Conpg, and
(b) if r(U,b), V>4 U and b >p ¢, then r(V, ¢).

Call a (possibly infinite) set z of tokens consistent if U € Con for every
finite subset U C x, and deductively closed if Ve, Vo<qb € x. The ideals
(or objects) of an information system are defined to be the consistent and
deductively closed sets of tokens; we write |A| for the set of ideals of A.

THEOREM. Let A and B be acis’s. The ideals of A — B are exactly
the approximable maps from A to B.

PrOOF. We show that r € |A — B| satisfies the axioms for approx-
imable maps. (a). Let 7(U,b1) and r(U,b2). Then {b1,b2} € Conp by the
consistency of r. (b). Let 7(U,b), V >4 U and b >p ¢. Then (U,b) > (V,¢)
by definition, hence 7(V, ¢) by the deductive closure of r.

For the other direction suppose r: A — B is an approximable map. We
must show that r € |A — B|. Consistency of r: Suppose (U, b1), r(Us, b2)
and U = Uy UU; € Cong. We must show that {b1,b2} € Cong. Now
by definition of approximable maps, from r(U;, b;) and U >4 U; we obtain
r(U, b;), and hence {b1,b2} € Conpg. Deductive closure of r: Suppose (U, b)
and (U,b) > (V,¢), i.e., V>4 UAb >p c. Then r(V,c) by definition of
approximable maps. O

The set |A| of ideals for A carries a natural topology (the Scott topo-
logy), which has the cones U := {z | z D U} generated by the formal
neighborhoods U as basis. The continuous maps f: |A| — |B| and the ideals
r € |A — Bj| are in a bijective correspondence. With any r € |A — B| we
can associate a continuous |r|: |A| — |B|:

Ir|(z) :={be B|r(U,b) for some U C z},
and with any continuous f: |A| — |B| we can associate f € |[A — Bl:
fUb) = be f(U).

These assignments are inverse to each other, i.e., f = | f | and r = \/7'\] - We
will usually write r(z) for |r|(z), and similarly f(U,b) for f(U,b). It will be
clear from the context where the mods and hats should be inserted.

2.1.3. Algebras with approximations. We can now define the acis
C,; of an algebra (i, given by constructors C;.
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S5(5(50))

S(5(5%))

FI1GURE 1. Tokens and entailment for nat

e The tokens are all type correct constructor expressions with an
outermost C;, such that at any finitary argument position we have
either a special symbol — written * — which carries no information
or else a token, and at any other argument position we have a
formal neighborhood of the appropriate type. — By an extended
token a* we mean a token or *, and a* > b* means that b* is *, or
both are tokens and the entailment relation holds.

e Two tokens are in the entailment relation > if they start with the
same constructor, and for every argument position the arguments
located there are either extended tokens a*, b* such that a* > b*,
or formal neighborhoods U, V such that U > V, as defined above
(notice that this is an inductive definition).

e A finite set of tokens is consistent if every two-element subset is;
two tokens are consistent if both start with the same constructor
and have consistent extended tokens resp. formal neighborhoods at
corresponding argument positions.

For example, the (extended) tokens for the algebra nat are as shown in
Fig. 1 on page 65. A token a entails another one b if and only if there is a
path from a (up) to b (down). In this case (and similarly for every finitary
algebra) a finite set U of tokens is consistent if and only if it has an upper
bound. Every constructor C generates

ro == {(U,Cv) | U > b*},

with b} extended tokens or formal neighborhoods. The continuous map |r¢|
is defined by

Irc|(2) :== {b]| (U,b) € r¢ for some U C 7}.

Hence the (continuous maps corresponding to) constructors are injective and
their ranges are disjoint, which is what we wanted to achieve.

The ideals z for p are — as for any information system — the consistent
and deductively closed sets of tokens. Clearly all tokens in = begin with the
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S(S(S0))

S(S0)

FIGURE 2. Ideals and inclusion for nat, i.e., its domain

same constructor. For instance, {S(S0),S(Sx*), Sx}, {S(S*),Sx}, {0} are
ideals for nat, but also the infinite set { S™* | n > 0}. The ideals for nat
and their inclusion relation are pictured in Fig. 2 on page 66. Here we have
denoted the ideals @, {0}, { S™« | n > 0} by L, 0, oo, respectively, and any
other ideal by applications of (the continuous map corresponding to) the
constructor S to 0 or L. The ambiguous notation — S denotes a symbol in
constructor expressions and also the continuous map |rg| — should not lead
to confusion.

Let C )y := C, — C,. The ideals x € |C,| are called partial continu-
ous functionals of type p.

2.2. Structural Recursion

The inductive structure of the types ji = ud K corresponds to two sorts
of constants: with the constructors Cg : Ki|[I] we can construct elements of a
type pj, and with the recursion operators Rgf we can construct mappings
from p; to 7; by recursion on the structure of ji. In the present section we
take a syntactical point of view: the recursion operators are introduced as
constants, together with their conversion rules. It is proved (by a predicative
method) that every reduction sequence terminates.

2.2.1. Recursion operators. In order to define the type of the recur-
sion operators w.r.t. i = pud K and result types 7, we first define for

ki=p= (01=05)=>...= (0, = qa;,) = a; € KT(d)
the step type

T == (1= pyy) = o= (Fn = ) =

(2

(G1=71))=...= (0 =>T15,)=Tj
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Here p, (61 = 1j,),.-.,(Fn = pj,) correspond to the components of the
object of type p; under consideration, and (1 = 75,), ..., (dn = 7j,) to the

previously defined values. The recursion operator Rj;)" has type
ﬁvF . ﬁﬂ? ﬁﬂ? . .
RyT:01 = ...=0" = u =7

(recall that k is the total number of constructors for all types p, ..., un).

We will often write Rf ™ for R,’ff, and omit the upper indices [i, 7 when
they are clear from the context. In case of a non-simultaneous free algebra,
i.e., of type paw, for R),™ we write RJ,.

2.2.2. Examples.
ttbOOle — Cl{)oole’ ﬁ:boole — Cl2joole7

Foole: T = T = boole = T,

nat .__ ~mat nat=mnat .__ ~mat
0"t .= Chat g = Ot

T

Tat: T = (nat =7 =7) = nat =7,

nillist(e) . Cllist(a) aslist(a)=list(a) ,_ list(a)

2 ’
list(a): T = (@ =list(a) = 7= 7) = list(a) = 7,

, cons

(inlpg) p=rte CT—W,

(irlrpo)‘j:}'wr(7 = C§+U,

Roypo:(p=T1)=(0=7)=pt+to=r,
(67 i
pzot (P = 0=T)= pRo =T

Terms are inductivelyﬂdeﬁned from typed Variable§ xf and the constants,
that is, constructors C%' and recursion operators Rﬁf, by abstraction Ax? M?
and application MP=? N”. One can see easily that for instance the following
functions can be “expressed” by means of terms involving recursion oper-
ators: eristence Epat: nat = boole and Ejg (o) : nat = boole, and equality
=: nat = nat = boole.

Enat(o) =1, (0 = 0) = tt,

Enat(S(n)) == Enat(n); (0 =S(n)) :=ff,

Elist(oz) (Illl) =1, (S(m) = 0) = ﬁ:v

Bist(a) (cons(z, 1)) == By ();  (S(m) =8(n)) := (n=m)
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2.2.3. Conversion. To define the conversion relation, it will be helpful
to use the following notation. Let ji = pd < and

Ki=p1=...=pp = (01=0) = ... = (0, = qa;,) = a; € KT(d),

and consider CE]\7 Then we write NT = NP, ... NE for the parameter
arguments N{*, ..., Nf" and N = NE .. NEfor the recursive arguments

F1= 4y Fn=Hjn ¢ R ;
N1 oo Ny ¢y and n'® for the number n of recursive arguments.

We define a conversion relation +—, between terms of type p by
(2.2) (AM)N +— Mz := NJ,
(2.3) Ae.Mx— M if x ¢ FV(M) (M not an abstraction),
(2.4)  (RyM)M5=75(CIN) = M;N((Ry, M) o N{¥) ... (R, M) o N;Y).

Here we have written R; for Rﬁf

The one step reduction relation — can now be defined as follows. M —
N if N is obtained from M by replacing a subterm M’ in M by N’, where
M' — N’. The reduction relations —* and —* are the transitive and the

reflexive transitive closure of —, respectively. For M = My, ..., M, we
write M — M’ if M; — M for some i € {1,...,n} and M; = M; for all
i#je{l,...,n}. Aterm M is normal (or in normal form) if there is no

term NN such that M — N. o
Clearly normal closed terms are of the form C{'N.

2.2.4. Strong normalization.

DEFINITION. The set SN of strongly normalizing terms is inductively
defined by

\V/N;M—>NN € SN — M € SN.
Note that with M clearly every subterm of M is strongly normalizing.

DEFINITION. We define strong computability predicates SCP by induction
on p.
Case pj = (udK);. Then M € SCHI if

(2.5) VN;M_,NN S SC, and
R
- 2P R g d .
(2.6) M = CfN — N* € SC /\pﬂ:“1 VI?ESC Np K € SCHip,
Case p= 0.

SCP=7 .= {M | Vnesce MN € SC? }
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The reference to N¥ € SC and K € SC in (2.6) is legal, because the
types p,d; of N ) K must have been generated before p;. Note also that by
(2.6) CFN € SC implies N € SC.

We now set up a sequence of lemmata leading to a proof that every term
is strongly normalizing.

LEMMA (Closure of SC under reduction). If M € SC” and M — M’,
then M' € SCP.

PrOOF. Induction on p. Case pu. By (2.5). Case p = o. Assume
M € SCP=7 and M — M'; we must show M’ € SC. So let N € SC”; we
must show M’N € SC?. But this follows from M N — M’'N and M N € SC”
by IH on o. O

LEMMA (Closure of SC under variable application).

Y iiesn (M € SC — (zM)* € SC).

PROOF. Induction on M € SN. Assume M € SN and M € SC; we must
show (zM)* € SC. So assume zM — N; we must show N € SC. Now by
the form of the conversion rules N must be of the form x M’ with M — M.
B_gt M’ € SC by closure of SC under reduction, hence zM' € SC by IH for
M. O

LEMMA. (a) SCP C SN,
(b) x € SC*.

PRrROOF. By simultaneous induction on p. Case pu; = (udiK);. (a). We
show that M € SC* implies M € SN by (side) induction on M € SC*i. So
assume M € SCHI; we must show M € SN. But for every N with M — N
we have N € SC by (2.5), hence N € SN by the SIH. (b). = € SC* holds
trivially.

Case p = o. (a). Assume M € SCP~?; we must show M € SN. By
IH(b) for p we have x € SC”, hence Mz € SC?, hence Mz € SN by IH(a)
for o. But Mz € SN clearly implies M € SN. (b). Let M e SC? with
p1 = p; we must show xM € SCH. But this follows from the closure of SC
under variable application, using IH(a) for g. O

It follows that each constructor is strongly computable:
COROLLARY. N € SC — C/'N € SC, i.e., CF € SC.

PROOF. First show VN€SN(]\7 € SC — CE]\_f € SC) by induction on

N € SN as we proved closure of SC under variable application, and then use
SC? C SN. O



70 2. COMPUTATION WITH PARTIAL CONTINUOUS FUNCTIONALS

LEMMA. YV, v vegn(M[z := N]N € SC* — (AzM)NN € SC*).

PRrROOF. By induction on M, N, N € SN. Let M,N,N € SN and assume
M[z := N]N € SC; we must show (AztM)NN € SC. Assume (AzM)NN —
K; we must show K € SC. Case K = (AtM')N’N’ with M,N,N —
M’',N',N'. Then Mz := N]N —* M'[z := N'|N’, hence by (2.5) from our
assumption M[z := N]N € SC we can infer M'[z := N']N’ € SC, therefore
(AzM')N'N'" € SC by IH. Case K = M[z := N]N. Then K € SC by
assumption. O

By induction on p (using SC” C SN) it follows that this property holds
for arbitrary types p as well:

(2.7) v (Mz := N]N € SC” — (\ztM)NN e SC?).

M,N,NeSN

LEMMA. Vyegen Vg reen(M, L € SC — R;MNL € SCH).

PROOF. By main induction on N € SC*/, and side induction on M , Le
SN. Assume
RJMNE — L.
We must show L € SC.
Case 1. R;M'NL’' € SC by the SIH.
Case 2. R;MN'L € SC by the main TH.
Case 3. N = Cf]\_f and

L=MN((R;M)oN{)...((R;M)o NF)L.

M, L € SC by assumption. N € SC follows from N = CE]\? € SC by (2.6).
Note that for all recursive arguments Nf of N and all strongly computable

K by (2.6) we have the IH for fof available. It remains to show (RJM )o
Nf = )\fp.RjM(fop) € SC. So let K,Q € SC be given. We must show
(AZ,.R; M (NEZ,))KQ € SC. By IH for NJ'K we have R;M(NFK)Q € SC,
since K, @ € SN because of SC” C SN. Now (2.7) yields the claim. O

So in particular R; € SC.

DEFINITION. A substitution & is strongly computable, if £(x) € SC for all
variables z. A term M is strongly computable under substitution, if M & € SC
for all strongly computable substitutions &.

THEOREM. FEwery term is strongly computable under substitution.
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ProOOF. Induction on the term M. Case z. z§ € SC, since £ is strongly
computable. The cases C' and R; have been treated above. Case M N. By
IH M¢,N¢ € SC, hence (MN)E = (ME)(NE) € SC. Case AxzM. Let € be a
strongly computable substitution; we must show (AxM){ = \xMEE € SC.
So let N € SC; we must show (AzMEZ)N € SC. By TH M¢N € SC, hence
(AxMEX)N € SC by (2.7). O

It follows that every term is strongly normalizing.

2.3. Terms; Denotational and Operational Semantics

For every type p, we have defined what a partial continuous functional of
type p is: an ideal consisting of tokens at this type. These tokens or rather
the formal neighborhoods formed from them are syntactic in nature; they are
reminiscent to Kreisel’s “formal neighborhoods” (Kreisel, 1959; Martin-Lof,
1983; Coquand and Spiwack, 2005). However — in contrast to Martin-Lof
(1983) — we do not have to deal separately with a notion of consistency for
formal neighborhoods: this concept is built into information systems.

Let us now turn our attention to a formal (functional programming)
language, in the style of Plotkin’s PCF (1977), and see how we can provide a
denotational semantics (that is, a “meaning”) for the terms of this language.
A closed term M of type p will denote a partial continuous functional of this
type, that is, a consistent and deductively closed set of tokens of type p. We
will define this set inductively.

It will turn out that these sets are recursively enumerable. In this sense
every closed term M of type p denotes a computable partial continuous
functional of type p. However, it is not a good idea to define a computable
functional in this way, by providing a recursive enumeration of its tokens.
We rather want to be able to use recursion equations for such definitions.
Therefore we extend the term language by constants D defined by certain
“computation rules”, as in (Berger et al., 2003; Berger, 2005). Our semantics
will cover these as well.

There are some natural questions one can have for such a term language:

(1) Preservation of values under conversion (as in (Martin-Lof, 1983,
First Theorem)). Here we need to include applications of compu-
tation rules.

(2) An adequacy theorem (cf. (Plotkin, 1977, Theorem 3.1) or (Martin-
Lof, 1983, Second Theorem)), which in our setting says that when-
ever a closed term has a proper token in the ideal it denotes, then
it evaluates to a constructor term entailing this token.

Propertie (1) will be proved in the present section, and (2) in Sec.2.4.
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Coquand and Spiwack (2005) observed that the types play only a some-
what minor role in this setup. It suffices to know the arity (a natural
number) of the constants (constructors and defined constants), to guide the
definitions. An interesting consequence is that one can use this approach for
dependently typed languages as well, for instance, the terms of Martin-Lof’s
type theory.

2.3.1. Terms. Terms are built from (typed) variables and (typed) con-
stants (constructors C or defined constants D, see below) by (type-correct)
application and abstraction:

M,N :=2z" | CP| DP | (\xP M?)P=7 | (MPZINP)°.
Every defined constant comes with a system of computation rules, consisting
of finitely many equations DP, = M; (i =1,...,n) with constructor patterns
15;, such that P, and 15; (¢ # j) are non-unifiable. Constructor patterns
are lists of applicative terms with distinct variables, defined inductively as
follows (we write P(#) to indicate all variables in P; notice that z can
be a variable for a formal neighborhood, and that all expressions must be
type-correct):
e z(x) is a constructor pattern.
e If C'is a constructor and P(Z) a constructor pattern, then (CP)(Z)
is a constructor pattern.
e If P(Z) and Q(¥) are constructor patterns whose variables # and
i/ are disjoint, then (]3, Q)(Z,y) is a constructor pattern.

2.3.2. Ideals as meaning of terms. How can we use computation
rules to define an ideal z in a function space? The general idea is to induc-
tively define the set of tokens (U, b) that make up z. However, since arbitrary
terms are allowed on the right, we need to define the value [AZ M], where
M is a term with free variables among Z. Since this value is a token set, we
can define inductively the relation (U, b) € [AZ M].

We use the following notation. (U,b) means (Uy,...(Up,b)...), and at
argument positions of constructors we use b* for extended tokens as well as
for formal neighborhoods. (U, V) C [AZ M] means (U,b) € [AZ M], for all
(finitely many) b € V. For a constructor C, let

_J{COx} ifv =20,
c) = {{Ca |a €V} otherwise.

DEFINITION (Inductive, of (U,b) € [AZ M]).
Ui >b V) (U,V)C[MN]  (U,V,e) € [\& M]
(U,b) e PZz] 7 (U,c¢) € [N&.MN]

(4).
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For every constructor C' and defined constant D we have
V> b c (U,V.b) € [\, § M]
(U,V,co*yepzc] ~  (U,P(V),b) € [\ D]

D),

with one such rule (D) for every computation rule DP(§) = M.

Here are some simple consequences of this definition. First we show a
useful property of constructors:

LEMMA. (U,b) € [AZ.CN] if and only if there are ¢* > b* such that
b=Cb* and (U,¢;) € [MEN;] (i =1,...,n) for the tokens c; among c*.

PROOF. We may assume that b*, ¢* are tokens b, & Let (U, ¢;) € [AZNi]
(¢; > bj,i=1,...,n). For j =0,...,n we show (ﬁ,{cj+1},...,{cn},0b) €
[AZ.CNy...N;]. In case j =0 use (C):

{Cl} Z bl . {Cn} Z bn
(U, {c1},..., {ca},Cb) € [NEC]
In the step from j — 1 to j use (A):
(U,e;) e MEN;] (U, {¢j}, ..., {en},Cb) € [NE.CNy ... Nj_4]
(U, {Cj+1}, cee {Cn}, Cb) S [[)\fCNl e Nj]]

For j = n the claim follows. — For the other direction, observe that only (A)
could have been applied. Hence the argument can be read backwards. [

Using the fact that the left hand sides of computation rules are non-
unifiable we can prove:

LEMMA. [AZ M] is an ideal, i.e., consistent and deductively closed.

PRrOOF. Induction on (U,b) € [\& M].

(1 )Con51stency Case (V). Assume (Uy,b1), (U, by) € [AZ z;], and that
U, and U, are pairwise consistent. We must show {b;, by} € Con. By (V),
Ui > by and Us; > be. Now {by, b2} € Con follows from Uy; U Uy; € Con.

Case (A). Let (Uy,c1), (Us,c2) € [ANZ.MNT], with U; and U, pairwise
consistent. We show {c1,¢} € Con. By (A), (U1, V1), (Uz, Vo) C [MZN],
so by IH Vi UV, € Con. Similarly, again by (A), (U1, Vi, c1), (Ua, Va, ) €
[AZ M], hence {c1,c2} € Con by IH.

Case (C). Assume (Uy, Vi, Cb*), (Us, Vi, Cb*s) € [AZC], and that
ﬁl,Vl and 172,172 are pairwise consistent. We show {ij‘l,Ckaz} € Con.
By (C), Vi > b%; (1 =1,2). From the pa1rw1se conswtency of V1 and Vs, we
obtain the pairwise consistency of b*; and b*y. Hence {C’b*l, C'b*g} € Con.
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Case (D). Let (U, P,(V;),b;) € [AMED] (i = 1,2), and assume that
(71,131(171) and [72,132(172) are pairwise consistent. From the fact that the
left hand sides of computation rules are non-unifiable we can infer 131 = ]32,
and that V; and Vs are pairwise consistent. Then {b1,b2} € Con by IH.

(2) Closure under >. Case (V). Assume V > U and b > ¢. We must
show (V,¢) € [Mx;]. By (V) it suffices to show V; > ¢. But this follows
from V; > U; > b>c.

Case (A). The IH clearly suffices here.

Case (C'). Assume U, > C_f, Vi > V and Ch* > Cc*. We must show
(Uy, Vi, Cé*) € [AZC]. By (C) it suffices to show V; > ¢*. But this follows
from ‘71 > 1% > b > cF,

Case (D). Assume U, >0, 7> ﬁ(V) and b > b;. Notice that Z >
P(V) implies Z = P(V}) with Vi > V| so we must show (U1, P(V}),b1) €
[\ D]. By IH we have (U3, Vi, b1) € [AZ,§ M]. Now use (D). O

2.3.3. Preservation of values. We now prove that our definition
above of the meaning of a term is reasonable in the sense that an appli-
cation of the standard (- and 7-) conversions and also of a computation
rule does not change the meaning of a term. For the (-conversion part of
this proof it is helpful to first introduce a more standard notation, which
involves variable environments.

DEFINITION. Assume that all free variables in M are among r. Let
(M1 = {b] (T,5) € [\d M]} and [M]Z := Up [M17.

We have a useful monotonicity property, which follows from the deduc-
tive closure of [AZ M].

LemMMA. (a) IfV > T, b>c and b e [M]Y, then c € [M]Y.
(b) If 72, b>candbe [M]Z, then c € [M]5.
PROOF. (a). By the deductive closure of [N M], V > U, b > ¢ and
(U,b) € [AZ M] together imply (V,c) € [AZ M]. (b) follows from (a). O
LEMMA. (a) [z;]2% = u;.
(b) Dy MIZ = {(V,b) [ be [M]Z) }.
(¢) [MN]z = [M]ZINT-

PROOF. (b). It suffices to prove this with U for @. But (V,b) € [\y Mﬂg
and b € [[M]]g;/ are both equivalent to (U, V,b) € [AZ,y M].
(c)-
c € [MIZIN]Z
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o HVQ[[N]];: (V,e) € [M]% (application in acis’s)
e [M]z

T

= JyepvgzIocs (Voo

ElU1CuEIVC[[N]]U1 EIU' (V7 C) € [[Mﬂg

) EIUCuzlvc[[N]] (V,e) € [[M]]mg
= g (U, V) CEN] A (U, V, 0) € [AEM]
= 35 (U,0) € NEMN]  (by (A))

= Jgcgc € [MN]Y
o ce [MN]E.

Here is the proof of the equivalence marked (x). The upwards direction is
obvious. For the downwards direction we use monotonicity. Assume U; C ,

V C [N, O C @ and (Vic) € [M]Y. Let Uy := U, UU C @ Then by
monotonicity V C [N ]]52 and (V,c) € [M ]]52 O
COROLLARY. [A\y M]%v = [[M]]%’Z
PROOF.
be [AyM]év — Jyc, (V,b) € [\y M]% (application in acis’s)
o Jycybe [M]Z,  (by the lemma)
—be ML, O

NI _ [z = NI

LEMMA (Substitution). [[M]]
Proor. Case Ay M. For readabllity we leave out & and .
N] _ N],V
Py MIPT = {(vV,0) | b e ML
={(V;b) [be [M[z:= N[y } (by IH)
= [M\y.M[z := N]] (by the lemma)
= [(Ay M)[z := N][.
The other cases are easy. O
LEMMA. [(A\y M)N]E = [M]y := N]]<.
PRrROOF. For readability we leave out Z and @. By the last two lemmata
and the corollary, [(\y M)N] = [Ay M][N] = [M] = [M]y :=N]]. O

LEMMA. [Ay.My]é = [M]Z, if y ¢ FV(M).
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PRrROOF. For readability we leave out Z and .

(V,b) € [\y.My] < b e [My]y

—be[M]V
— 3y (U,b) € [M] (application in acis’s)
= (V,b) € [M],
where in the last step we have used monotonicity. O

To prove preservation of values under computation rules, the following
observation will be needed (it removes the need for “(generalized) predeces-
sor functions” of Berger et al. (2003); Berger (2005)):

LEMMA.
(2.8) (U,V,b) € [\&,§.M[z := Ci]] < (U,CV,b) € [AZ, z M].

PROOF. Induction on (U,V,b) € [AZ,7.M[z := Ci]], and cases on the
form of M. Case MN.

(U,V,c) € [\&,§.M[z :== Cij]N[z := C§]]

—3,.(U,V,Z) C [\, N[z :=CF]| A (U,V,Z,c) € [\&, i M|z := CF]]
—3,.(U,CV,Z) C [\, zN] A (U,CV, Z,¢) € [\E,zM] (by IH)

— (U,CV,¢) € [M,2.MN] (by (A)).

Case z.
(U,V,c) € M2,7.C7] = [M\F C] < 3.V > b* ACb* = ¢
NG Vs >c
- (U,CV,¢) € [\, 22].
In all other cases both sides are clearly equivalent. O

We can now prove preservation of values under computation rules:

LEMMA. For every computation rule Df’(gj) = M of a defined constant
D, [\j.DP(§)] = [MjM].
ProOF. The following are equivalent:
(V.b) € N7.DP(§)]
(P(V),b) € [D] = [\2.DZ] by (2.8)
(V.b) € [\ M,

where the last step is by definition. O
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2.3.4. Examples. We consider the doubling function D: nat = nat,
addition +: nat = nat = nat and the fixed point operators ),. Structural
recursion could be treated as well.

Doubling. D: nat = nat is defined by the computation rules

D0 =0, D(Sn) = S(S(Dn)).
One can show easily that all tokens
({0},0),  ({s""10},87"%0),  ({S"T1x}, 8% H2x)
are in [D], and that any token (V,c) € [D] is entailed by one of these.
Addition. +: nat = nat = nat is defined by the computation rules
n+0=nmn, n+Sm=S(n+m).
As above one shows that all tokens
({0},0),  ({s""10},8""10), ({5}, ST hH)

are in [Am.0 + m], and that any token (V,¢) € [Am.0 + m] is entailed by
one of these. So we can conclude that [Am.0 + m] = [Amm]. This is of
interest, because it allows us to replace 0 + M by M for an arbitrary (not
necessarily total) term M without affecting the values.

Fized points. The computation rule V,f = f(J,f) defines the fixed
point operator ), of type (p = p) = p.

2.4. Adequacy

The adequacy theorem of Plotkin (1977, Theorem 3.1) says that when-
ever the value of a closed term M is a numeral, then M head-reduces to
this numeral. So in this sense the (denotational) semantics is (computation-
ally) “adequate”. Plotkin’s proof is by induction on the types, and uses a
computability predicate. We prove an adequacy theorem in our setting, for
arbitrary computation rules.

2.4.1. Operational semantics. Recall that a token of a base type p is
a constructor expression (possibly involving *) whose outermost constructor
is for p. We use B to denote both, constructors C' and defined constants D.

DEFINITION (M >; N, M head-reduces to N).

M =4 M’
Az M )N M|z =N —_
(e M)N = Ml = N),
DP(N) =, M[j:= N] for DP(§) = M a computation rule,

M =1 M’
Baj...apM =1 Bay...a, M’

> denotes the reflexive transitive closure of >1.

for n < ar(B).
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Clearly for every term M there is at most one M’ such that M =1 M’;
call M normal if there is no such M.

We define an “operational interpretation” (Martin-Lof, 1983) of formal
neighborhoods U. To this end we define a notion M € [a], for M closed, by
induction on the type of the token a, and write M € [U] for Voey M € [a.

DEFINITION. (a) For a of base type p, M € [a] if and only if In>q M >
N.

(b) M € [(U,b)] if and only if M = Az M’ or M = BM with length of M
less than ar(B), and Ve MN € [b].

LEMMA. If M = N, N € [V] and V > U, then M € [U].

PRrROOF. Let a € U. We show M € [a], i.e., Ix>q M = K. Because of
V' > U we have ¢ € V such that ¢ > a. Because of N € [¢] we have a term
K such that N = K >¢c. Hence M = N = K > ¢ > a. O

THEOREM (Adequacy). If (U,b) € [A\ZM], then \ZM € [(U', V)] for
some (U',0) > (U,b).

PROOF. By induction on the rules defining (U, b) € [AZ M], and cases

on the form of M.
Case x;.

U >b
(U,b) € [\ ;]
We need (U,¥) > (U,b) such that A\Zxz; € [(U',V)], i.e. s Ve Ki

Take U’ = U, b/ = b. Let K; € [U;]. Then by definition K; € [V/].
Case MN.

(U, V) C[A

;€ [V].

N]  (U.Vie) € PEM]
c) € [M2.MN]
> (U,¢) such that A\&.MN e [(U',c)], ie.,

N
— A).
@ (4)
We need to find some (U, )
vf?e[l_j’] (MN)[:E = K] S [C/].
By IH, for all b € V we have some (U1,b') > (U,b) such that A& N €
(U, b)), ie. sV Rew] N[Z := K] € [V/]. Recall that (Uy,V') > (U,b) means

—

U> U1 and b’ > b. Hence we can pick the same U; for all b € V, and

vl}e[(jﬂ N[Z = K] e [V].
Also, by IH we have (Us, V', ¢) > (U,V,¢) such that AZM € [(Ua, V', )],
i.e.,
Ve, MIE = K] € [(V',d)].
Recall that (Uy, V', ¢') > (U, V,¢) means U > (7 V>V and ¢ > c.
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Let U’ := ﬁl U (,72 (component wise union), and fix K € [[’]. Clearly
K € [U1] and K € [Us]. From M[# := K] € (V’ ') we know that M[Z :=
K] = Az M’ or M = BM with length of M less than ar(B), and also
VLE[V/]'M[:I; = K]L S [ ]

Since N[Z := K] € [V] and hence € [V'] we obtain (M N)[Z := K] € [¢],
as required.

Case D. Lo

(U, P(V),b) e [\ D]~

with DP(f) = M be a computation rule. We need (U7, Z, V') > (U, P(V),b)
such that AZD € [(U’, Z,V)]. Recall that (U, Z,b) > (ﬁ, P(V),b)
U>U', P(V)>Zand V/ >b.

By IH we have (U, V',¥/) > (U,V,b) such that A&, M < [(U', V', V)],

ie.,

means

Ve Ve My = N] € [V'].

Recall that (U, V', V') > (U,V,b) means U > U’, V > V' and b/ > b.
Pick the required U’, b’ as the ones provided by the IH, and Z := P(V").
We must show Az D e [(U’, B(V'), V)], i.e

Vke[ﬁque[ﬁ(V/)]
Now fix K € [['] and L € [P(V')]. Then L > P(N) with N € [V']. From
DP(N) =1 M[j:= N] and M[j := N] € [V/] the claim follows.
Case C. L
V > b*
= (0).
LV, 0b%) € [MN2C]

(
We need ((j’,V’,b’) > (U Recall
that (U, V")) > (U,V,Cb*) means U > U', V > V' and b’ > Cb*
Pick U’ := U, V' := V, b/ := Cb*. We must show A\ C € [(U,V,Cb*)],

ie.,

lﬁl
Q =
S
*

S—
wn

c

e

=
o+

=
)

+

.~
g

Q
m

—
S
=
°‘\

This follows from V > b*. U

2.5. Total Functionals

Total ideals are important because one can prove their properties by
(structural) induction. We also introduce the concept of structure-total
ideals, first for a free algebra p and then for arbitrary types. They are
more general, because ideals at parameter positions need not be total, but
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still allow to argue by induction. An example of the latter notion are lists
whose structure (number of cons’s) is known, but whose elements may be
partial. This is of interest, because for such “structure-total” objects an
obvious induction principle holds.

Kreisel (1959) states the important density theorem, which says that any
finite functional can be extended to a total one. Proofs of various versions
of the density theorem have been given by Ershov (1972), Berger (1993b),
Stoltenberg-Hansen et al. (1994), Schwichtenberg (1996) and Kristiansen
and Normann (1997). Here we give a proof for the practically important
case where the base domains are not just the flat domain of natural numbers,
but non-flat and possibly parametrized free algebras.

2.5.1. Total and structure-total ideals. It is well-known how one
can single out the total functionals from the partial ones.

DEFINITION. The total ideals of type p are defined inductively.

e Case u. For an algebra p, the total ideals x are those of the form
Cz with C a constructor of p and 2z total (C denotes the continuous
function |r¢|).

e (Case p= 0. An ideal r of type p = o is total if and only if for all
total z of type p, the result |r|(z) of applying r to z is total.

The structure-total ideals are defined similarly; the difference is that in case
u the ideals at parameter positions of C need not be total. — We write
x € G, to mean that x is a total ideal of type p.

For instance, for nat the ideals 0, S0, S(S0) etc. in Fig. 2 on page 66
are total, but L, S1, S(SL), ..., co are not. For list(p), precisely all ideals
of the form cons(zy,...cons(xy,nil)...) are structure-total. The total ones
are those where in addition all list elements z1, ..., z, are total.

For non-flat base domains it is easy to see that there are maximal but not
total ideals: oo is an example for nat. This is less easy for flat base domains;
a counterexample has been given by Ershov (1974); a more perspicious one
(at type (nat = nat) = nat) is in (Stoltenberg-Hansen et al., 1994).

Conversely, the total continuous functionals need not be maximal ideals
in Cp: A counterexample is { (S"0,0) | n € nat }, which clearly is a total
object of type nat = nat representing the constant function with value 0.
However, addition of the pair (§,0) yields a different total object of type
nat = nat. However, it is easy to show both functionals are “equivalent” in
the sense that they have the same behaviour on total arguments.

2.5.2. Equality for total functionals.

DEFINITION. An equivalence ~, between total ideals x1,22 € G, is
defined inductively.
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e Case u. For an algebra u, two total ideals x1, xo are equivalent if
both are of the form Cz; with the same constructor C of u, and
we have z1; ~, 2g; for all j, where 7 is a predecessor type (one of
P, 01, ...,0,) from the inductive clause for .

e Case p = o. Two ideals r1,ry of type p = o are equivalent if and
only if YVoeq, f(7) ~5 g(x).

Clearly ~, is an equivalence relation. Similarly, one can define an equiva-
lence relation ~, between structure-total ideals 1, zo.

We obviously want to know that ~, (and similarly ~,) is compatible
with application; we only treat ~, here. The nontrivial part of this argument
is to show that « ~, y implies f(z) ~» f(y). First we need some lemmata.
Recall that our partial continuous functionals are ideals (i.e., certain sets of
tokens) in the information systems C,.

LEMMA. If f € G,, g€ |C)p| and f C g, then g € G,.

PrROOF. By induction on p. For base types u the claim easily follows
from the IH. p = o: Assume f € G =, and f C g. We must show g € G =,
So let x € G),. We have to show g(x) € G,. But g(z) 2 f(x) € G,, so the
claim follows by IH. O

LEMMA.

(2.9) (AN fo)(@) = fi(z) N fa(z), for f1, f2 € |Cp=ol| and x € |C)y|.
PROOF. By the definition of |r|,
|f10 fol(z)
={be s |uc, (U,b) € fiN fo}
={b€Co | uca (U1,b) € f1 } N{bECs | pca (Uz,b) € fo}
= |Al(z) N[ f2l(x).
The part C of the middle equality is obvious. For 2O, let U; C z with
(Ui, b) € fi be given. Choose U = U; U U,. Then clearly (U,b) € f; (as
(Ui, b) > (U, b) and f; is deductively closed). O
LEMMA. f ~, g if and only if fNg e G,, for f,g € G),.

PRrROOF. By induction on p. For base types p the claim easily follows
from the IH. p = o

[ ~p=mo g = vxEGp f(z) ~5 g(x)
< VYeeq, f(x)Ng(r) € G, by IH
= VYeeq, (fNg)r € G, by (2.9)
< fNgeGrso.
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This completes the proof. O
THEOREM. x ~, y implies f(x) ~o f(y), forz,y € G, and f € Gp=y.

PROOF. Since x ~, y we have x Ny € G, by the last lemma. Now
f(@), f(y) 2 f(xNy) and hence f(z)N f(y) € G,. But this implies f(z) ~,
f(y) again by the last lemma. O

2.5.3. Dense and separating sets. We now prove the density the-
orem, which says that any finitely generated functional (i.e., any U with
U € Con,) can be extended to a total functional.

However, we need some assumptions on the base types for this theorem
to hold. Otherwise, density might fail for the trivial reason that there are
no total ideals at all (e.g., in pa (@ — «)). A type paa,...,an(Ki, ..., Kp)
is said to have total ideals if for every j (1 < j < N) there is a constructor
type k;; of form (2.1) with ji,...,jn < j. Then clearly for every j we have
a total ideal of type ayj; call it z;. Moreover, we assume that all base types
are finitary. Then their total ideals are finite and maximal, which will be
used in the proof.

THEOREM (Density). Assume that all base types are finitary and have
total ideals. Then for any U € Con, we can find an x € G, such that U C x.

PrOOF. Call a type p dense if Vyecon,Jzec, U C x, and separating if
le,UgeConp (U1 U Us ¢ COIlp = dzcq InCon(ﬁl(Z) U@(E)))

Here 7 € G means that 7 is a sequence of total z; such that U;7 is of a base
type p. We prove by simultaneous induction on p that any type p is dense
and separating. This extended claim is needed for the inductive argument.

For base types p both claims are easy: the fact that p is separating
is obvious, and density for g can be inferred from the IH, as follows. For
simplicity of notation assume that p is non-simultaneously defined. Let
U € Cony. Then (since p is finitary) FVeer b > a. In the token b, replace
every constructor symbol by its corresponding continuous function, every
token at a parameter argument position by a total ideal of its type (which
exists by IH), and every x at a type-p-position by the total ideal z of type
u (which exists by assumption). The result is the required total ideal.

p = o is separating: This will follow from the inductive hypotheses
that p is dense and o is separating. So let W, W' € Con,—, such that
W UW' ¢ Conyss. Then there are (U,a) € W and (U’,a’) € W’ such that
UUU'" € Con, but {a,a’} ¢ Con,. Since p is dense, we have a z € G, such
that UUU’ C 2. Hence a € W (z) and a’ € W/(z). Now since o is separating
there are Z € G such that

InCon({a}(%) U {d'}(7)),
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hence also o L
InCon(W(z,2) UW'(z, 2)).
This concludes the proof that p = o is separating.

p = o is dense: This will follow from the inductive hypotheses that p
is separating and o is dense. So fix W = {(Uj,a;) | i € I} € Con,e,.
Consider i, j such that {a;,a;} ¢ Con,. Then U; UU; ¢ Con,. Since p is
separating, there are 2j; € G and k;j,l;; € G, such that with k;; := Ui(Zi)
and lz‘j = U](Z_’;j)

InCon(k‘ij U llj)
We clearly may assume that Zj; = Zj; and (kij, lij) = (Ljs, kji)-

Now define for any U € Con, a set Iy of indices ¢ € I such that “U
behaves as U; with respect to the Z;;”. More precisely, let

[U = {Z el ‘ Vj({ai,aj} Qé Cong — U(EZJ) = kz‘j) }
We first show that
(2.10) {a;|i€ Iy} e Con,.

It suffices to show that {a;,a;} € Con, for all 4,5 € Ir;. So let 4,5 € Iy and
assume {a;,a;} ¢ Con,. Then U(Zj;) = kij as i € Iy and U(Z};) = kj; as
J € Iy, and because of Zj; = Zj; and InCon(k;; U kj;) (recall l;; = kj;) we
could conclude that U(Z;;) would be inconsistent. This contradiction proves
{ai,a;} € Con, and hence (2.10).

Since (2.10) holds and o is dense by IH, we can find y7, € G, such that
a; € yr, for all ¢ € I;. Define r C Con, x C; by

(U, a) a € yrn, if U(,E;J) is finite and maximal for all Z;;
Jdier, ai >5 a, otherwise.

We will show that r € G, and W C r.

For W C r we have to show r(U;,a;) for all i € I. But this holds, since
clearly i € Iy, and also a; € yy,, .

We now show that 7 is an approximable map, i.e., that r € |C,=s|. To
prove this we have to verify the defining properties of approximable maps.

(a). 7(U,b1) and r(U,by) implies {by,bo} € Con,. If U(Z;;) is finite and
maximal for all Z;;, the claim follows from the consistency of yr,,. If not, the
claim follows from the general properties of acis’s.

(b). r(U,b), V >4 U and b >p c implies r(V,c). First assume that
U(Z;;) is finite and maximal for all Z;;. Then also V(Z;;) is maximal for all
Zij. From r(U,b) we get b € yr,. We have to show that ¢ € yr,,. But since
U(%;;) and V(Z;;) are maximal for all Z;; and V >, U, they must have the
same values on the Zj;, hence Iy = Iy, so yy, = yr, and therefore ¢ € yr,,
by deductive closure. Now assume the contrary. From r(U, b) we get a; >, b
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for some ¢ € Iyy. From V' >, U we can conclude I;; C Iy, by the definition
of Iy. Hence i € Iy, and also b € y,, (since a; € yy, for all i € Iy, and yr,,
is deductively closed). Therefore r(V,b) and hence r(V, ¢).

This concludes the proof that r is an approximable map. It remains to
prove 1 € Gp=q. So let z € G,. We must show

Ir|(z) ={a € Cys | Fucar(U,a)} € G-

Now z(Zj;) is total for all 4, j, hence by our assumption on base types finite
and maximal. So there is some U;; C x such that U;;(Z;;) = x(Z;). Let
U C x be the union of all the U;;. Then by definition (U, a) for all a € yy,,.
Therefore yr, C |r|(z) and hence |r|(z) € G- O

2.5.4. Applications of the density theorem. As an application of
the density theorem we prove a choice principle for total continuous func-
tionals.

THEOREM (Choice principle for total functionals). There is an ideal
I'e |C(p:>aéboole):\’p:>0| such that for any F' € Gpéo’éboole satisfying

VxerzlyEGg F(z,y) =t
we have I'(F) € Gy and
VIGGP F(LL“,F(F, I‘)) =t.

Proor. Let Vy, Vi, Va,... be an enumeration of Con,. By the density
theorem we can find vy, € G, such that V,, C y,. Define a relation r C
Conp:NTéboole X Cp:>a by

r(W,U,a) <= FVicm W(U,y:) = FAWU,ym) =tt Aa € yn).

We first show that I' := r is an approximable map. To prove this we have
to verify the clauses of the definition of approximable maps.

(a). r(W,Ur,a1) and r(W,Us, ag) imply {(Ur,a1), (Uz2,a2)} € Conpey.
Assume the premise and U := U; U U, € Con,. We show {a;,a2} € Con,.
The numbers m; in the definition of r(W,U;,a;) are the same, = m say.
Hence a1, a2 € ym,, and the claim follows from the consistency of y,,.

(b). r(W',U,a), W > W' and (U,a) > (V,b) implies r(W,V,b). Then
V > U and a > b. The claim follows from the definition of r, using the
deductive closure of y,,. The m from r(W’, U, a) can be used for (W, U, a).

We finally show that for all F' € G = s=1oole Satisfying

vxEszlyEGa F(z,y) =t

and all z € G, we have rFz € G, and F(z,I'(F,z)) =tt. So let F' and x
with these properties be given. By assumption there is a y € G, such that
F(z,y) = tt. Hence by the definition of application there is a V,, € Con,
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such that F(x,V,) = tt. Since V,, C y, we also have F(z,y,) = t. Clearly
we may assume here that n is minimal with this property, i.e., that

F(x,yo) =ff,..., F(z,yp—1) = ff.

We show that I'(F,x) O y,; this suffices because the extension of a total
ideals is total. Recall that

I'(F)={(U,a) € Con, x Cy | Iwcrpr(W,U,a) }
and
I'F,z) ={a€Cy | Jucy (U,a) e T'(F) }
={acC; | ucedwcrr(W,U,a) }.
Let a € y,,. By the choice of n we get U C x and W C F' such that

Viecn W(U,y;) =ff and W(U,y,) = t.
Therefore r(W, U, a) and hence a € I'(F, x). O

From the proofs of both theorems it can be seen easily that the func-
tionals constructed are in fact computable. More precisely we have:

THEOREM (Effective density theorem). For any U € Con, we can find
a computable x € G, such that U C x.

PROOF. By inspection of the proof of the density theorem. To see that r
(in the proof that p = o is dense) is X{-definable one needs that J;¢ Iy G > a
implies a € yr, for all U and a, since by definition a; € yy, for all 7 € Iy.
Hence

r(U,a) <

Jier, ai > a or (a € yr, and U(Z;;) is finite and maximal for all Zj;).

Moreover, if U(Z;;) is finite and maximal for all Zj;, one can actually compute
Iy (and not only an enumeration procedure for Iy;). O

THEOREM (Effective choice principle). There is a computable I' of type
(p = 0 = boole) = p = o such that for any F € G y=o=boole Satisfying

VmerzlyGGg F(z,y) =t
we have I'(F) € Gy and
vaGp F(z,I(F,x)) = tt.

PROOF. Immediate from the proof of the choice principle for total con-
tinuous functionals. O
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The effective choice principle generalizes the simple fact that when-
ever we know the truth of Vyen3yen P(z,y) with P(x,y) decidable, then
given x we can just search for a y such that P(z,y) holds; the truth of
VrenTyen P(z,y) guarantees termination of the search.

2.6. Implementation

This “logic for computable functionals” is the basis for the Minlog proof
assistant www.minlog-system.de, under development in Munich. It treats
partial functionals as first class citizens: variables range over all partial
continuous functionals of a given type. Since these functionals are viewed
as sets of tokens, we in fact quantify over sets, so we have a second order
theory. However, the existence axioms — here in the form of which terms
are allowed in V-elimination — are weak in the sense that these terms involve
quantifiers over functionals, so our theory remains predicative.

In contrast to Martin-Lof (1984), formulas and types are kept separate.
This makes it possible to avoid dependent types, which simplifies the theory
considerably. More importantly, by separating the logic rules from type
theory one avoids the well-known difficulty: when propositions are viewed
as types and types as domains, then — as every domain is inhabited by its
bottom element — every proposition would have a proof.

Types are built from base types (non-flat and possibly infinitary free
algebras, with type parameters) by forming function spaces; this suffices
for our intended mathematical applications. For more metamathemati-
cal subjects one may also add universe formation processes, as in (Berger,
Berghofer, Letouzey, and Schwichtenberg, 2006). Decidable predicates are
viewed as boolean valued functions (and hence the rewrite mechanism de-
scribed above applies to them), and inductive definitions are the common
way to introduce undecidable predicates. In addition to free type variables
also free predicate variables are allowed. They are viewed as placeholders
for formulas (or more precisely, comprehension terms, that is formulas with
some variables abstracted). However, in comprehension terms quantifica-
tion over predicate variables is not allowed, since this would form a glaring
impredicativity: we then would define a predicate (by the comprehension
term) with reference to the totality of all predicates, to which the one to be
defined belongs. A central application domain for the Minlog proof assistant
is program extraction from constructive — and classical (Berger et al., 2002)
— proofs. This is done by means of a realizability interpretation, which re-
quires — when the formula to be realized is given by an inductively defined
predicate — a (possibly non-finitary) free algebra as domain of the realizers.

Computable functionals are defined by “computation rules”, as described
in (Berger et al., 2003; Berger, 2005); these rules are added to the standard
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conversion rules of typed A-calculus. To simplify equational reasoning, the
system identifies terms with the same normal form. Then it clearly is desir-
able to use other equations as rewrite rules as well; for instance, we not only
want to rewrite M + 0 into M (which is an instance of a computation rule),
but also 0+ M into M. To justify this we need to prove 0+m = m, where m
ranges over all (possibly partial) objects of type nat. The standard way to
prove such equations is of course induction. However, induction is only valid
for total objects (or — for types with parameters — “structure-total” objects;
hence cannot be used for equations involving partial variables. Here the
approach developed in the present chapter helps: one can prove the equal-
ity of the wvalues of the two terms, by showing that both contain the same
tokens, and then use reflection to conclude that the terms must be equal.
The present chapter aims at preparing the ground for such proofs.

2.7. Notes

The material in the present chapter is taken from (Schwichtenberg,
2006).






CHAPTER 3

Proof Interpretations

The Brouwer-Heyting-Kolmogorov interpretation (BHK-interpretation
for short) of intuitionistic (and minimal) logic explains what it means to
prove a logically compound statement in terms of what it means to prove its
components; the explanations use the notions of construction and construc-
tive proof as unexplained primitive notions. For prime formulas the notion
of proof is supposed to be given. The clauses of the BHK-interpretation are:

e p proves A A B if and only if p is a pair (pg,p1) and py proves A,
p1 proves B;

p proves A — B if and only if p is a construction transforming any
proof g of A into a proof p(q) of B;

1 is a proposition without proof.

p proves V,cpA(x) if and only if p is a construction such that for
all d € D, p(d) proves A(d),

p proves JyepA(z) if and only if p is of the form (d,q) with d an
element of D, and ¢ a proof of A(d).

The problem with the BHK-interpretation clearly is its reliance on the
unexplained notions of construction and constructive proof. Godel has been
concerned with this problem for more than 30 years. In 1941, Godel gave
a lecture at Yale university with the title “In what sense is intuitionistic
logic constructive?”. According to Kreisel, Gédel “wanted to establish that
intuitionistic proof of existential theorems provide explicit realizers” (Godel,
1990, p.219). Godel published his “Dialectica interpretation” in (1958), and
revised this work over and over again; its state in 1972 has been published
in (Godel, 1990). Troelstra, in his introductory note to the latter two papers
writes in (Godel, 1990, p.220/221):

Godel argues that, since the finististic methods considered
are not sufficient to carry out Hilbert’s program, one has
to admit at least some abstract notions in a consistency
proof; ...However, Godel did not want to go as far as
admitting Heyting’s abstract notion of constructive proof;
hence he tried to replace the notion of constructive proof
by something more definite, less abstract (that is, more

89
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nearly finitistic), his principal candidate being a notion of
“computable functional of finite type” which is to be ac-
cepted as sufficiently well understood to justify the axioms
and rules of his system T, an essentially logic-free theory
of functionals of finite type.

We intend to explicate the notion of a computable functional of finite type
as an ideal in an acis, as explained in Ch.2. However, already Gddel noted
in (1990) that his proof interpretation is largely independent of a precise
definition of computable functionals; one only needs to know that certain
basis functionals are computable (including primitive recursion operators in
finite types), and that they are closed under composition.

Building on Gdédel’s work (1958), we assign to every formula A a new
one ;A1 (z) with A;(z) 3-free. Then from a derivation M: A we want to
extract a “realizing” term r such that A;(r). The intention here is that
its meaning should in some sense be related to the meaning of the origi-
nal formula A. However, Godel explicitely states in (1958, p.286) that his
Dialectica interpretation is not the one intended by BHK-interpretation.

Special to our treatment of proof interpretations is the following.

e It is based on natural deduction (not on a Hilbert-style calculus
preferred by Godel (1958)), which is formulated as a system of
proof terms with assumption variables.

e Following Oliva (2006), we bring out some similarities between the
(modified) realizability interpretation mr and the Dialectica inter-
pretation.

e Apart from decidable prime formulas, we also allow inductively de-
fined ones, with quantifiers admitted in the clauses (examples are
Tait’s computability predicates and the levels of the hyperarith-
metic hierarchy).

e We will exploit the possibility to substitute for logical falsity in
minimal logic derivations. This idea is known under the label “A-
translation” (Dragalin, 1979; Friedman, 1975) and its refinements
(Berger, Buchholz, and Schwichtenberg, 2002).

e We notationally distinguish between the constructive existential
quantifier 3 and the classical one 3. Then there is no need for a
“negative” translation, and we can view “classical” arithmetic as
the JVv-free fragment of intuitionistic arithmetic.

e Practical considerations dictate that one should only extract real-
izers from formal proofs relative to some axioms or lemmata, which
may or may not have computational content. One can even go one
step further and give up the aim to produce exact realizers and look
for “majorants” instead (in the sense of Howard’s (1973)); this is
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often sufficient for applications. Then more axioms can be admit-
ted (since we only need majorants, not exact realizers). This line
of research has been initiated by Kohlenbach in the 1990s, under
the name of “monotone” Dialectica and realizability interpretation.
It has found many applications in approximation and fixed point
theory.

e We propose to treat the (clearly necessary) optimizations of the
extracted realizers on the proof level already, by allowing “non-
computational” quantifiers of Berger (1993a) and introducing a
“let-construct” (avoiding multiple computations of the same term)
by means of an “identity lemma”.

e An implementation of the realizability as well as the Dialectica
interpretation (in the Minlog proof assistant) makes it possible to
experiment with extraction of realizers. We discuss some case stud-
ies, including Tait’s proof of normalization for the simply typed
lambda-calculus, and a proof of Dickson’s lemma (based on the
minimum principle).

3.1. Arithmetic in Finite Types

We define Heyting arithmetic HA and its extension HA to a finitely
typed language. Its terms have been introduced above, in Sec.2.2.

Recall that we have a decidable equality =, : u = pu = boole, for finitary
base types u. Every every atomic formula has the form atom(rP°°) i.e., is
built from a boolean term r°°. In particular, there is no need for (logical)
falsity L, since we can take the atomic formula F' := atom(ff) — called
arithmetical falsity — built from the boolean constant ff instead.

The formulas of HA® are built from atomic ones by the connectives —,
v, A and 3. We define negation =A by A — F.

3.1.1. Logic, induction. We use natural deduction rules: —*, —~,
VT and V™. The logical axioms are AT, A~, 3% and 37, and the truth aziom
Axy: atom(tt).
The general form of induction over simultaneous free algebras ji = pud &,
with goal formulas V_u; Aj(z;) is as follows. For the constructor type
J

ki=p=(01=0qa5)=...= (0= q;) = q; € KT(Q)
we have the step formula
Dl = v 6—’1:>p,]v1 8n$”’jn

P m

(3.1) e
(Va1 Ajy Ym1) = -+ = Vaou Aj, (Ymind) — A;(CL(T)))-
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N F1= 44 Gy => s
Here 5 = yi", ... ,yﬁ{”,ymﬂﬂ’l oo Yot are the components of the ob-

ject Cf () of type p; under consideration, and
Vo1 Aji (Um11T), - -+, Vo Aj, (Ymtn)
are the hypotheses available when proving the induction step. The induction

axiom Indﬁ;A or shortly Ind; then proves the universal closure of the formula

D1 — s Dk - Vzu]A](l‘])
J

We will often write Indf’A for Indf:’jA, and omit the upper indices 7, A when
they are clear from the context. In case of a non-simultaneous free algebra,
i.e., of type ua k, for Indi’A we normally write Ind, 4.

EXAMPLES.
Indy a: A(tt) — A(ff) — Vpoote A(p),
Ind,, 4: A(0) — YV, (A(n) — A(Sn)) — Vpnat A(n),
Ind; 4: A(nil) — Vg 1 (A(l) — A(cons(z,1))) — Vpisia) A(1),
Indg a: Yy, A(inl(y1)) — Yy, A(inr(y2)) — Vo140 A(x).

To express that every object of a pair type is in fact a pair we require a

pair elimination axiom
Vyo.zo A(y,2)) = Vyoro Alc).

Let HA® be the theory based on the axioms above including the induction
axioms, and ML* be the (many-sorted) minimal logic, where the induction
axioms are left out.

3.1.2. Equality. Clearly we need the compatibility axioms

x1 =, T2 — A(z1) — A(x2).
We define pointwise equality =,, by induction on the type. x1 =, 2 is
already defined, and
(1 =p=o 12) = Vy(21Yy =5 22Y),
(X1 =pxo T2) = (210 =) 220) A (211 =, x21).

Later we will consider some more equality notions: extensional equality
=5, hereditary extensional equality ~,, and Leibniz equality, where the latter
is defined inductively, by the introduction axiom

Eq": V, Eq(z, 7)
and the elimination axiom

Eq: Vo (Vo Az, 2) — Eq(z,y) — A(z,y)).



3.1. ARITHMETIC IN FINITE TYPES 93

Notice that Leibniz equality introduces additional atomic formulas, which
are not any more given by boolean terms. For types of level < 1, pointwise
and extensional equality will coincide.

3.1.3. Extensionality. The extensionality axioms are

Y1 =p Y2 — TY1 =0 TY2

(recall that =; denotes pointwise equality). We write E-HA* when the
extensionality axioms are present.

In Troelstra (1973), Howard proved that already the first non trivial
instance of the extensionality scheme

Y1 =1 Y2 — TY1 =nat TY2

does not have a Dialectica realizer. In fact, he introduced the majorizing
relation as a tool to prove this result. This is in contrast to the realizability
interpretation, where extensionality axioms are unproblematic, since they
are J-free.

It is customary to try to alleviate the difficulty of not being able to use
extensionality when formalizing mathematical arguments (when an applica-
tion of the Dialectica interpretation is envisaged) by adding a so-called weak
extensionality rule

Ay —r=ps

Ao — 1) = (5) (Ao quantifier-free)

to the formal system considered. This “rule” is special in the sense that
its premise must have been derived without open assumptions. — Since the
conclusion is (equivalent to) a purely universal formula, adding the weak
extensionality rule does not change the behaviour of the formal system w.r.t.
the Dialectica interpretation.

We write WE-HA® when the weak extensionality rule is present, but not
the extensionality axioms.

3.1.4. Axioms of choice and independence of premise. We will
also consider some more axiom schemes. The aziom of choice (AC, ) is the
scheme

Var 3y A(x,y) — po=oVar Az, f(2)).

(AQC) is the collection of all (AC, ). By independence of premise (IP4 ¢..)
we mean the scheme

(A— 33pB) — 340 (A — B) with A 3-free and = ¢ FV(A).
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2. Realizability Interpretation

3.2.1. The type of a realizer. We assign to every formula A an object
7(A) (a type or the symbol €). 7(A) is intended to be the type of the program
to be extracted from a proof of A. In case 7(A) = ¢ proofs of A have no
computational content; such formulas A are called Harrop formulas.

—»

T(P(5)) :=g¢,
(.0 A) {p if 7(A) =¢
otherwise,
(Yard) ::{ 1fdA):g
p = 7(A) otherwise,
7(B) if 7(A) =¢
T(A— B):=<¢ if 7(B)=¢
7(A) = 7(B) otherwise,
7(B) if r(A)=¢
T(AANB) = 7(A) ifr(B)=¢
7(A) x 7(B) otherwise.

3.2.2. Extracted terms. We now define the extracted term [M], for
a derivation M using axioms 3%, A*, induction axioms, (AC) and (IP%..)
and moreover some I-free axioms.

Assume first that M derives a formula A with 7(A) # e. Then its
extracted term [M] of type T7(A) is

[u?] == 27 (:UZ(A) uniquely associated with u?),

A )M if 7(A)=¢
Do M] = {)\ 7@ [M] otherwise,
. ) [M] if 7(A)=¢
[MA7EN] = {[[M JIN] otherwise,
[(Az? M)+ 4] := Azl [M]],

[MY=A1] = [M].

We also need extracted terms for the axioms mentioned above; these will
be defined below. For derivations M4 where 7(A) = ¢ (i.e., A is a Harrop
formula) we define [M] := ¢ (¢ some new symbol).
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For the axioms
EI;A: pr (A — EIIPA)
Jran: dpp A — V(A — B)— B (x¢FV(B))

we set
T+ ]] \zPx if T(A) =€
zP, A AzPAy™A) (z, ) otherwise,
- - AP AfP=TB) fo if 7(A)=¢
2, ABL ) e T(A) )\ fr=T(A)=7(B) .f(20)(21) otherwise.

For the axioms

AT:A—B— AAB
":(A-B—-C)—-AANB—-C

we set
AzTA g if 7(B)=¢
[AT] = Ay™ By if r(A) =¢
AT Ny ™B) () otherwise,
Az7(C) ifr(A)=¢,7(B)=¢
(A ] = )\fT(A)éT(C))\yT(B fy it r(A) = e, 7(B) £ ¢
T A= A fx if 7(A) #¢,7(B) =¢
A fT(A):”(B :ﬂ INTAXT(B) £(20)(21) if 7(A) # ¢, T(B) # ¢

The extracted term [Ind;] of an induction axiom is defined to be the recur-

sion operator R“ . Here i, 7 list only the types p;, 7; with 7; := 7(A;) # ¢,
i.e., the recursion operator is simplified accordingly.

ExAMPLE. For the induction scheme
Indy, 4: A(0) — V,(A(n) = A(n+ 1)) — ¥V, A(n)
we have
[Ind, o] := R : T = (nat = 7= 7) = nat = 7,
where 7 := 7(A) # €.

As extracted terms of (AC) and (IPY..) we can take identities of the
appropriate types.
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3.2.3. Realizability. We define the notion of (modified) realizability.
The term “modified” is used for historical reasons, to distinguish this form
of realizability from the (earlier) Kleene-style realizability. More precisely,
we define formulas r mr A, where A is a formula and r is either a term of
type 7(A) if the latter is a type, or the symbol € if 7(4) = e.

rmr P(S) = P(§),
e mr A(r) if 7(A)=¢
rl mr A(r0) otherwise,

Veemr A if7(A)=¢
V.rz mr A otherwise,

rmr (3,A(z)) = {

rmr (VzA) = {

emrA — rmrB if 7(A) =«
rmr(A— B):=(Vy(xmrA — emr B) if7(A) #e=r71(B)
Vy(rmr A — raxmr B) otherwise,
(emr A) A (r mr B) if 7(A) =¢
rmr (AAB) = ¢ (rmr A) A (¢ mr B) if 7(B)=¢
(rOmr A) A (rl mr B) otherwise.
Formulas which do not contain the existence quantifier 9 play a special role
in this context; we call them 3-free (or invariant); in the literature such
formulas are also called “negative”. Their crucial property is that for an 3-

free formula A we have e mr A = A. Notice also that every formula r» mr A
is I-free.

3.2.4. Soundness.

THEOREM. Let M: A be a derivation in HAY + AC +IP% ¢ . + AX3 free
from assumptions u;: C; (i =1,...,n). Then we can find a derivation pu(M)
in HA® + Ax3.free of [M] mr A from assumptions u;: x,, mr C;.

Proor. Induction on M.

Case u: A. Then u: z, mr A. Let pu(u) := a.

Case c: A, c an axiom. These cases can be treated easily.
Case \uAMB. We must find a derivation pu(\uM) of

[AuM] mr (A — B).
Subcase T(A) = e. Then [AuM] = [M], hence
[MuM]mr (A— B) = emr A — [M]mr B.
By IH we can define p(AuM) := Aup(M) with u: e mr A.
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Subcase T(A) # e = 7(B). Then [AuM] = € and
[MuM] mr (A — B) = VYy(xmrA — emr B),

and by IH we can define p(AuM) := Az, up(M) with : x, mr A.
Subcase T(A) # & # 7(B). Then

[MuM]mr (A — B) = VYy(zmr A — [AuM]z mr B).

Because of [AuM] = Az,[M] and since we identify terms with the same
B-normal form, again by IH we can define u(AuM) := Az, Aup(M).
Case MA~BNA. We must find a derivation u(MN) of [MN] mr B.
Subcase T7(A) = . Then [MN] = [M]. By IH we have derivations
w(M) of
[M[mr(A—B) = emrA — [M]mrB
and p(N) of e mr A; hence we can define u(MN) := u(M)u(N).
Subcase T(A) # e = 7(B). Then [MN] = e. By IH we have derivations
w(M) of
[M]mr (A— B) = Vy(zrmrA — emr B)
and p(N) of [N] mr A hence we can define (M N) := u(M)[N]u(N).
Subcase T(A) 7(B). Then [MN] = [M][N]. By IH we have
derivations p(M) of

[MJmr (A— B) = Vi(zmrA — [M]zmr B)

and p(N) of [N] mr A; hence we can define pu(MN) := u(M)[N]p(N).
Case A\zM*. We must find a derivation pu(A\zM) of [A\zM] mr V,A. By
definition [AzM] = Az[M].
Subcase T(A) = €. Then

A[M]mrV,A = V,(emrA)

and by IH we can define pu(AzM) := Azu(M). The variable condition is
satisfied, since AzM4 is a derivation term, and hence z does not occur free
in any assumption variable u: B free in M4, hence also does not occur free
in the free assumption %: x, mr B.

Subcase T(A) # €. Then

A[M]mrV,A = V,(Az[M])z mr A.

Since we identify terms with the same §-normal form, by IH we again can
define u(AzM) := Azu(M). As before one can see that the variable condition
is satisfied.

Case M"=4®)t. We must find a derivation u(Mt) of [Mt] mr A(t). By
definition we have [Mt] = [M]t.

Subcase T(A) = e. By IH we have a derivation of

[M] mrV,A(z) = V(e mr A(z))
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hence we can define p(Mt) := u(M)t.
Subcase T(A) # €. By IH we have a derivation of

[M]mrV,A(z) = V.([M]zmr A(z)),
hence we again can define p(Mt) := pu(M)t. O
REMARK. If A is 3-free, then ¢ mr A = A. Hence for V,» 3,0 A(x, y) with
I-free A(x,y) we have 7(V,3,A(x,y)) = p = o and
t mr V3, A(z,y) = V. Az, tx).
Since for every instance B of (AC) or (IP4, ) one easily derives [B] mr B
in HA¥, as a corollary to the Soundness Theorem we immediately obtain

the following. Let M : V,3,A(z,y) be a closed derivation in HA* + AC +
IPY ¢ e + AX3 free, Where A(x,y) is 3-free. Then

HAY + Ax3 free b Vo A(z, [M](2)).
3.2.5. Characterization. We now consider the question under what

conditions a formula A and its modified realizability interpretation 3,2 mr A
are equivalent. It has been proven by Troelstra (1973, 3.4.8) that

THEOREM (Characterization).
HAY + AC +1PS oo F A < Jpz mr A.

The direction “—” can be proved in ML” alone, provided the formulas con-
sidered only have “outer-d-premises”, that is, premises of the form d;A;

with Ay 3-free.
PROOF. Induction on A; we only treat the case A — B with 7(A) # ¢
and 7(B) # e.
(A— B) < (3gzmr A — 3y mr B) by TH
— Vy(r mr A — 3,y mr B) by ML¥
— Vy3y(r mr A — y mr B) by (IP% f,ce)
— JfVy(xmr A — f(xz) mr B) by (AC)
— Jd7f mr (A — B).
Now assume that A has only outer-J-premises. First notice that for a for-

mula of the form 3,A4; with A; 3-free we have 3, (x mr 3,4;) = 3, A;. We
obtain

J¢fmr (A — B) — 3pVy(rmr A — f(z) mr B)
— Vp3y(z mr A — y mr B)
— Vz(z mr A — Jyy mr B)
— (Jpz mr A — Jyy mr B)
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— (A — B),
by the remark above and the TH. O

3.2.6. Extraction. Using the Characterization Theorem, we can ex-
tend the remark above to arbitrary formulas V,3,A(z,y).

THEOREM (Extraction). Assume

HA® + AC 4+ IP4 ;. + AX3free F VoIyA(z,y)
with A(z,y) an arbitrary formula with at most the displayed variables free.
Then we can find a closed HAY -term t such that

HAY + AC + IPY 4, + AX3free F Vo A(z, tx).
In fact,

L {/\a:.[[M]]:cO if T(A(z,y)) # ¢
[M] otherwise.

PROOF. We assume 7(A(z,y)) # €; otherwise the proof is even easier.
HA® 4+ AX3.free Proves

[M] mr VY 3,A(z, y) by the Soundness Theorem
Vo ([M]z mr 3, Az, ))
Vo ([M]zl mr A(z, [M]x0)).

Hence HA® + AC +1IPY ¢ . + AX3.free F Vo A(z, [M]z0) by the Characteriza-
tion Theorem. U

3.3. Majorization and the Realizability Interpretation

Clearly one should consider extraction of realizers from formal proofs
relative to some axioms or lemmata. One can even go one step further, give
up the aim to produce exact realizers and look for “majorants” instead (in
the sense of Howard’s (1973)); this is often sufficient for applications. This
line of research has been initiated by Kohlenbach in the 1990s, under the
name of “monotone” realizability interpretation. One can then conveniently
deal with additional assumptions Axy3_3 free Of the form

prEIyggmAl (CL‘, y) (Al El—free),

with 7 a closed term of type p = 0. We need to consider strenghtened
versions AX(3_3 g0, Of these assumptions as well:

HYSp:grvszl (1’, Y:L‘)

Notice that with (AC) one can prove the strenghtened version from the
original one.
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3.3.1. Majorization. We assume here that all base types are finitary,
and that >, is a given reflexive and transitive relation on the total ideals of
base type p such that

e for every y € G, there are only finitely many z € G, with y > x;
e there is a max-operation on G, such that

maX(x7 y) Z '1"7 y7
z>x—z>y— z>max(x,y).
x is called hereditarily majorizable if there is an x* such that z* maj x.

We extend >, to higher types, in a pointwise fashion (as we did for =,
above)

(371 Zp:>a x?) = vy(xly Zo l’gy)'

Following Howard (1973), we define a relation z* maj, x (z* hereditarily
magjorizes x) for *,x € G,, by induction on the type p:

(" maj, r) = (2" >, z),
(z* maj,, x) = Yy, (y* maj, y — 2"y maj, ry).
LEMMA.
(a) Fa* =, 3" -2 =,% — 2" maj, * — T" maj, .
(b) Fz*maj, r — x>, & — 2" maj, T.
PROOF. Induction on p. We argue informally, and only treat (b). Case

p = 0. Assume y* maj, y. Then 2"y* maj, xy and zy >, Ty, hence by IH
x*y* maj, Ty. O

3.3.2. Majorization of closed HA“-terms. Let 1 denote the type
nat = nat. Clearly, for every monotone function D of type 1 we have
D maj D. Moreover, R}, is hereditarily majorizable:

LEMMA (Majorization). (a) Define M: (u = 7) = u = 7 with T =
p=p by
M fnd = max fiz.
Then HAY - Y, fn maj fn — M f maj f.
(b) HA® k= f*,¢* maj f,g — Ruf*g*n maj R, fgn.
(c) Define R}, fg:= M(R,fg). Then HA® - R}, maj R,.

PrOOF. We argue informally. B
(a) Let n* > n and Z* maj &; we must show M fn*@* > fnZ.

M fn*a* = max fiz* > fnad* > fni.
1<n*
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(b) Induction on n; for simplicity we assume pu = nat. For 0 the claim is
obvious, and in the step we have by TH R f*¢*(Sn) =4et g*n(R f*g*n) maj
gn(Rfgn) =get Rfg(Sn), where =q¢f is definitional equality.

(c) Let f*,¢* maj f,g. We must show M(Rf*g*) maj Rfg. By (a) it
suffices to prove V, R f*g*n maj R fgn. But this holds by (b). O

THEOREM. Let r(Z) be a HA® -term with free variables among Z. Assume
that HAY = ¢* maj ¢ for all constants ¢ in r. Let r* be r with all constants
c replaced by ¢*. Then HA® = Z* maj & — r*(&*) maj r(Z).

PROOF. Induction on r. Case A\yr(y,Z). We argue informally. Assume
Z* maj £. We must show y* majy — (Ayr*(y,2*))y* maj (A\yr(y,Z))y. So
assume y* maj y. Then by IH 7*(y*, £*) maj r(y, Z), which is our claim. [

Hence every closed term r of HA® is hereditarily majorizable. In fact,
we have constructed a closed term r* of HA“ such that r* maj r.

3.3.3. Strong majorization. Bezem’s (1985) strong majorizability re-
lation s-maj is a slight modification of Howard’s. It is a transitive relation,
which Howard’s is not.

(2" s-maj, z) = (2" >, ),
(z" s-maj,_., ) := Yy o (y" s-maj, y — 2"y s-maj, vy, x"y).
The following is easy to see:

LEMMA. (a) F z* s-maj x — z* s-maj x=*
J J T,
(b) F 2** s-maj * — z* s-maj r — z** s-maj x.

Proor. We argue informally.

(a). For p = p the claim follows from the reflexivity of >,. For p = o
the claim follows from the assumption.

(b). Induction on p. For p = p the claim follows from the transitivity of
>, For p = o assume 2™ s-maj 2* and x* s-maj x, that is,

Yy« y(y" s-maj, y — 2™y" s-maj, 27y, 2™"y),
Vy*,y(y* s—majp Yy — gj*y* S—majg Y, ZU*y)

We show 2™ s-maj z. So assume y* s-maj, y. We must show z**y* s-maj,

xy, x™*y. The latter is already given, and for the former we use that y* s-maj
y*, by (a). Hence x™y* s-maj, z*y* s-maj, zy, so the claim follows by

1H. (]

For a closed term r of HAY, the closed HA¥-term r* above also satisfies
r* s-maj r.
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3.3.4. Soundness with majorants.
THEOREM (Soundness with majorants). Let M be a derivation in
HA® + AC + IPY 4, + Axy3 <3-free of a formula A

from assumptions u;: C; (i = 1,...,n). Let x; of type 7(C;) be variables
for realizers of the assumptions. Let Z of type § be the variables free in M.
Then we can find a closed term [Nz, 4 M] =: T* of type 7(C1) = ... =
7(Cn) = p= 7(A), and a derivation u(M) in

HA“ + AX{3_3 free
of the formula
ET(T* maj T'AVgz z(xy mr C1 — -+ — x, mr C, — T%Z mr A))

ProoF. Induction on M.
Case u: A. Let x of type T7(A) be a variable for a realizer of the assump-
tion u. We need T such that

Ir(T* maj T AV, z(x mr A — Tz mr A)).

We can take TxZ := x, which majorizes itself.
Case c: A, ¢ an axiom. Consider an axiom

VarIy<,raAi(z,y) (Ay F-free),

with r a closed term of type p = 0. We have to find a majorant of some T'
such that

T mr VJ;pHySUTJ,’Al(x? y)
Voo (e mar (Tz <o rz) Ae mr Ay(z, Tx))
Voo (T:J; <srx A Az, TJJ)):

where in the last step we have used that for an 3-free formula B, € mr B is
the same as B. We now use the corresponding axiom in AX,VEI<EI-free:

Hygpjarvmpfh (1‘, Y.I) .

Pick this Y as the desired T'. Then as a majorant for Y we can take a closed
term r* majorizing r.
For the other axioms we have already constructed a realizer, and we can
take an arbitrary majorant of it.
Case \uMPB. By TH we have a derivation of
Ip(T* maj T A
Vorznz(@imrCy — -+ — zpmr Cp — 2z mr A — T2 mr B))

But V;(x mr A — T'Zz mr B) is the same as 77 mr (A — B).
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Case MA—BNA. We argue informally. By TH we have
TZmr (A— B) =Vy(rxmr A — TZzx mr B) from x; mr C;

S¥mr A from x; mr Cj.

Instanciating « with SZ gives TZ(SZ) mr B from z; mr C;. Let R¥ :=
TZ(ST); we look for a majorant R* of R. Let R*¥ := T*Z(S*Z). Let &* maj
Z. Then S*7* maj S¥; hence R*Z* = T*Z*(S*¥*) maj T¥(S¥) = RZ.

Case Az MA@, By IH we have a derivation of T#x mr A(zx) from
xz; mr C;. Since the open assumptions C; do not have x free, we obtain a
derivation of V,(T'Zz mr A(x)), that is to say of T'% mr ¥V, A(z), again from
x; mr Cj.

Case M"+A(®)s, By TH we have a derivation of T'F mr V,A(z) from
x; mr C;, that is to say of V,(T'Zz mr A(z)). Instanciating x with s gives
a derivation of T'Zs mr A(s) from x; mr C;. Assume for simplicity that s is
closed. Then we can take T*Z := T*Zs*. g

3.3.5. Extraction of uniform bounds.

THEOREM. Let s be a closed HA® -term, A(x,y, z) a formula with at most
the displayed variables free, and 7 a type of level < 2. Assume that

HA“ + AC + 1P% ... + Axya_3free - Vo1 Vy< sz Tom A(z,y, 2).
Then we can find a closed HAY -term t such that
HAY 4+ AC + TP% g0 + AXva_3 free F Vo1 Vy<, soTo< 1z AT, Y, 2).
PROOF. Let HY := HAY + AC +IP% ;... Using IP% ;. we obtain
HY + Axya_3free ™ Vg1 yFer (y <p sz — A(z,y,2)).

By Soundness with Majorants we have a closed term 7™ such that in H* +
AX<13<3_free we can derive the existence of some T with 7" maj T" and

T mr vxIVygpslezT A(CEJ y? Z)‘

Unfolding the definition of mr and using the fact that y <, sz is 3-free we
obtain (assuming 7(A(x,y,2)) # €)

H* + AX(3_3free I Va1 Vy<, 50 Tyl mr A(z,y, Tzy0)
and hence by the Characterization Theorem in Sec.3.2.5
HY + Ax’vggg_ﬁee F V1 Vy<, 52 Az, y, Txy0).

Notice that using (AC) we can replace AX/VEl<EI—free by the original Axy3_3 free-
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Let t1 := AxAy.T'zy0. Pick majorizing terms s*,¢] for s,t;. Writing
M for Mz with M from the Majorization Lemma in Sec.3.3.2 we have

s*zM maj, sz, hence

HAY b V,1Vy< 5o s*2™ maj, y.
For simplicity assume 7 = 2 := (nat = nat) = nat. Then
HAY V1 V< 52 Vy t”{:rM(s*xM)fM >nat t1zy f.

Hence we can take t := AxAf.tiz™ (s*zM)fM | because tx > 117y =deot
TzyO0. U

COROLLARY (Fan Rule). Let A(y,n) be a formula with at most the dis-
played variables free. Assume that

HA® + AC + IPY 0 + AXya_ 3 free I Vy1 Ipnat Ay, n).
Then
HA® + AC + IPY e + AXva_3free I Vo1 Jpnat Vy<y 2 In<am Ay, 1)
PROOF. Let s be the identity in the theorem above. Take m :=tx. 0O

3.4. Dialectica Interpretation

In his original functional interpretation of (1958), Gddel assigned to
every formula A a new one 33V3Ap(Z, §) with Ap(Z, ¥) quantifier-free. Here
Z, i are lists of variables of finite types; the use of higher types is necessary
even when the original formula A was first-order. He did this in such a way
that whenever a proof of A say in constructive arithmetic was given, one
could produce closed terms 7 such that the quantifier-free formula Ap (7, 7)
is provable in T.

In (1958) Godel referred to a Hilbert-style proof calculus. However, since
the realizers will be formed in a A-calculus formulation of system T, Godel’s
interpretation becomes a lot more perspicious when it is done for a natu-
ral deduction calculus. Such a natural deduction based treatment of the
Dialectica interpretation has been given by Jgrgensen (2001) and (Hernest,
2006). However, both authors use a natural deduction system where open
assumptions are viewed as formulas. Then the well-known necessity of con-
tractions shows up when an application of the implication introduction rule
—* discharges two (Jgrgensen, 2001) or many (Hernest, 2006) assumption
formulas. Peculiar to the present appoach is that we view the natural de-
duction calculus as a system of proof terms with assumption variables. In
this form the Curry-Howard correspondence (formulas correspond to types,
and proofs to terms) is best visible, and the contractions are necessary in
the (only) logical rule with two premises: modus ponens (or implication
elimination — 7).
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3.4.1. Positive and negative types; cleaning. To determine the
types of x and y, we assign to every formula A types 717(A), 77 (A). The type
77 (A) is intended to be the type of a (Dialectica-)realizer to be extracted
from a proof of A, and 77 (A) the type of a challenge for the claim that this
term realizes A.

Rather than including amongst the types a special “nulltype” object e
(indicating no computational content) and case distinctions — as we did in
our treatment of the realizability interpretation —, it is more convenient here
to use the unit type unit instead and so avoid case distinctions. Using some
obvious isomorphisms (like (p = unit) = unit and (unit = p) = p) we can
later “clean” such types. Define

77(P(§)) := unit, 77 (P(§)) := unit,
TH(VarA) = p = 77(A), 7 (VarA) i = px 17 (A),
71 (FarA) = p x 7 (A), T (3 A) 1= 7 (A).

and for implication
77(A — B) := (’7’+(A) = 7'+(B)) X (7’+(A) =7 (B) = T_(A)),
7 (A — B):=17(A) x 77(B).

In case 77 (A) (17 (A)) is # unit we say that A has positive (negative) com-
putational content.

3.4.2. Godel translation. For every formula A and terms r of type
77 (A) and s of type 77 (A) we define a new quantifier-free formula |A|% by
induction on A.

Ve Az = |
B A(2)s = |

S

r s r0(s0
A — B} = |A[S o)1) — 1B

The formula 3,V,|A[] is called the Géddel translation of A and is often de-
noted by AP. Its quantifier-free kernel |Al;; might be called Gddel kernel; it
is denoted by Ap.
For readability we sometimes write terms of a pair type in pair form.

Then

VAIZ, = AL,

AT = Al

A — Bl = |Algp, — |BI.

gxu
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3.4.3. Soundness. We now prove the soundness of the Dialectica in-
terpretation, for our natural deduction formulation of the underlying logic.
The precise formulation will involve instances (IPY) of the independence of
premise scheme:

(VxA(] — HypB) — Hyp (V;BAO — B) (y §é FV(Von))

with Ay quantifier-free. Moreover, we need to consider the (constructively
doubtful) Markov principle (M“), for higher type variables and quantifier-
free formulas Ag, By:

(VyAo — Bo) — 3y(Ao — Bo) (y & FV(Bo))-
THEOREM (Soundness). Let M be a derivation in
WE-HAY + AC + IPY + M* + Axy of a formula A

from assumptions u;: C; (i = 1,...,n). Let z; of type 77 (C;) be variables
for realizers of the assumptions, and y be a variable of type T~ (A) for a
challenge of the goal. Then we can find terms [M]T =:t of type 7+ (A) with
y ¢ FV(t) and [M]; =:1; of type 7 (C;), and a derivation pu(M) in

WE-HA® + Axy of the formula |Al!,
from assumptions u;: |C;|y:.

ProoF. Induction on M.

Case u: A. Let z of type 77(A) be a variable for a realizer of the
assumption u. Define [u]™ := z and [u] ™ :=y.

Case c: A, c an axiom. These cases need to be treated separately (see
below).

Case \u"MPB. By IH we have a derivation of |B|, from a: |A|® and
u;: |Cy]77, where @: |A[} may be absent. Substitute y0 for x and y1 for z. By

(—7) we obtain |A|”

Tﬁr =y0yl] |B|t[z::y0], which is (up to [-conversion)

yl

Azt 7 i
1A — B|y;ct, TET . from W, ’Ci|qgf;[a:,z::y0,y1]'

Here r is the canonical inhabitant of the type 77 (A) in case u: |A|* is absent.
So we can define the required terms by (assuming that u? is u;)

[ANu M)t = Az [M]", Az, 2 [M]7),
DM = M [, 2 2= 40, y1].
Case MA~BNA. By IH we have a derivation of

A= Bl = Al oyen) — | BIA™ from [Cif2:, [Cr2k, and of

Pk’
AL from [Cjlg/, 1Crlgt.
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Substituting (s, y) for x in the first derivation and of t1sy for z in the second
derivation gives

[Alfisy = Bl from i[5, |Cyl ¥, and
ALy from |5,/ |Cilf-

Now we contract |Ck];f," and \Cﬂﬁ: since |C|?, is quantifier-free, there is a
boolean-valued term r¢ such that
|C|2, < rew = tt.
Hence with ry, := if (r¢, p)., 4., Pj;) we can derive both \CM;,: and \Ck];:f from
|Ck[7F. Using (—7~) we obtain
B from |Gl \CJEZ, |Ckl7r

So [MN]* :=t0s and [MN]; := pl, [MN]; = q}, [MN]; := 7.
Case \x MA®), By IH we have a derivation of |A(z)[¢ from @;: |Cilfi.
Substitute y0 for x and y1 for z. We obtain ]A(y())\z[f::yo}, which is (up to

[-conversion)

N _ .
Vo A(2) yxt’ from u;:|Ci|f;[$721:y0,y1}’

So we can define the required terms by
[Ae M]*" = Az [M]T,
A M]; = [M]; [z, z := y0,y1].
Case M"+A(®)s. By IH we have a derivation of |V, A(z)[ = |A(zO)|i(1ZO)
from |C;|f¢. Substituting (s, y) for z gives

[A(s)ly from Gyl _ . -

So [Ms]T :=ts and [Ms]; :=ri[z := (s,y)].
We treat the axioms, and show that each of them has a “Dialectica
realizer”, that is, a term ¢ such that HA“ 4+ Axy proves Vy]A\Z.
For the existence introduction and elimination axioms
V.(A — 3,A),
V.(A— B)—3,A— B (z2¢FV(B))
this is easy: In case of the introduction axiom, by definition

Vo(A — AL, = 1A — DAL = Al — 13417

2,X,W ;W

Define fzx := (z,z) and gzzw := w. Then the premise and the conlusion
are identical, since by definition |A|Z is the same as |3, A|5".
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For the elimination axiom, again by definition

Vo(A = B)LS, = |A— BILZ* = Al — IBI,
3.4 — B[4, = [3: 4135, — | B = |Alf.pw — | BI

Now generally, if |C|¥ = |D|Y, then by definition
|C — Dl = Oy — |Dly.
Consider the algebra of the natural numbers, given by constructors 0
and S. The induction schema then reads
(3.2) A(0) = YV (A(m) = A(m + 1)) — YV, A(n).

Let B(n) := A(0) — YV, (A(m) — A(m+1)) — A(n). Clearly we can derive
B(0) and B(n) — B(n + 1). By those parts of the proof of the Soundness
Theorem that we have dealt with already, we obtain realizing terms s and
t,r and derivations of |B(0)|; and of [B(n) — B(n +1) b7, hence of

1 B(0) 7au — [B(n+ 1)

¥y [B(n)ly — [B(n+ 1)L

Vy [B(n)ly — Vy|B(n + 1)’?

So if we define ¢g(0) := s and g(n + 1) := t(g(n)), then we have proved by
induction that V,, |B(n) ‘Z(n), hence that 3,Y, |V, B(n)|y. But V,,B(n) clearly
is equivalent to (3.2).
The axiom of choice (AC) and the Markov principle (M%),
(VyAo — Bo) — 3,(Ao — Bo) (y ¢ FV(Bo)).

(for quantifier-free formulas Ag, By) can be dealt with easily.

Now consider a purely universal formula B =V, Ag, with Ag quantifier-
free. Then (modulo cleaning) 7% (B) = unit, and moreover |BJ5 = Ao.
Hence such axioms are interpreted by themselves. The weak extensionality
rule can be dealt with in the same way. O

3.4.4. Dialectica realizers and induction. For an instance of the
induction scheme with an existential formula 3,Ag(n,y) one can explicitely
construct Dialectica realizers.

(3.3)  3y40(0,y) — Vn(3yAo(n,y) — Fydo(n+1,y)) — Yn3yAo(n,y).
Its Godel translation can be calculated as follows.

340 A0(0,y0) = Y, (3ys Ao(n1,y1) — 3y Ao(n1+1,42)) — Yn3yAo(n, y)

\v/yo (AO(Ou yO) - vn1,y1 E|:L/2 (Ao(nlvyl) — Ao(n1+17 y2)) - vnEIyAO(nv y))
Vo (A0(0,50) — 35V, 4 (Ao(na, y1) — Ao(ni+1, friyr)) — VaIyAo(n,y))
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Yyo,f.n (A0(0,90) = Yy yr (Ao(n1, 1) — Ao(ni+1, friyr)) — 3y Ao(n, y))
Yo, fn Iy (A0(0,50) — (Ao(n1,y1) — Ao(mi+1, frayr)) — Ao(n,y)).
Define

Y(y()af’O) ‘= Yo, Y(yOafan+1) = f(nay(y()vfan))’
Ni(yo, fyn) :==min{k <n | Ag(k,Yr) A Aok +1,Y511) },

Yl(yOa f7 n) = YNl(ZUO:fv”)'

with Y; := Y (yo, f,1). We prove that Y, N1 and Y; are the required Dialec-
tica realizers. Assume Ao (0, Yp) and Ag(N1, Y1) — Ao(N1+1, fN1Y1). Then
by construction there can be no k < n such that Ag(k, Yi)A—=Ao(k+1, Yit1),
that is to say, Vi<, (Ao(k,Yr) — Ao(k + 1,Ys41)). This implies A(n,Yy,).

The explicit construction of Y, N1 and Y7 is somewhat complex, mainly
because of the bounded minimum needed for N;. For the practical con-
struction of Dialectica realizers it is much easier to employ the induction
rule rather than the induction axiom. For our present example of an exis-
tential formula 3,A¢(n,y) this means that we start with closed derivations
of

E|y0"40(07 yO) and vn(aylA()(na yl)) - Ely2A0(n + 17 3/2))

The induction rule then allows to infer V,,3,A(n,y). Let us see how we
can construct a Dialectica realizer for it. The Godel translation of the step
formula is

3gvn,yl (AO(na yl) - Ao(?’L + 17 g(n7 yl))) :

Let r, s be Dialectica realizers of the base and the step formulas. Then
RL2%rs is a Dialectica realizer of the formula V,3,Ag(n,y) proved by induc-
tion. To see this, we need to prove V, Ag(n, R2irsn), which is done easily
by induction on n.

Now if in an application the proof of a goal B needs an auxiliary inductive
proof of V,,3,Ag(n,y) =: A, then a Dialectica realizer for B is obtained from
the (logical) derivation of A — B as follows. Let (f,g) be a Dialectica

realizer of A — B, and recall that

A — Bl = |Alge, — |BI.

gxu

Then f(R2%rs) is the required Dialectica realizer of B.

nat

3.4.5. Characterization. We now consider the question under which
conditions the Godel translation of a formula A is equivalent to the formula
itself.

THEOREM (Characterization).

AC+1IPy + M F A < 3.V, [A[}.
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The direction “—7 can be proved in ML* alone, provided the formulas con-
sidered only have IV-premises, that is, premises belonging to the class of
formulas built from prime formulas by ¥V, 3 and 3,V,Ag — B, with Ay
quantifier-free.

PROOF. Induction on A; we only treat one case.
(A= B) e (3,9, |Al; — 3,5, |B}) by IH
= Vo (Vy [Aly — 3Vu [Bl;) by ML¥
o Vo3 (Vy |Aly — Vo [Bly) by (IPY)
= Vo3 Vu(Vy [Aly — |Bl,) by ML¥
o Vo3V 3y (|Aly — [Bl) by (M¥)
= 3V 3y (JAly — |BILT) by (AC)
< 3pgVeul|Aljen — |BILT) by (AC)
= 35 gVeu|lA — B f;’ﬂ% by definition.

Now assume that A has only 3V-premises. First notice that for a formula of
the form 3,V, Ay with Ag quantifier-free we have |E|xVyA0|§ = Ag. Therefore,
we can replace “<” by “<~” in the argument above. U

As a consequence, we see that WE-HA® +- AC + 1Py 4+ MY is conservative
over WE-HA® for formulas with dV-premises. This follows from the Sound-
ness Theorem together with the observation above, as follows. Let A be a
formula with 3V-premises only, and assume WE-HA®* + AC + IPY + M“ +
A. Then by the Soundness Theorem WE-HA* + 3.V, [A[], and hence
WE-HA¥ I A.

3.4.6. A unified treatment of modified realizability and the Di-
alectica interpretation. Following Oliva (2006), we show that modified
realizability can be treated in such a way that similarities with the Dialec-
tica interpretation become visible. To this end, one needs to change the
definitions of 77 (A) and 77 (A) and also of the Gédel translation [A[7 in the
implicational case, as follows.

T77(A— B):=77(4) = 77(B),

7 (A — B):=77(A) x 7 (B),
Then the above definition of mr can be expressed in terms of the (new) [A[]:

Frmr A Vy Al
This is proved by induction on A. For prime formulas the claim is obvious.
Case A — B, with 71 (A) #¢, 77 (4) #¢.
rmr (A — B) < Vy(rmr A — rzmr B) by definition

A — BIL, =Yyl Aly — |BI*.
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< Vo (Vy [Aly — Vu |B[,) by H
A vz,U(vy ‘A‘Z — |B[") by ML*
=Veul|A — By, by definition.

The other cases are similar (even easier).

3.4.7. Extraction. As a consequence of the Soundness and Character-
ization Theorems we obtain

THEOREM (Extraction). Assume
WE-HA® + AC + IPY + MY + Axy - Yy (VuAo(z,u) — 3y B(z,y))

with Ag quantifier-free, and all formulas have at most the displayed variables
free. Then we can find a closed HAY -term t such that

WE-HAY 4+ AC + IPY + MY + Axy F Yy (VuAo(z, u) — B(z,tx)).
ProoF. Let C(z,y) := V,Ao(z,u) — 3,B(z,y), and recall that

‘VIHyC(l‘,y)

= BCl ™ = |Ca, fa)lf"
By the Soundness Theorem we obtain closed terms %, s such that
WE-HA® + Axy bV, |C(z, tx) 3"
and hence
WE-HA® + Axy F V.3,V |C(x, tx)|7.
By the Characterization Theorem we have
AC+1IPY + MY - C(x,tx) « 3% |C(x, tz)|}.
Therefore

WE-HA® + AC + IPY + M¥ 4 Axy F V,C(z, tx). O

3.5. Majorization and the Dialectica Interpretation

Generally, the Dialectica interpretation has a strong tendency to produce
complex extracted terms, as opposed to the realizability interpretation. This
is partially due to contraction (necessary in the —~-rule). Therefore it is
advisable (even more so than for the realizability interpretation) to

e consider derivations from lemmata (whose proofs are not analyzed),
and
e try to simplify extracted terms by only aiming at majorants.
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This has led Kohlenbach to develop his “monotone Dialectica interpreta-
tion”, where one only looks for bounds of realizers rather than exact real-
izers. Again a Soundness Theorem can be proved (Kohlenbach, 1996), and
the extraction of uniform bounds (Kohlenbach, 1998) can be achieved.

An essential point observed by Kohlenbach is that when one restricts
attention to bounds rather than exact realizers, then one can conveniently
deal with additional assumptions Axys_y of the form

VarIy<oraVar Aoz, y, 2) (Ao quantifier-free),

with 7 a closed term of type p = 0. We then need to consider strenghtened
versions AX/VH<V of these assumptions as well:

Iy <,pmrVar 7 Ao(z, Y, 2).
Notice that with (AC) one can prove the strenghtened version from the

original one.

3.5.1. Soundness with majorants.
THEOREM (Soundness with majorants). Let M be a derivation in
WE-HA* + AC + IPy + M“ + Axva_v of a formula A

from assumptionsu;: C; (i =1,...,n). Let x; of type 7+ (C;) be variables for
realizers of the assumptions, andy of type 7~ (A) be a variable for a challenge
of the goal. Let Z of type g be the variables free in M. Then we can find closed
terms [AZ,d M|*T =: T* of type 77(C1) = ... = 77(Cy) = p = 77 (A)
and [ANZ,d M|}~ =: R} of type 77(C1) = ... = 77(Cy) = p = 7 (4) =
77(Cy), and a derivation (M) in
WE-HA® + Ax'v3<v
of the formula
318y, R, (TF maj T A R} maj Ry A--- A R maj R, A

Ve (IC1R ey = = |Cnl sy — 1)),

ProoOF. Induction on M.
Case u: A. Let z of type 77(A) be a variable for a realizer of the
assumption u. We need T* and R* such that

(T maj T A R maj R A Yoy (|4[fy, — [A1]7).

We can take T'x := x and Rxy := y, which both majorize themselves.
Case c¢: A, ¢ an axiom. Consider an axiom

Ve Iy<,raVar Ao(T, Y, 2) (Ap quantifier-free),
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with r a closed term of type p = 0. We have to find a majorant of some T’
such that

vx,z|\v/mp ElyggrmvaAO (:Ea Y, Z) |£z

Va,z|Fy<,raVor Ao(2, 4, 2) Ex

Vo (Tx < rax A|V.rAo(x, Tz, 2)],)

Vo (Tx <rax A Ap(z, Tz, 2)).
We now use the corresponding axiom in AXQGN:

Iy < pmorVar om Ao, YT, 2).

Pick this Y as the desired T'. Then as a majorant for Y we can take a closed
term 7* majorizing r.

For the other axioms we have already constructed a Dialectica realizer,
and we can take an arbitrary majorant of it. However, we can also directly
provide a majorant of some Dialectica realizer.

Case \uMPB. By TH we have a derivation of

HT,Rl,...,Rn,R(T* maj T'A R} maj Ry A--- AR, maj R, AN R" maj R A
Var,an a2 (IC1Ryey ez = = Ol ey e =
|Alfiay e — [BET1700)).
We argue informally. Instanciating x with y0 and z with y1 gives

x Tn
Vet an s (ICUR 1w o)) = 7 Ol R e an o 1) ™

|A’Rz1 n(u0)(e1) |B|’£m1:pn(y0))’

which is
Vm,...,a:n,y(’Cl’Eml“wn(yo)(yl) — ’Cn‘f%nn:vl...zn(yo)(yl) -
’A _ B‘Ta:l,..xn,R:cl...xn
v .

So we can define the required T*, R* by
T*%:= (T*%, R*Z), R:ZTy:= RiZ(y0)(yl).
Case MA~BNA. We argue informally. By TH we have
TEd), _ 0 T;,0(x0)
‘A—>B|$I = |A’§“flfk1(10)(m1) |B‘ Fimot fI‘O |C ‘P:c TR |Ck’Pkmlmkm

S .
|A’ QU]ﬂ?k from ’Cj|djfj5kz7 ‘

’Qkszkz
Instanciating « with (SZ;Z%,y) in the first and z with T2, 1(SZ;Zk)y in
the second derivation gives

ST; T TZ;Z,0(S%;% )
|A’T§'Jig‘:l(55z’jfk)y — ‘B|y$zzk ( $]$k) from |Cl‘257 |Ck‘Z/:v and
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SZ;Zy, j x
|Al7z 2,152,210y from ‘Cj’qf’ |Clyy
with
P = Pd, (ST, v), P, = PuZidy, (STZx, y),

@ == QiF; T (TT; @, 1(ST;T)y),  df = QT Tk(TT; T 1(ST;3)y).
So we can take
T %37, = T*T7,0(S*7;4),
R &:%,iy = P (S™ T3, y),
RS &3 Ty = Q8 (T™ %3, 1(S™ %5 )y),
Rp2:%; %y »= max(Py 20 (S™ 2Tk, y), Qud; Zp (T 223, 1(S™ 27k )y)).

Case Az MA@ By TH we have a derivation of |A(z)|I%1+#% from

|CilR o,..0, 2. Instanciating z with y0 and z with y1 gives |A(y0)\§f1”'m"(y0),
which is

’V$A($) |59«”1--~xn’ from ’CI |g¢x1...wn(yﬂ)(y1) ’

So we can take
T*z1...xp =T ... 2,
Rizy...xny = Rizy ... 2,(y0)(y1).
Case M"+4®)s. By TH we have a derivation of |V, A ()L which is

\A(zO)\Zfl"'x’L(ZO), from |Ci| ., .. .. Instanciating 2 with (s, y) gives

Tx1..xn NES
(A" from [Cilg g sy
Assume for simplicity that s is closed. Then we can take

T*xy ... xp i=T*x1 ... 2pS",
Rixy...xpy = Rizy ... zp(s*,y). O
3.5.2. Extraction of uniform bounds.

THEOREM (Extraction of uniform bounds). Let s be a closed HAY -term,
A(z,y,2) a formula with at most the displayed variables free, and T a type
of level < 2. Assume that

WE-HA* + AC + IPy + M¥ + Axva_v F V1 Vy< 50327 Az, y, 2).
Then we can find a closed HAY -term t such that
WE-HAY + AC + IPLQJ + M¥ + AXVHSV = Vm1vy§p5‘r§|z§7m A(ZE, Y, Z)

Moreover, if A contains V3-premises only, then the conclusion can already
be derived in WE-HA” + Ax(7_y.
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PROOF. Let P¥ := WE-HA® + AC + IPY 4+ M“. Using IPY we obtain
P+ Axya_v Vo1, Fer (y <p 57— Az, 9, 2)).

By Soundness with Majorants we have a closed term 7™ such that in P* +
Ax{5_y we can derive the existence of some T' with 7% maj 7" and

le,y,uElzT (y Sp ST — A(l‘, Y, Z))|5xy

vxl,y,u|y Sp ST — A(xava‘ryO)‘gzyl

Va1 o 3:Vuly <p sz — Az, y, Tzy0)|;,
vxl,y(y <p ST — A(%%Txyo)),

in the last step we have used the Characterization Theorem in Sec.3.4.5.
Notice that using (AC) we can replace Axy5_y by the original Axya_v.

We now argue as in the corresponding theorem in Sec.3.3.5 (for real-
izability). Let t; := AzAy.Tzy0. Pick majorizing terms s* 7 for s,t;.
Writing 2™ for M« with M from the Majorization Lemma in Sec.3.3.2 we
have s*zM maj, sz, hence

HAY =V aVy< 5o s*aM maj, y.
For simplicity assume 7 = 2 := (nat = nat) = nat. Then
HAY b V1 V< oa ¥ iz (s*2M) M >0 tizy f.

Hence we can take t := Az f.t5xM (s*2™) fM | for to >3 t12y =ge Ty0.
We now show that if A contains V3-premises only, then the conclusion
can be derived in WE-HA® + Ax{s_,. To see this, notice that the used
direction of the Characterization Theorem in Sec.3.4.5 in this case needs
ML® only, and that (generally) the Soundness Theorem gives derivability in
WE-HA® + AX/VH<V. O

3.5.3. The weak Lemma of Konig as a V3<V-Axiom. We want
to show that the “weak” (that is, binary) Lemma of Koénig WKL can be
brought into the form of an axiom in Axy3_y. WKL says that every infinite
binary tree has an infinite path. When we try to directly formalize it in our
(functional) language, it does not quite have the required form, since the as-
sumption that the given tree is infinite needs an additional V in the premise.
However, one can easily find an equivalent statement of the required form.
To this end, we define the “infinite extension” of a given tree, and let WKL/
say that for every ¢, the infinite extension I(f) of its “associated tree” ¢ has
an infinite path. It then is easy to see that WKL and WKL’ are equivalent.

Let us first introduce some basic definitions. Let nat be the type of
natural numbers, boole the type of booleans tt, ff and list(boole) the type
of lists of booleans. It is convenient to write lists in reverse order, that is,
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add elements at the end. We fix the types of some variables and state their
intended meaning:

a,b,c of type list(boole) for nodes,

r, 8,1 of type list(boole) = boole for decidable sets of nodes,
9.k of type nat = boole for paths,

n,m,k,i,j of type nat for natural numbers,

D, q of type boole for booleans.

Let lh(a) be the length of a. Let a(n) denote the initial segment of a of
length n, if n <1h(a), and a otherwise. Similarly let f(n) denote the initial
segment of f of length n, that is, the list :f(0) :: f(1)--- = f(n —1). Let
(a)n denote the n-th element of a, if n < lh(a), and tt otherwise. f is a
path in t if all its initial segments f(n) are in ¢t. Call ¢ infinite if for every n
there is a node of length n in ¢t. Call t a tree if it is downwards closed, i.e.,
VaVn<in(@)(a € t — a(n) € t). So WKL says that
Vi (VaVn<in(@)(a € t — @(n) € t) — (tis a tree)
VyJaetlh(a) =n — (t is infinite)
3Vnf(n) € 1) (t has an infinite path),
which — because of the two premises saying that ¢ is an infinite tree — is not
of the required logical form.
To obtain an equivalent formulation in the required form, we introduce
some further notions.
t:={a|Vycm@a(n) €t} the associated tree ¢ for t,
)

b= g% th(®)-h(a

b is the tt-extension of a,
Velh(c)=1n(6)C ¢t b is t-big.

Let minje, denote the minimum of a set of nodes w.r.t. the lexicographical
ordering, and maxlen,(¢) be the maximal length of all nodes of ¢ of length
< n. Then 11,,(¢) is the leftmost largest node in ¢ of length < n:

maxlenc,(t) := max{lh(a) | a € t Alh(a) <n},
11,,(¢) = minjex{ ¢ € t | lh(c) = maxlen,(¢) }.
We can now define the infinite extension I(t) of a tree t:
I(t) :=={b]|betV(bist-big A bis the tt-extension of ll,)) }.

All these notions are definable in HA“. They clearly have the following
properties:

t is a tree;

if ¢ is a tree, then £ = t;
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if ¢t is a tree, then I(¢) is an infinite tree extending t;
if ¢ is an infinite tree, then I(t) = t.
Then WKL is equivalent (provably in HAY) to
WKL := ¥, 3,V f(n) € I().

To see this, assume WKL, and let ¢ be arbitrary. Then I (t) is an infinite
tree extending t. By WKL applied to (%), 3;¥,f(n) € I(f). Conversely, let
t be an infinite tree. Then I(f) =t and therefore 3;¥,, f(n) € t.

REMARK. From the results of Ishihara (1990) it is known WKL implies
Brouwer’s fan theorem. Moreover, a direct proof of this implication has
been given by Ishihara in 2002 and published in (2006). Berger and Ishi-
hara (2005) have shown that a weakened form WKL! of WKL, where as an
additional hypothesis it is required that in an effective sense infinite paths
are unique, is equivalent to Fan. One direction (WKL! implies Fan) is essen-
tially the proof of Ishihara (2006), enhanced by the additional requirement
that the tree extension to be constructed satisfies the effective uniqueness
condition (as in Berger and Ishihara (2005)). The main tool of this proof is
the construction of I(#) described above. The other direction (Fan implies
WKL!) is far less directly proved by Berger and Ishihara (2005), where the
emphasis rather was to provide a fair number of equivalents to Fan, and
to do the proof economically by giving a circle of implications. A direct
proof of the equivalence of Fan with WKL! is in (Schwichtenberg, 2005).
The latter paper also reports on a formalization in the Minlog proof assis-
tant, and gives rather short and perspicious realizing terms (w.r.t. modified
realizability) machine-extracted from each of the two directions of this proof.

3.5.4. Application: uniform moduli of continuity. As an applica-
tion, we show that every functional of type 2 definable in HA“ has an (even
uniform) modulus of continuity definable in HA“ as well, when applied to
arguments <; y.

Consider hereditary extensional equality, defined as follows (cf. Troelstra
(1973)):

(x1 ~p @2) = (21 =y 22),
(961 Rp=o 962) = vyhyz (yl Rp Y2 — T1Y1 o 3?2y2)-

Hereditary extensional equality is compatible with pointwise equality (as
defined in Sec.3.1.3):

o / _ / ~ !~ /
LEMMA. F 21 =, x] — T2 =) Ty — T1 R, Tz — T R, T.

PRrOOF. Induction on p. In the case p = o we can assume y; ~, y2 and
have to show {11 ~, zhys. From the assumption x; Rp=o T2 We obtain
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T1Y1 N Tay. Using z1y1 =, zjy1 and zoys =, xhys the IH gives us the
claim. 0

REMARK. By definition, 1 ~1 x5 is the same as 1 =1 xo.
LEMMA. For every HAY-term t,
HA® F ) = @ — t(T1) =, t(72).
Proor. Induction on t. Case A\yt. Assume T =~ T3 and y1 ~p=o VY2
Then t(y1, Z1) =y t(y2, T2) by TH, hence
Ay t(y, T1))y1 =det t(y1, 1) o t(y2, T2) =aet (AY (Y, T2))y2-

Case R. Assume f1,91 =~ fa,g2. We must show Rfigin =~ R fagon,
which can be done easily by induction on n. U

COROLLARY. For every closed HAY-term t, HA* =t =, t.

THEOREM. For every closed HA® -term t of type 2, we can find another
closed HAY -term t of HA“ also of type 2 such that

HA® b Vo Vo ar< 1y (Vicing @i = @'t — Vjcptag = ta'j).
PROOF. Because of the remark above, from HA“ - ¢t =5 t we obtain
HA® F Ve (Vizi = 2'i — Vi Vjcptaj = ta'j),
HA® + M b Vg, o Fi(@i = 2'i — Vptaj = ta'j),
HAY + M¥ b Vo Vo o<,y i (20 = 21 — Vjoptaj = ta'j).

Now Sec.3.5.2 on extraction of uniform bounds gives us a closed HA“-term
t such that

HAY vk,yvz@/glyaiggky(m =2'i — Vicktxj = t:c'j). O
3.6. The Negative Fragment: Classical Arithmetic

When we adopt the point of view of classical logic, we understand an
existential formula “there is an = such that A(x)” as an abbreviation for “it
is not true that for all =, A(x) is false”. We propose to make this distinction
explicit and use both 3, A and 3, A4, where the latter is an abbreviation for
—V;—A. Then in a classical context we only deal with EIJCA7 and hence need
to work with —VA_L-formulas only.

Recall that in arithmetic every atomic formula has the form atom (rP°°l),
i.e., is built from a boolean term rP°°. In particular, there is no need for
(logical) falsity L, since we can take the atomic formula F' := atom(ff) —
called arithmetical falsity — built from the boolean constant ff instead. We
then view negation —A as defined by A — F', and consider the arithmetical
classical existential quantifier 3, A.
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In particular, stability ——A — A holds for atomic formulas, and there-
fore every atomic formula is equivalent to a negated formula. Hence it suf-
fices in classical arithmetic PA“ to work with —VA-formulas only. By what
we have seen in Sec.1.2.4 and Sec.1.2.5, this implies that we have stability
for all formulas.

REMARK. Notice that by the elimination of A in Sec.1.2.4, we can even
omit conjunction A.

3.6.1. IP, M and AC with classical existence. We now study what
happens to the Independence of Premise axiom (IP*) and Markov’s Principle
(M¥) — both of which involve 3 — under the “negative interpretation” of the
existential quantifier, that is, replacement of 3 by 3. It turns out that both
become derivable.

LEMMA. (a) (IPY) is derivable from F — A:
- (F— 4) = (A= 3,B) - 3(A— B) (z ¢ FV(4)),
and hence need not be assumed in PA”.
(b) (M¥) is derivable from Vyo(——A — A):
F Vo (m—A — A) = (VoA — B) — 3p0(A — B) (¢ FV(B)),

and hence need not be assumed in PAY.

ProOOF. Exercise. In fact, these proofs can easily be found by automated
proof search in minimal logic. U

However, for the axiom of choice the situation is different. We show that
the translation (QF-AC) of the quantifier-free axiom of choice is derivable
from the original (QF-AC) plus Markov’s Principle (M“) for quantifier-free
formulas.

LEMMA. (QF-AQ) is derivable from (QF-AC) plus Markov’s Principle
(M¥) for quantifier-free formulas.

PROOF. We argue informally. Assume (QF-AC)
VarTyo Ao(z,y) — Fpo=o Vo Ag(z, f(2))
with Ag quantifier-free. Then
Vo3 Ao(z, y)
Vo (Vy=Ao(z,y) — F)
Vo3y(—Ao(z,y) — F) by (M¥)
Va3yAo(z,y) by stability =—Ag — Ag
Vado(e f(z) by (QF-AC)
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éfVI‘40($7 f(l')),

where the last step is a logical weakening. U
3.6.2. Extraction from classical proofs.
THEOREM. Assume
WE-PA“ + QF-AC + Axy F ¥, 3,40(,y),

Ao(z,y) a quantifier-free formula with at most the displayed variables free.
Then we can find a closed HAY -term t such that

WE-HA® + Axy F Y, Ag(x, tz).
PROOF. We make use of the fact proved in Sec.3.6.1 that (QF-AC) is

derivable from (QF-AC) plus Markov’s Principle (M) for quantifier-free
formulas. Hence

WE-PA® + QF-AC + Axy V.3, A0(z, )

WE-HA® + QF-AC + M* + Axy F ¥, 3,40(z, )

WE-HA” + QF-AC + M*¥ + Axy - V,3,A0(z,y) by (M¥)
WE-HAY + Axy F [V, 3, Ao (2, y) %

for some closed HA“-term ¢, where in the last step we have used the Sound-
ness Theorem. But

Vo3yAo(@, )l = [Fydo(z, y)[ = |Ao(x, t)|2 = Ao(w, tx). U

3.6.3. Extraction of uniform bounds from classical proofs. As
in Sec.3.5, the restriction to only look for bounds rather than exact realizers
makes it possible to deal with additional assumptions AXV§<V of the form

prélyggmvzrflo(x,y, 2) (Ao quantifier-free),

with 7 a closed term of type p = 0. We then need to consider strenghtened
versions Ax5_y of these assumptions as well:

3Y§p:>arv1’p,2?‘r Ao ($, Yz, Z)

THEOREM (Extraction of uniform bounds from classical proofs). Let s
be a closed HA® -term, Ao(x,y, z) a quantifier-free formula with at most the
displayed variables free, and T a type of level < 2. Assume that

WE-PAY + QF-AC + AXV§|<V H Vxlvygpszéi' A0($, Y, Z)
Then we can find a closed HAY -term t such that
WE-HA® + AxS_y b Vo1 ¥y<, o0 o<, 10 Ao(@, Y, 2).
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PROOF. Assume
WE-HA® + QF-AC + Axys_y b Vi1 Vy<, 03 Ao(, 9, 2).
Then clearly .
WE-HA® + QF-AC + Axy3_y b Vo1V, 3.7 (yil <o swil — Ao(x,y, 2)).
We again make use of the fact proved in Sec.3.6.1 that (QF-AC) is derivable

from (QF-AC) plus Markov’s Principle (M) for quantifier-free formulas.
Hence

WE-HA® + QF-AC + M* + Axya_y F V1V, g+ (yii <o szii — Ag(z,y,2)),
and because of (M*“) we can replace the 3 on the right hand side by 3. Hence
WE-HA® + QF-AC + M* + AXVHSV = Vxlvygpswaerg(x, Y, Z)

The theorem on extraction of uniform bounds in Sec.3.5.2 gives us a closed
HA%“-term t such that

WE-HA® + AxS_y b VorVy<, e Tos 10 A2, 9, 2). O

We now derive a corollary to this theorem, which involves the so-called
e-weakening of the Skolem normal form of a formula

Vaa Hbgaravc'y Bo (CL, b, C),
namely the formula
vCElBSéﬁGTVa‘SvC/S"/CBO (a7 Ba? Cl) .

COROLLARY. Let s be a closed HAY-term, Ao(z,y,z) and Boy(a,b,c)
quantifier-free formulas with at most the displayed variables free, and T,y
types of level < 2. Assume that

WE-PA“ + QF-AC I Vs 3p<, raVer Bo(a, b, ¢) — Vo1 V< su3sr Ao(2,y, 2).
Then we can find a closed HAY -term t such that
WE-HA® + VCEIBS(bUTVa(sVC/SWCBO(a, Ba,c) — Vo Vy< se < ta Ao(z,y, 2).
PROOF. In WE-PA¥ + QF-AC we have
Vaélbgmvcho(a, b,c) — Vx1vygsxélzf Ao(z,y, 2)
élBSTVachBg(a, Ba,c) — Vz1vygszng Ao(z,y, 2)
V:BNySSIVBSEIa,Cw,zT(Bo(a, Ba,c) — Ap(z,y,2)).

The theorem above on extraction of uniform bounds (with Axy3 -V empty)
provides us with closed terms ¢, such that WE-HA® derives

leVygsvagrﬂaﬂcwgtlxaz-rSm(B(] (a, Ba, C) — Ao(.%', Y, Z))
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vzl (aBgrvavc’Ygt’wBO (a/7 Ba, C) - vygswazTStwAO (.%', Y, Z))
VcaBngangWCBo (CL, BCL, C,) - vxlvygswangtm AO (a;, Y, Z),

where both steps are logical weakenings. O

One good reason to be interested in such results is that the e-weakening
of the Skolem normal form of the V3V-form WKL’ of WKL is derivable:
Recall

WKL/ = \V/tzlfnatﬁboolevnf_(n) € I(f)
The e-weakening of its Skolem normal form is
Vnapvtvnlgnﬁ(n/) € I(f)

But this is easy to derive (in HA*): Given n, let F,t pick from the infinite
tree I(f) a path of length n.

3.6.4. Elimination of extensionality. Define

E,x = tt,
(x4 :Z x2) = (21 =4 x2),
Epmo 1= Yy (N1 =5 Y2 — TY1 = TY2),

(T1 =pmso T2) 1= Epmo1 A Epmsoma ANVy(Epy — 21y = T2Y).

Notice that for a type p of level < 1 we always have E,x; this follows from the
compatibility axioms. This implies that z;1 ={ x3 is the same as pointwise
equality x1 =, x2.

We now collect some general properties of these notions; they are all
derivable in ML¥. Clearly =° is symmetric and transitive. Moreover we
have

LEMMA. (a) (Reflexivity of =¢ on E). E,x — x = x.
(b) (Closure of E under application). E,~,x — Eyy — Es(xy).
(c) (Compatibility of application with =°).

€ —€ —€
T1 =po T2 Yy, 40 (Y1 =5 Y2 — 2151 =5 T2y2)-

PrOOF. (a) Induction on p. Base. By definition. Step. Assume E,_ ,x:

Yy (U1 =5 Y2 — Ty1 =5 TY2).

We must show z =/, x. Ep=,x is already given; it remains to show
Vy(Epy — zy =5 xy). Let y be given and assume E,y. We must show
ry =g vy. The IH, gives y =7 y. But then E,—,x implies the claim.

(b) From E,y we obtain y =° y by (a). Then E,—,x gives xy =° xy. Hence

E,(zy) by definition.
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e

(c) —. Assume 1 =

—o T2. Then by definition F,—,x; and

Vy(Epy — 21y =45 T2y).

Assume further y; :; y2. We must show z1y1 =5 xoy2. From y; :f) Y
we get E,y1; hence z1y1 =5 x2y1. But from E,—,x2 and y; :; Yo We
obtain zoy1 =% x2y2. Now transitivity of =¢ gives the claim.

—. Assume Yy, 4, (11 =0 Y2 — T1y1 =4 x2y2). We must show
T :Z:m x9. We first show E,_,x1; for xo the argument is similar.
So we must prove Yy, 4, (y1 =5 Y2 — T1Y1 =4 x1y2). Let y1,y2 with
Y1 =} y2 be given. Then E,y> by definition, hence y2 =, y2 by (a). Now
the assumption with y; :Z Yo gives x1y1 :; Toy2, and with yo :Z Yo
gives w1y =j z2y2, Transitivity and symmetry of =° now implies the
claim z1y1 =5 z1y2. We finally show Vy(E,y — x1y =5 22y). Let y
with E,y be given. Then y =¢ y by (a) and hence x1y = z2y by our
assumption. U

We show that all closed HA“-terms are in E. This follows from

LEMMA (Compatibility of HA“-terms with =¢). Let a term (&) be given,
with at most the displayed variables free. Then

fl =° fQ — T(fl) =° T(fQ).
PRrROOF. Induction on r. Case rs. By IH r(Z1) =¢ r(Z2) and s(#1) =°
s(Z2). Part (c) of the lemma above gives r(Z1)s(Z1) =¢ r(Z2)s(Z2).

Case Axr. Assume 1 =¢ Z9. We must show \ar(z, ¥1) =° Azr(z, Z2).
e

By part (c) of the lemma above it suffices to show Vg, z,(z1 =° z2 —
r(z1,Z1) =° r(xe,@2)). So let x1,x9 with 1 =° x5 be given. The claim
then follows by the IH for r. O

Let AP be obtained from A by relativizing all quantifiers to E.

LEMMA (Relativization of E and =° to E).

(E,2)F « E,x and (21 =5 12)F — (21 =0 x2).

Proor. We prove both claims simultaneously, by induction on p. Base.
By definition. Step.

(Ep:mx)E

< Yy (Epyr — Epyz — (11 =5 y2)” = (a2 =g 33242)E)

= Vg (Epyr — Epy2 — y1 =} y2 — Y1 =4 TY2) by IH,, ,

< Yy .y (11 :,e; Y2 — TY1 =g TY2) by definition

= Lp=ol.
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and similarly

(21 =py 22)"

o (Bx1)P A (Baa)® ANy (Epy — (Epy)? — (21y =5 29y)")
— Exy N Exg ANVy(Eyy — 21y =5 Z2y)
= (21 =0 T2).

Here we have used the argument above and the IH, . U

We now show that relativizing pointwise equality to E is the same as
extensional equality, provided the objects are in F.

LEMMA. E,x1 A Eyzo A (21 =, 19)F 1y =0 x.
PRrOOF. Induction on p. Base. By definition. Step.

Epsot1 N Epmsgto N\ (21 =po acg)E

& Epesoq1 A Bpmsoto AVy(Epy — (21y =0 72y)")

— Bpsoty N Epmsova Ay (Epy — Eq(21y) A Eg(21y) A (21y =4 z2y)")

= Epmo®1 A\ Epmoa ANV (Epy — 21y = T2y)

= (#1 =)q 72),

where the next to last step uses the ITH. O

THEOREM. E-HA® - A(Z) implies HA® - E(%) — AP(Z).

PRrROOF. Induction on derivations. For the extensionality axiom use the
lemma above, on relativizing pointwise equality to F. O

3.6.5. Extraction of uniform bounds from classical proofs with
extensionality.

THEOREM. Let A be a set of azioms from Axys_v, and A. consist of
their e-weakenings. Assume that the types of the existential variables are
all < 1 and of the final V-variables are < 2. Let s be a closed HAY -term,

Ao(x,y, 2) a quantifier-free formula with at most the displayed variables free,
and 7 a type of level < 2. Assume that

E-PAY + QF-AC™" + A + WKL b V,1 ¥y, s 3 Ao(2, 7, 2).
Then we can find a closed HAY -term t such that
HAY + JAV Vxlvyglsxangtz AO(xa Y, Z)

PROOF. Notice that we can view WKL as one of the axioms A, because
the e-weakening of WKL is derivable in HA®.
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The first step is to apply elimination of extensionality. This gives
PA“ + (QF-AC”HE + AP V1Y < o T Ao(,y, 2).
For A = Voo ébgamvﬂ By(a, b, c) the restriction on the level of o implies
AP = Vaa;Eaéle(,mVCw;EcBo(a, b, c).
Hence A — AE. Similarly, QF—A~CO’1 — (QF—A~CO’1)E, and hence
PAY + QF-AC”! + A F V1V, < o3 Ao(z,y, 2).

By the proof of the corollary in Sec.3.6.3 (which goes through in exactly the
same way if “WE-" is left out throughout) we have the claim. O

This “metatheorem” has found many applications, particularly in work
of Kohlenbach. One such application — parameter independence of best
Li-approximation — can be found in Kohlenbach and Oliva (2003).

3.7. Notes

Much of the material in the present chapter is due to Troelstra (1973).
More information on the BHK-interpretation and its history may be found
in (Troelstra and van Dalen, 1988, 1.3, 1.5.3).

The results in Sec.3.3.2 are due to Howard (1973). The lemma in
Sec.3.3.1 relating Howard’s majorization relation with pointwise >, is due
to Kohlenbach (1992b). The result on the Fan Rule in Sec.3.3.5 has been
proved in Troelstra’s (1977); the short proof given here is due to Kohlenbach
(1992b). The two theorems on extraction of uniform bounds, for realizabil-
ity in Sec.3.3.5 and in the Dialectica interpretation in Sec.3.5.2 are from
Kohlenbach (1992b, 1998). The so-called monotone functional interpreta-
tion treated in Sec.3.5.1 and also the combination of the negative translation
and monotone functional interpretation have been introduced by Kohlen-
bach (1996).

The fact that the weak Lemma of Konig WKL can be written as a
V3<V-Axiom (Sec.3.5.3) has been observed by Kohlenbach (1992a). The
proof given uses ideas of Ishihara (2006).

The result in Sec.3.5.4 that every functional of type 2 definable in HA®
has an (even uniform) modulus of continuity definable in HA“ as well (when
applied to arguments <; y) is due to Kreisel; a proof can be found in
(Schwichtenberg, 1973). The present proof is from Kohlenbach (1992b).

The theorem on extraction of uniform bounds from classical proofs with
extensionality in Sec.3.6.5 is due to Kohlenbach (1993); the formulation
given is from (Kohlenbach, 2006).
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