Generalities:

Gauss-Green’s theorem: |, umz z)dz = [, u( ( )dS(z)

Integration by parts: [, u,, ()v(z)de = — fQ Vg, () dz+ [, u(z)v(z)n(x) dS(z)
Green’s formula (i): [, Au( )dx = [ 2(z )dS( )

Green’s formula (ii): [, Vu(z)-Vo(z) dz = — [, u( ) dz+ [, u(z) 34 (z) dS(z)

Co-area formula for the ball: fBT( u(y)dy = [ (faBs(x (y)dS(y )) ds

Method of Characteristics: First order PDE F(z,u, Vu) = 0 (initial values
given at X) with characteristic equations (z(t) := u(z(t)), p(t) := Vu(z(t))) and
non-characteristic condition: V,F(o,n,7)-v(0) # 0 (v(o) normal vector to X at o)

(1) = VypF(x(t), 2(1), p(t))
(1) = () VpF'(x(t), 2(1), p(t))
p(t) = =V F(x(t), 2(t), p(1)) — p(t) F(2(t), 2(t), p(t))

Laplace equation: Laplace operator: A =3, 0?
Fundamental Solution:

; . _ [rP—fz—xol?
Poisson-kernel: Kg (;,)(z,y) := raclo=”

Mean-Value Property: u(z) = = - Jon @ (Y )dS( )

Superharmonic: —Au > 0 or Hgu < u with Hpu(z) = [, , Kg(z,y)u(y) dy for
z € B and Hpu(x) = u(z) otherwise.

Rotationally invariant functions : "u(x) = f(|z|)",

then Au(z) = f"(|z]) + 55 ()

Green’s function: G : Q x Q — R Green’s function for € iff for all y:

(i) z = G(x,y) — ®(x,y) continuous on 2, harmonic on © (ii) z — G(x,y) = 0 on
o0N.

Heat equation: Heat operator: 9; — A (with A = A,)
Fundamental Solution:

Bt 7) = { G oD(= ) () € (0,00) x B
Lo (t,z) € {0} x R"

Heat ball: E(t,z;r) = {(s,y) 6 ]R”“ c s <t (ID(t —s,x—y)>r "}
Mean-Value Property: u(t,x) fE b u(s,y 4|th ys| dsdy

Wave equation: Wave operator: 9, — A (with A=A,)
d’Alembert’s formula (d=1): u(t,z) = 5 (g(z +1t) + gl —t)) + 5 th ) dy

Poisson’s formula (d=2): wu(t,z) = |Bz ‘ i JBu) oz Htf/gt(;z'(i m|)2 H2hC) dz
Kirchhoff’s formula (d=3): u(t,2) = 5,1 Jos,@ 9%) + V) - (y — z) + th(y)) dS(y)
Energy Method: total energy E(t) := K(t) + V( ) Wlth potential energy

V(t) =1 [ |Vu(t,)]* dz and kinetic energy K (t) := 3 [, [u(¢, z)|* dx




