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T 1. Let u € C*(R"™) be harmonic and such that
/WQNW<m.
Rn

(a) Prove that for any function ¢» € C°(R") the function ¢ * v € C*°(R") is bounded.

(b) Conclude that w =0 (i.e. u(z) =0 for all z € R").

T 2. (a) Let Q C R" be open and bounded and u € C?(Q) N C°(Q) be a solution of

{—Au—f in 0 "

u=yg on 02,

where f € C°(Q) and g € C°(99). Prove that there exists a constant C, which only
depends on 2, such that

max Ju(z)] < c(max 9(2)| + max |f(:v)!>
zeQ eI zeQ)

Hint: As an intermediate step you can prove that —A(u(x) + %A) <0 for A :=

max, g | f()].

(b) Prove that the solution of depends continuously on the ’data’ f and g. More
precisely, prove that there exists a constant €', which only depends on €2, such that
for solutions u; € C%*(Q)NC°(Q) i=1,2, of

U; = g; on 0f2,

where f; € C(Q) and g; € C(09) the following estimate holds:

Jur — ua|| Lo (o) < C(Hgl — gollL=(a0) + [|f1 — f2||L°°(Q)>~



For the next problem we define R} := {x € R" : z, > 0} and, for fixed n, |0B(0,1)|
denotes the surface area of the unit sphere in R".

T 3. Let g € C°(R™') N L>*(R"!) and define the function u : R — R via

L 2m, 9(y) i
““”"\aB«xlﬂwé e

Prove that u then is a solution to the Dirichlet problem on the half space R’} with boundary
value g on JR’}. More precisely, prove that

(2) we C*(R}) N L>(RY),
(b) Au=0in R,

(¢) For each point zo € IR" we have limgern u(x) = g(wo).
T—T0

Hint: You may use, and prove at the very end if time permits, that

22, / 1
dy =1 x e RY).
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