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Exercise 1. (a) Let U C R™ open and u : U — R harmonic. Show that ¢ : U —
R,z +— ¢(z) := x - (Vu)(x) is harmonic as well.

(b) Prove that D*Au = AD%u and p(D)Au = Ap(D)u holds for all u € C*°(R"). Here
we used the notation p(D)u 1= 34 <p ca D*u with coefficients ¢, € R. Conclude
that for a harmonic function u all partial derivatives D*u and the functions p(D)u
are harmonic.

(c) Prove for u € C?(R%) the formulas A(uv) = (Au)v + 2Vu - Vv + u(Av) (product
rule) and & |,_ju(rz) = z - Vu(z) (Euler’s relation).

(d) Let s,t € R and u : R"\ {0} — R homogeneous of degree s (i.e. u(Az) = Nu(z)
holds for all A > 0 and z € R™ \ {0}). Prove that

A(|z['u(z)) = t(n +t + 2s — 2)|z|"2u(x) + |z|"Au(z).
Hence a function u is harmonic and homogeneous of degree s exactly if | - [>7"2¢
is harmonic and homogeneous of degree 2 —n — s.

u

Exercise 2. Suppose u € C*°(R") satisfies Au = 0. Let O be an orthogonal n x n matrix
and define
v(z) == u(Ox), (x € R™).

Show that Av = 0, i.e. Laplace’s equation is rotation invariant.

Exercise 3. Suppose u : R"\ {0} — R has the form u(z) = f(|z|), where f € C?((0,0))
(u is rotationally invariant). Show that
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Use this to determine all rotationally invariant harmonic maps u on R\ {0}.

Au(z) = f"(l=|) + ().

Definition. Let U C R" be an open set and let v € C?(U). We call v subharmonic, if
—Awv(z) < 0 holds for all x € U. Analogously we call v superharmonic, if —Av(z) > 0
holds for all z € U.

Exercise 4. (a) Let v € C?*(U) be in U. Show, that for all B.(x) C U is
v < f o) dy
B, (z)
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(b) Let ¢ € C?*(R) be convex and u € C?(U) be harmonic on U. Show that the function
v := ¢ ou defined on U is subharmonic.

(c) Let u € C*(U) be harmonic. Show that the function v := |Du|? is subharmonic.



