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T 1. Let Ω ⊆ Rn be open and bounded, T > 0, g ∈ C0(∂′ΩT ) with 0 ≤ g ≤ 1 and let
u ∈ C2((0, T )× Ω) ∩ C0([0, T ]× Ω̄) be a solution ofut −∆u = sin2(u) in (0, T ]× Ω

u = g auf ∂′UT .

Show, that 0 ≤ u(t, x) ≤ t+ 1 for all (t, x) ∈ [0, T ]× Ω̄.

T 2 (Heat Equation on R+). Let u0 ∈ C0([0,∞)) ∩ L∞([0,∞)) with u0(0) = 0. De-
termine an explicite expresion for the solution u ∈ C2([0,∞) × [0,∞)) of the following
initial/boundary valute problem

ut(t, x)− uxx(t, x) = 0 ∀(t, x) ∈ (0,∞)× (0,∞),
u(t, 0) = 0 ∀t ∈ [0,∞),
u(0, x) = u0(x) ∀x ∈ (0,∞).

Hint: Extend u to [0,∞)× R by reflexion.

Definition 1. The Schwatz space S(Rn) or space of rapidly decreasing functions on Rn

is defined as

S(Rn) :=
{
φ ∈ C∞(Rn) : ∀α, β ∈ Nn

0 is sup
x∈Rn

∣∣∣xαDβφ(x)
∣∣∣ <∞} .

T 3. Let f ∈ Lp(Rn), φ ∈ S(Rn) with φ ≥ 0 and
∫
Rn φ(x) dx = 1. For all ε > 0 define

φε(·) := ε−nφ(ε−1·).
Show, that for

‖f ∗ φε − f‖p :=
 ∫

Rn

(f ∗ φε − f)p dx
1/p

−→ 0 for ε→ 0.

Proceed as following

(i) Prove the claim for f ∈ C0(Rn) ∩ Lp(Rn).

(ii) Prove that ‖φε ∗ f‖p ≤ ‖f‖p.

(iii) Use that C0(Rn) ∩ Lp(Rn) lies dense in Lp(Rn).
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