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Exercise 1 (Semigroup properties; 5 points). For t > 0 we define Tt : C∞c (Rn)→ L∞(Rn)
via

C∞c (Rn) 3 u0 7→ Tt(u0)(x) := u(t, x) =
ˆ
Rn

Φ(t, x− y)u0(y) dy,

where u(t, x) is the exponentially decaying solution of the Heat Equation on Rn with
initial data u0 (which is unique, see lecture) and Φ is the fundamental solution of the
Heat Equation. Prove the follwing:

(a) Tt(u0) ∈ L∞(Rn) and hence Tt is well defined.

(b) Tt+s = Tt ◦ Ts for s, t > 0.

(c) For u0 ∈ C∞c (Rn) we have ‖Tt(u0)− u0‖L∞(Rn) → 0 as t↘ 0.

Exercise 2 (Energy methods, part 1; 5 points). Let U ⊂ Rn be open, bounded and with
C1-boundary, c ∈ R and a ≥ 0. Let moreover f ∈ C0((0,∞)×U) and g ∈ C0(U). Prove,
via energy methods, the uniqueness of the classical solution u ∈ C2,1([0,∞) × U) of the
initial value problem 

ut −∆u+ c2u = f in (0,∞)× U
au+ ∂u

∂ν
= 0 on [0,∞)× ∂U

u(0, ·) = g on U
, (1)

where ∂u
∂ν

is the outer normal derivative of u with respect to U .
Hint: Let u1, u2 be two solutions of (1). Then define w := u1 − u2 and consider the
function R≥0 3 t 7→ e(t) :=

´
U
w2(t, x) dx

Exercise 3 (Energy methods, part 2; 5 points).

(a) Prove the Poincaré-inequality: Let Ω ⊂ Rn be open and bounded. Then there exists
a constant CP > 0 such that for u ∈ C1(Ω) subject to u = 0 on ∂Ω the following
inequality holds:

‖u‖L2(Ω) ≤ CP‖∇u‖L2(Ω).

Hint: Let R > 0 with Ω ⊂ BR(0) and x := (x′, xn) := (x1, ..., xn) ∈ Ω with x′ :=
(x1, ..., xn−1). Then there exists a < xn such that y := (x′, a) ∈ ∂Ω and (x′, s) ∈ Ω
for all s ∈ (a, xn]. Now, prove the inequality

|u(x)| ≤
√
xn − a

(ˆ xn

a

(uxn)2(x′, s) ds
)1/2

. (2)

Then use (a, xn] ⊂ Ix′ := {s ∈ R : (x′, s) ∈ Ω} ⊂ (−R,R) to estimate the
right hand side of (2). Integrate the inequality you obtained this way to obtain the
Poincaré-inequality with constant CP = 2R.1



(b) Let f ∈ C0(R) and M > 0 such that |f(z)| ≤ M |z| holds for all z ∈ R. Moreover
let Ω ⊂ Rn be open, bounded and with C1 boundary. Prove the following: There
exists M0 > 0 such that for M < M0 and solutions u ∈ C2,1([0,∞) × Ω) of the
boundary value problemut −∆u = f(u) in (0,∞)× Ω

u = 0 on [0,∞)× ∂Ω

for all t ≥ 0 the estimate

‖u(t, ·)‖2
L2(Ω) ≤ e−δM t‖u(0, ·)‖2

L2(Ω)

holds, where the constant δM > 0 only depends on M and CP .
Hint: Consider the function R≥0 3 t 7→ e(t) :=

´
Ω u

2(t, x) dx. Use the Poincaré-
inequality to prove that ė(t) ≤ −δMe(t) for t > 0 and a suitable constant δM .

Exercise 4 (Black-Scholes Equation; 5 Points). Let σ, r, E, T ∈ R with σ, r, T > 0. We
consider the following boundary value problem:

Vt(t, s) + 1
2σ

2s2Vss(t, s) + rsVs(t, s)− rV (t, s) = 0 for (t, s) ∈ (0, T )× (0,∞)
V (T, s)−max{s− E, 0} = 0 for s ∈ (0,∞)
V (t, 0) = 0 for t ∈ [0, T ]
lims→∞ V (t, s)/s = 1 for t ∈ [0, T ]

(3)

Find a solution V for the above boundary value problem. To do so you can for instance
proceed along the following points.

• Do a change of variables (x, τ) :=
(
log( s

E
), 1

2σ
2(T − t)

)
to transform the differential

equation in (3). For the function

v(τ, x) := V (t, s)
E

=
V (T − 2τ

σ2 , Ee
x)

E

the PDE obtained this way should read

vτ (τ, x) = vxx(τ, x)+(k1−1)vx(τ, x)−k1v(τ, x) for (τ, x) ∈ (0, σ2T/2)×R (4)

for k1 := 2r/σ2. Also transform the boundary conditions in (3).

• Make the Ansatz u(τ, x) := e−αx+βτv(τ, x) to transform, for suitable choices of α, β,
the equation (4) into the Heat equation. Also rewrite the boundary conditions in
terms of the function u.

• Use the solution formula from the lecture to solve the so obtained problem for the
Heat Equation.

You can drop your homework solutions until Monday, January 9 at 16 o’clock into
the appropriate letterbox on the first floor near the library.
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