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Introduction

This course is an introduction to algebraic geometry. That is, we study the geometry of zero
sets of polynomials in several variables over some field k. For k = R, the following examples
are familiar from high school:

{22+ 9> —1=0} or {y—2*=0}.
Generalizing the first example, we get
{z" +y" —1=0}.

The question whether for K = Q and n > 3, this last example has any solution besides
the trivial ones (i.e. (z,y) = (1,0) and (z,y) = (0,1) if n is odd and (x,y) = (£1,0) and
(z,y) = (0,£1) if n is even) is known as Fermat’s Last Theorem. For a very long time, this
was one of the most famous open problems in number theory, which has only been solved in

the 1990s by Andrew Wiles.

The above simple example shows that for arbitrary fields k£, understanding the zero sets of
polynomial equations has immediately an arithmetic flavour. To turn the problem into a
geometric one, we keep our favourite polynomial equations (e.g. those chosen above), but we
replace the arbitrary field k by its algebraic closure k. Once we understand the geometry and
shape of the solutions over k, one can recover the solutions over k as the Gal(k/k)-invariants.

So for the first part of the course, which will be devoted to varieties over algebraically closed
fields, we will always assume that k is algebraically closed. Our aim is then to study the
zero set of polynomial equations over k from a geometric point of view. The most important
technical tool will be commutative algebra. The reader is assumed to have basic knowledge
of commutative algebra (e.g. to the extent of [1]); we will however try to clearly state without
proofs the facts from commutative algebra that we use.

Disclaimer. These are rough lecture notes that I have written for the preparation of the
Algebraic Geometry I class that I have taught at LMU Miinchen during the WS 2018/19.
The notes may contain many typos and actual mistakes. If you find any, please send me an
email: schreieder@math.lmu.de

1 Algebraic sets and affine varieties

Let k& be an algebraically closed field.

Definition 1.1. Let n € N. The affine n-space over k is the set

A" =AY = {(a1,...,a,) € K" | a; € k}.

Polynomials f € k[z1,...,x,] can be regarded as functions f : A" — k.

Remark 1.2. If f,g € k[z1,...,x,] induce the same function on A", then f — g is a polyno-
maal that vanishes identically on A™. Since k is algebraically closed, one can easily show that
this implies f = g as polynomials.

Definition 1.3. Let I C k[x1,...,x,] be any subset. The associated (affine) algebraic set is
V(I):={a€A"| f(a)=0 forall f €T}.

A subset X C A" is called algebraic if X =V (I) for some subset I C k[z1,...,zp].



Remark 1.4. It follows immediately that V (I) coincides with the affine algebraic set of the
ideal that is generated by I. In particular, we do not loose anything if we consider only affine
algebraic sets V(I) associated to ideals I C klxi,...,x,]. Moreover, since klzi,...,xy,] is
noetherian by Hilbert’s basis theorem, I = (f1,..., fr) is generated by finitely many polyno-
meals and so

Vi) ={fi=-=f=0}

is the zero set of finitely many polynomials.

Example 1.5. The following sets X C A" are algebraic:
X=0, X=A" and X ={a},
where a € A" is a point.

The next lemma shows that intersections and unions of two algebraic sets are again algebraic.

Lemma 1.6. Let I,J C k[z1,...,x,] be ideals. Then,
(o) VINJT)=VIJ)=V({I)UV(J);
(b)) VIUJ)=V({I+J)=V({I)NnV(J).

Proof. This follows easily from the definitions. To prove (a), let x € V(I.J). Then for any
feInJ wehave f2¢€ IJ and so f?(z) = 0. Hence, f(x) = 0 and so z € V(I N .J). This
shows V(IJ) Cc V(INJ).

Next, let * ¢ V(I) U V(J). Then there are polynomials f € I and g € J with f(z) # 0
and g(x) # 0. Hence, fg(z) # 0 and so = ¢ V(I N J), because fg € I N J. This proves
VI NJ) C VUV

Finally, V(1)U V(J) C V(IJ) is clear, which finishes the proof of (a).

To prove (b), note first that V(I U J) = V(I 4+ J) because I + J is the ideal generated by I
and J. Next, V(I +J) C V(I)NV(J) is clear. For the converse inclusion, let ¢ V(I + J).
Then there are some elements f € I and g € J with (f + g)(z) # 0. Hence, f(x) # 0 or
g(z) # 0. This shows V(I)NV(J) C V(I + J), as we want. O

Corollary 1.7. Finite unions and arbitrary intersections of algebraic subsets of A™ are alge-
braic.

Proof. For finite intersections and finite unions, this follows from the previous lemma. Sim-
ilarly, part (b) follows easily from the Hilbert basis theorem (i.e. the fact that any ideal in
klx1,...,zy] is finitely generated) and part (b) of the previous lemma. O

By the corollary, the algebraic subsets of A™ are the closed sets of some topology on A", which
we call Zariski topology.

Definition 1.8. The Zariski topology on A™ is the topology whose closed subsets are exactly
the algebraic subsets. That is, U C A™ is open if its complement is algebraic.

Note that the Zariski topology induces (via the subspace topology) a topology on any alge-
braic set X C A"; this topology is also called Zariski topology.

Recall from general topology that a topological space X is irreducible if it cannot be written
as union of two proper closed subsets: X # X7 U Xy with X; C X closed.

=

Definition 1.9. An affine algebraic variety is an irreducible closed subset X C A™. That is,
X is algebraic and cannot be written as the union of two proper non-empty algebraic subsets.



Definition 1.10. Let X C A" be an arbitrary subset. We define the ideal
I(X):={f €klxy,...,z,) | f(x) =0 forallz e X}.

Lemma 1.11. Let X C A" and S C klx1,...,z,] be arbitrary subsets. Then,

(a) X CV(I(X)) and S C I(V(S5));

(b) V(I(X)) = X is the closure of X, i.e. the smallest closed subset containing X .

Proof. To prove (a), note that for each f € I(X), f(z) =0forallz € X andso X C V(I(X)).
Moreover, for any f € S we have f(x) =0 for all x € V(S) and so S C I(V(S)). This proves

(a).
To prove (b), note that V(I(X)) is closed and contains X by part (a). Hence, X C V(I(X)).
Conversely, let X = V(S) for some subset S C k[z1,...,z,]. Then
V(X)) cV(I(V(S))) c V(S) =X,
by part (b). Altogether, V(I(X)) = X, as we want. O

Proposition 1.12. An affine algebraic set X is a variety if and only if 1(X) is a prime ideal
in klxy, ...,z

Proof. 7=": Let X be a variety and let f-g € I(X). Then X C V(fg) = V(f)UV(g) by
the lemma. Hence,
X=XnV(f)u(XnV(g)

is the union of two closed subsets. Since X is irreducible, we may wlog assume that XNV (f) =
X and so f vanishes on X. That is, f € I(X) and so I(X) is prime.

7«<": Suppose X = AU B with non-empty proper closed subsets A, B C X. We can pick
points a € A, b€ B witha ¢ B, b ¢ A.

For any subset S C A", V(I(S)) = S by Lemma Since A and B are closed by assump-
tions, V(I(A)) = A and V(I(B)) = B. Since a ¢ B and b ¢ A, we find an element f € I(B)
with f(a) # 0 and g € I(A) with g(b) # 0. But then fg € I(X) with f ¢ I(X) and g ¢ I(X),
because fg vanishes on X, while neither f nor g vanishes separately on X. Hence, I(X) is
not a prime ideal, as we want. O

Recall the following result from commutative algebra (see e.g. [I]), where we emphasize that
k is assumed to be an algebraically closed field.

Theorem 1.13 (Hilbert Nullstellensatz). Let J C k[z1,...,x,] be an ideal. Then,
(a) V(J)=0 < J=klx1,...,2,);
(b) 1I(V(J)) = VJ;

(c) if J C k[xy1,...,x,] is a mazimal ideal, then J = (x1 — aq,..., T, — ay) for some a; € k,
i.e. J is the ideal of functions that vanish at a single point of A™.

Corollary 1.14. There are bijections
{affine algebraic subsets X C A"} «— {radical ideals J C k[x1,...,x,]},

{affine algebraic varieties X C A"} «— {prime ideals J C k[z1,...,x,]},
{points p € A"} «— {mazimal ideals J C k[x1,..., 2]}
induced by X — I(X) with inverse J — V(J).



Proof. The first bijection follows from Lemmal[I.6and the Hilbert Nullstellensatz. The second
bijection follows from this and Proposition For the last bijection, note that by the
Nullstellensatz, V(.J) is a point if J is a maximal ideal. Conversely, let p = (p1,...,pn) be a
point, then

klzi,...,zp] =k, f— f(p)

is a surjective homomorphism of rings with kernel I(p). Hence, k[z1,...,x,|/I(p) = k is a
field and so I(p) is maximal. This concludes the proof. O

We aim to prove the following, which justifies to restrict our attention to varieties.

Theorem 1.15. Any affine algebraic set is a union of finitely many algebraic varieties.

The above theorem can be seen as consequence of the primary decomposition theorem for
ideals in noetherian rings and Proposition [1.12| above. A more elementary proof uses the
following definition.

Definition 1.16. A topological space X is noetherian if any chain of closed subsets
e CXpCXp 1 CrCXoC X1 CX
becomes stationary, i.e. Xy, = Xn41 for all n sufficiently large.

Lemma 1.17. Affine space A" is noetherian.

Proof. Let
e CXp,CXp1 C---C X C Xy CAY

be a chain of closed subsets. Then

0)CcI(Xy)CcI(Xe)C---CI(Xpo1) CI(Xp) C-o- Ckl[z1,. .., 20

is a chain of ideals. This chain becomes stationary, because k[x1,...,z,] is noetherian by
Hilbert’s basis theorem. Hence, I(X;,) = I(Xp41) for sufficiently large n and so X, = X;,41
for sufficiently large n, because V(I(X)) = X by Lemma m O

Since subspaces of noetherian spaces are obviously noetherian, we get the following.

Corollary 1.18. Any affine algebraic set X C A" together with the Zariski topology is a
noetherian topological space.

The key property of noetherian topological spaces that we will use is the following simple
lemma.

Lemma 1.19. Let X be a noetherian topological space. Then X can be written as the finite
union of irreducible topological spaces.

Proof. For a contradiction, we assume that the statement fails for X. Then X is not irre-
ducible and so X = XU X5 for non-empty closed subsets X; C X. Moreover, either X; or X»
is not irreducible and so it admits a similar decomposition. Repeating this argument, we find
an infinite chain of closed subsets of X that does not become stationary, which contradicts

the fact that X is noetherian. O

Proof of Theorem [1.15. By Corollary any algebraic subset X C A" is noetherian. The
result follows therefore from the lemma above. O



2 Regular maps of affine varieties
Recall that the natural functions on A™ are those that are given by polynomials. Similarly,
if X C A" is algebraic, the natural functions on X are given by restrictions of polynomials.

Definition 2.1. Let X C A" be an algebraic set. A function f : X — k is regular if there
is a polynomial F € k[z1,...,x,] with f(x) = F(x) for all x € X. The set of all regular
functions on X is denoted by k[X].

Note that k[X] is in a natural way a ring, where addition and multiplication are defined
pointwise. Moreover, there is a natural surjective ring homomorphism

klzi,...,zp] = k[X], F— F|x

The krnel of the above surjection is given by all polynomials F' with F'|x = 0. By definition,
this is exactly I(X) and so we get an isomorphism

klz1, ... xn]/T(X) 2 k[X].

Remark 2.2. By Corollary we see that k[X] is always reduced. Moreover, k[X] is an
integral domain (resp. a field) if and only if X is a variety (resp. a point).

Definition 2.3. Let X C A" and Y C A™ be affine algebraic sets. A map ¢ : X — Y is
called regular map if ¢ = (f1,..., fm) for reqular functions f; € k[X]. A regular map ¢ is an
isomorphism if it has an inverse which is also regular.

We note that a regular map ¢ : X — Al is nothing but a regular function.
Lemma 2.4. Let ¢: X — Y be a reqular map. Then

¢" kY] = E[X], ffoo
is a Ting homomorphism.

Proof. The main point to prove here is that ¢* is well-defined. For this we need to show that

fo¢isregular for all f € k[Y]. Let ¢ = (f1,..., fn), then fo ¢ = f(fi,..., fn) is regular,
because f and f; are regular and so they are given by restriction of polynomial functions.
This shows that ¢* is well-defined and one easily checks that it is a ring homomorphism. [

The following result describes some of the most basic properties of regular maps.

Theorem 2.5. Let ¢ : X — Y be a reqular map between affine algebraic sets. Then

(i) ¢ is a continuous map;

(i) ¢* is injective if and only if p(X) =Y;
(iii) ¢* is surjective if and only if ¢ : X = ¢(X) and ¢(X) C Y is closed;

(iv) ¢ is an isomorphism if and only if ¢* : k[Y] — k[X] is an isomorphism.

In order to prove this theorem, we will use the following notation, which generalizes V' (I)
from above.

Definition 2.6. Let X be an affine algebraic set and let I C k[X] be a subset. Then we put
Vx(I)={ze X | f(z)=0 forall fel}.



As before, it suffices to consider the above definition in the case where I is an ideal. If J is
the preimage of I via the surjection k[zi,...,z,] — k[X], then we have Vx(I) = V(J). In
particular, the closed subsets of X are precisely those that are of the form Vx(I) for some
(reduced) ideal I C k[z1,...,z,] with I(X) C I.

Proof of Theorem 2.5, Item () follows from the equality

¢~ (W (D) = Vx(¢*(I) - k[X])

for I C k[Y]. (For this note that if I = (fi,..., f,), then the ideal ¢*(I) - k[ X] is generated
by (¢*f1,..., 0" fr).

Ttem :

”=-:" Suppose that ¢(X) C Vy(f) for some f € k[Y]. Then ¢*f = 0 and so f = 0 because
@* is injective by assumptions.

7«<:" Suppose ¢*f = 0 for some f € k[Y]. Then ¢(X) C V3 (f) C Y. Since ¢(X) =Y, we
get Vy(f) =Y and so f =0, as we want.

Item :

=" If ¢ : X — Y is an isomorphism, then ¢! is regular and so ¢* has as inverse (¢~ 1)*,
which shows that ¢* is an isomorphism.

7«": Suppose that ¢* : k[Y] — k[X] is an isomorphism with inverse (¢*)~1 : k[X] — k[Y].
Since ¢* is a k-algebra homomorphism, so is (¢*)—1; that is, (¢*)"1(\ - f) = A(¢*)"(f) for
all A € k and f € k[X]. Suppose that X C A" with affine coordinates t1,...,t, on A". We
may then consider the map

VY =AYy (fi(y), -, fa(y)

where f; := (¢*)~1(¢;). One easily checks that ¥(Y) C X and that ¢ is in fact an inverse of
¢. This proves ({iv).

Item :

"=": Let Z := Vy (ker(¢* : k[Y] — k[X])). Then, ¢(X) C Z by definition and so ¢ : X — Z
is a morphism. Moreover, k[Z] = k[Y]/ ker(¢*) and so ¢* : k[Z] = k[X] since ¢* is surjective.
This shows ¢ : X = Z by (ivi

"«": Suppose that Z C Y is a closed subset such that ¢ factors as X = Z C Y. Then
¢ k[Y] — k[X] = k[Z] 2 k[Y]/I(Z), and so ¢* is onto. This concludes the proof of the
theorem. ]

v|), as we want.

3 Rational maps of affine varieties

Let X C A™ be an affine algebraic variety. Then the ideal I(X) is prime and so k[X] =
Elx1,...,z,]/I(X) is an integral domain. In particular, we may form the fraction field
Frac(k[X]), which is a field that contains k[X].

Definition 3.1. Let X be an affine algebraic variety. Then k(X) := Frac(k[X]) is the field
of rational functions on X.

We say that an element ¢ € k(X) is reqular at x € X if there are reqular functions f, g € k[X]
with ¢ = 5 such that g(x) # 0.

Lemma 3.2. Let X be an affine variety. A rational function ¢ € k(X) is regular (i.e.
¢ € k[X]) if and only if it is reqular at any point of X.



Proof. If ¢ is regular, then it is clearly regular at any point. Conversely, assume that ¢ € k(X)
is regular at any point. Consider I := {f € k[X] | f- ¢ € k[X]}. This is clearly an ideal
and we need to show that 1 € I, i.e. I = k[X]|. By the Nullstellensatz, this is equivalent
to showing that Vx(I) = 0. So for a contradiction, assume that there is some x € X with
f(x) =0 for all f € I. Since ¢ is regular at x, we have ¢ = L for some regular functions f

and g with g(x) # 0. But then g € I and so = ¢ Vx(I), a contradiction. O

Definition 3.3. Let X be an affine algebraic variety, p € k(X) a rational function. Then
the domain dom(yp) of ¢ is the set of points where ¢ is reqular.

Lemma 3.4. Let X be an affine algebraic variety. Then dom(p) C X is open and non-empty
(hence dense) for all p € k(X).

Proof. To see that dom(yp) is open, we simply note that
dom(p) = X'\ Vx (1),

where I := {f € klz1,...,z,] | fo € E[X]}.

To see that it is non-empty, note that ¢ = 5 for some f,g € k[X] with g # 0. Since g is not

identically zero, there is a point € X where g does not vanish and so € dom(y). This
concludes the proof of the lemma.

Definition 3.5. Let X C A™ be an affine algebraic variety and let Y C A™ be an affine
algebraic set. A rational map
p: X --»Y

is given by ¢ = (1, ..,9m) for some rational functions p; € k(X), such that o(x) € Y for
all

m

x € dom(yp) := m dom(;).
=1

A rational map ¢ is called dominant if p(dom(yp)) is dense in Y.

Remark 3.6. By the above lemma, dom(p;) is nonempty open for all i. It follows that
dom(¢p) is non-empty open as well (because any two non-empty open subsets of an irreducible
topological space have nonzero intersection, see Exercise 8 on sheet 1).

Definition 3.7. Let X and Y be affine varieties, p : X --+ Y a rational map. Then ¢ is
birational (or a birational isomorphism) if there is a rational map v 1Y --+ X such that
Yo and @ o are the identity maps wherever they are defined.

Let ¢ : X = Y be a dominant rational map. Then we can define a pullback map on rational
functions:
O k(YY) = k(X), m—mop.

Note that this is a homomorphism of fields and so it is always injective (because fields have
non nontrivial ideals). Note also that it is essential that ¢ is dominant for this definition, as
otherwise, there is a regular function g € k[Y] with go = 0 and so the pullback of é cannot

be defined.

Lemma 3.8. Let ¢ : X --» Y be a dominant rational map between affine algebraic varieties.
Then the following are equivalent:

(i) ¢ is birational;



(ii) ©* : k(Y) — k(X) is an isomorphism of fields.
Proof. This is similar to Theorem see Exercise sheet 3. O

While rational functions and rational maps among affine varieties are very natural, their
definition takes us automatically outside of the world of affine varieties. Indeed, rational
functions and rational maps are only defined on non-empty open subsets of affine varieties
and such sets might in general not be affine varieties themselves. This leads to the following
definition.

Definition 3.9. (1) A quasi-affine algebraic set X C A" is an open subset of an affine
algebraic set. A quasi-affine variety is a quasi-affine algebraic set that is irreducible.

(2) A regular function ¢ : X — k is a function which locally around each point x can be
written as ¢ = g for some polynomials F,G € klt1,...,t,] with G(x) # 0. The set of
reqular functions is denoted by k[X]

(8) A regular map between quasi-affine algebraic sets X C A" andY C A™ is a map ¢ : X —
Y given by ¢ = (¢1,...,0m) for some regular functions ¢; € k[X]|. The map ¢ is an
isomorphism if it has an inverse that is also regular.

Example 3.10. Let X := A%\ {0}. Then the inclusion i : X — A? induces an isomorphism
k[A%] = k[X], see Exercise sheet 3. Since i is not an isomorphism, it follows from Theorem
that X is not isomorphic to an affine variety.

The above example shows that not every quasi-affine set is affine. A key property of quasi-
affine varieties is the fact that they look at least locally like affine varieties.

Lemma 3.11. Let X be a quasi-affine algebraic set and let x € X be a point. Then there is
an open subset U C X with x € U which is isomorphic to an affine algebraic set.

Proof. Note that X C X is an open subset of some affine algebraic set X C A". Let
Z =X\ X. Since z ¢ Z, we may find a function f € I(Z) C k[X] with f(x) # 0. Hence,
U := X \ V(f) is an open neighbourhood of z, which is isomorphic to an affine variety by
Exercise sheet 3. O

Proposition 3.12. Let X and Y be affine algebraic varieties. Then the following are equiv-
alent:

(i) X andY are birational;

(ii) there are non-empty open subsets U C X and V CY that are isomorphic.

Proof. = : Let ¢ : X --» Y be a rational map with inverse ¢ : ¥ --» X. Then,
U =dom(p) C X and V := dom(y)) C Y are open and we have morphisms ¢|y : U — Y and
Yly 1V — X. Let U := ¢|;;*(V), then the composition of ¢|; : U' — V C Y with 9|y is
well-defined and so it must be the identity, because 1 is an inverse of ¢. Let V' = w\;l(U ",
then the above observation shows that ¢(U’) C V' and so we get morphisms

olgr U = V' and |y : V' = U
These morphisms must be inverses of each other, because 1) = ¢! as rational maps (and so
1 oy and @ o1 are the identity wherever they are defined). This proves .



= : Let U C X and V C Y be open subsets with an isomorphism
b:USV.

Let Y € A™ and let ¢ = (¢1,...,¢m) for some ¢; € k[U]. By definition, locally around a
given point of U we have ¢; = % for some polynomials f;, g;. We thus get a rational map

(fl,...,fn> U --»V
91 In

which coincides with ¢ on a non-empty open subset (which is automatically dense). The
same is true for the inverse of ¢ and so we find that X and Y are birational, as we want. [J

Example 3.13. Let f € k[z1, z2] be an irreducible quadratic polynomial. Then X :=V (f) C
A? is birational to Al.

Proof. Wlog, we may assume that 0 € X. For s € k, let Ly := V(sz1 — x3) C A% be the line
through the origin of slope % Let (x1,22) € X N Lg, then z9 = szq and f(x1, sz1) = 0. For a

Zariski open subset of s € Al, we have that f(z1, sz1) is a quadratic polynomial in z1. Since
(0,0) € X, we find
f(z1,s21) = z1 - (a(s)x1 — b(s))

for some polynomials a(s) and b(s). But then we get rational maps

0: X -—> Al (z1,20) = 2
1
and ; )
VA - X, s ﬂ,sﬂ
a(s)” a(s)
that are inverses of each other. O

4 Quasi-projective varieties

One essential draw back of affine or quasi-affine varieties is that they are not proper; a term
that we will define only next semester, but which you should think of as an algebraic analogue
of compactness. To see why affine varieties should not be thought of as compact objects, note
that they have a lot of non-constant global regular functions, while compact objects should
have only constant global functions (compare this with the fact that a connected compact
complex manifold has only constant global holomorphic functions). More concretely, if we
have k = C and X C A" is an affine algebraic variety over C which is not a point, then in the
usual Euclidean topology, X is not compact, because it is unbounded.

The lack of compactness is reflected in the fact that intersection theory does not work well
on affine or quasi-affine varieties. For instance, two distinct lines in A% meet in a single point,
unless they are parallel and so do not meet at all. This implies that by moving two lines in
the plane in a ’continuous’ way, their intersection may jump from one point to the emtpy
set, which is a very unpleasant behaviour. Intuitively the point is that two parallel lines still
meet, but they meet at some point at infinity and one should add these points to obtain a
compact space.

The above discussion motivates us to introduce projective n-space P", which you should think
of as a natural ”compactification” of A" in which intersection products work much better.
For instance, we will see that any two distinct lines in P? meet in exactly one point.

10



Definition 4.1. Let k be a field. Projective n-space over k is given by

P = (A {0}) / ~

where x ~ y if there is some X € k™ with x = Ay. We denote the equivalence class of
x = (x0,...,xn) by [xo: - Tp].

If no confusion is likely, we usually suppress the ground field in our notation and write P"
instead of P}.

Note that a point [xg: ---: x,] € P" has at least one non-zero entry, i.e. X; # 0 for at least
one i. Moreover, for any \ € k*,

[To: a1 ixp] =[N mo i Az Az

Let 2, ..., 2, be coordinates on A"*!. Then any point on P" is of the form [zg : -+ : )]
with x; # 0 for some i and we call the x; homogeneous coordinates on P™.

Consider the inclusion A™ < P™ given by
(1, yxp) = [Lixy, - my).
The complement is naturally isomorphic to P*~! and so we find inductively a decomposition
P =A"UP" ! =A" LA L AT LAY,
If F € Ek[xo,...,zy] is a non-zero polynomial, then F(z) and F(Az) are in general different
and so F' does not yield a function on P™. However, if F' is homogeneous of degree d, then

F(\z) = MF(z) and so at least the condition F(z) = 0 is well-defined for a point 2 € P™.
This gives rise to the following.

Definition 4.2. Let I C k[xg,x1,...,2,] be a homogeneous ideal (i.e. an ideal generated by
homogeneous elements). Then

V(I):={xeP" | F(x)=0 foral F eI C k[zo,...,x,] homogeneous}
is a projective algebraic set.
Definition 4.3. Conversely, if X C P™ is a projective algebraic set, then
I(X) :={F € k[zq,...,z,] | F homogeneous with F(x) =0 for allx € X}
is the (homogeneous) ideal of X. The homogeneous coordinate ring of X is given by

S[X] = klzo, ..., xn)/I(X).

Note that the homogeneous coordinate ring S[X] of a projective algebraic set behaves quite
different from the ring of regular functions k[X] of an affine algebraic set X, because elements
of S[X] cannot be regarded as functions on X. We have nonetheless the following.

Proposition 4.4. Consider the graded ring S := k[xo, ..., xy], where |x;| =1 for all i. Let
St = D451 Sa and consider a homogeneous ideal I C S. Then,

(i) V(I) =0 if and only if Sy C VI;
(ii) if X := V(I) is non-empty, then I(X) = /1.
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Proof. The ideal I defines an affine algebraic subset Y := Vani1(I) C A"TL. Considering the
projection 7 : A"*1\ {0} — P", we see that V(I) C P" is empty if and only if Y C {0}. By
the Nullstellensatz, the latter is equivalent to S, C /I, which proves (i).

To prove (ii), note that m : Y \ {0} — X is surjective (with fibre Al above each point of

X) and that I(Y) = /I by the Nullstellensatz. Since any homogeneous polynomial that
vanishes on X also vanishes on Y, we find I(X) C I(Y). Conversely, any homogeneous
f € I(Y) vanishes on X. Finally, I(Y) is homogeneous (e.g. because I is homogeneous and

I(Y) = VI, or because Y is homogeneous in the sense that if y € Y then \y € Y for all
A € k) and so I(X) = I(Y) = v/I. This concludes the proposition. O

Definition 4.5. (1) A quasi-projective algebraic set is an open subset of a projective alge-
braic set.

(2) A projective variety is an irreducible projective algebraic set.
(8) A quasi-projective variety is an open subset of a projective variety.

Definition 4.6. Let X be a quasi-projective algebraic set.

(1) A function ¢ : X — k is regular if locally around every point x € X it is given by g
for homogeneous polynomials F' and G of the same degree. The set of reqular functions,
denoted by k[X], is a ring.

(2) Suppose that X is irreducible, i.e. a quasi-projective variety. A rational function ¢ :
X --» k is the equivalence class of a pair (U, ®), where U C X is non-empty and open,
and ¢ € k[U] is a regular function. Two pairs (U, ¢) and (V,1) are equivalent if there is
some non-empty open subset W C UNV with ¢|w = ¥|w. The set of rational functions,
denoted by k(X), is a field.

Remark 4.7. Let X be a quasi-projective variety. Then any rational function ¢ € k(X) can

be written as fraction ¢ = g where F' and G are homogeneous polynomials of the same degree
with G # 0. Note however that this description is not unique, i.e. a single rational function
might have several descriptions as such a fraction.

Definition 4.8. Let X and Y be quasi-projective algebraic sets.

(1) A regular map ¢ : X — Y is a continuous map such that ¢*(f) € k¢~ (U)] for all
UCY open and f € k[U]. A regular map ¢ : X —Y is an isomorphism if it admits an
inverse that is also reqular.

(2) Suppose that X is irreducible. A rational map ¢ : X --+ Y is the equivalence class of
a reqular map ¢y : U — Y for some non-empty open subset U C X. A rational map
¢ : X --+Y is birational if Y is irreducible and if ¢ admits a rational inverse.

Proposition 4.9. Let X C P} and Y C P}’ be quasi-projective algebraic sets and let ¢ :
X =Y be a map. Then the following are equivalent:

(a) @ is regular;

(b) locally around each x € X we have ¢|ly = [Fy : -+ : Fpllu for some homogeneous
polynomials Fy, ..., F,, of the same degree.

Proof. ”(a) = (b)”:
For x € X, consider y := ¢(z) € Y. Wlog y = [yo : -+ : Ym] with yo # 0, i.e. y is contained
in the open subset V =Y \ V3 (to). Hence, qb*(%) is regular and so it coincides with g near
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x, where F;, G; are polynomials of the same degree with G;(x) # 0. Hence, locally at x we

have F F, FiG FG
1 1
p=[l:=:--: 2]=[G: peee s =]
G1 Gm Gy Gm

where G = Gy ---G,p,.
"(b) = ()"
To see that ¢ is continuous, it suffices to check this locally on X and so it suffices to see that
dlu=1[Fo: - : Fyl]ly : U =Y is continuous, where F; are polynomials of the same degree

without common zero on U. The latter is clear because
ol (W (F)) = Vu(F(Fy,..., Fp)).

Next, let V' C Y be any open subset and let f € k[V]. Then we need to see that ¢*f is
regular on ¢! (V). That’s a local condition on ¢~ (V). For z € ¢~ 1(V), we have ¢|y = [Fp :
-1 Bl locally on some z € U C ¢~ (V), where F; are homogeneous of the same degree.
Since f is regular at ¢(z), it is locally at ¢(z) given by f = % for homogeneous polynomials
G, H of the same degree. Then,

. H(Fy,...,F
grf = Do Fom)
G(Fy,...,Fp)
is regular near z, as we want. This concludes the proof of the proposition. O

Corollary 4.10. Let X C P" be a quasi-projective variety and let Y C P™ be a quasi-
projective algebraic set. Then a rational map ¢ : X --» Y is uniquely determined by [Fy :

: )] on some non-empty open subset U C X where the homogeneous polynomials F; have
no common zero.

Proposition 4.11. (a) Quasi-affine sets are quasi-projective.

(b) Quasi-projective algebraic sets are covered by affine algebraic sets.

Proof. Let to,...,t, be homogeneous coordinates on P" and let U; := P"™ \ V(¢;). Then
P™ = |JU; is an open covering and

x T; x
G Ui = A" [xg - ixp] — (—0,...,4,...,—n)
is an isomorphism, with inverse
¢iZAn—>Ui, (tg,...,fi,...,tn)l—)(to SR '--2tn).
This proves (a). Item (b) follows then from item (a) and Lemma This concludes the
proof of the proposition. O

Example 4.12. We have k[P"] = k. In particular, any regular map P™ — A™ is constant.

Proof. Let X := P" and let ¢ € k[X] be a regular function on X. For each z € X, we then
have ¢ = g—’“ locally at 2 for homogeneous polynomials F,, G, € k[xo,...,z,] of the same

degree Witthx(a:) # 0. Since k[zo,...,z,] is a UFD, we may further assume that F, and
G, are coprime.

Fix some z € X. If G, has degree zero, then we are done. Otherwise, there will be a point
y € X with G;(y) = 0. On some non-empty open subset of X, % and g—; coincide and so

F,G, = F,Gy € k[xo, ..., xy]
Since ged(Fy, Gy) = 1 and ged(Fy, Gy) = 1, we find that G, | G, and so Gy(y) = 0, which is

a contradiction. This proves our claim. O
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Example 4.13. The conic curve X := V (t1ta — t3) C P? is isomorphic to P
Proof. The isomorphism is given by projection to the line V' (z2):
b: X =Pl [zo:my:a9] — [x0: 1]
Note that this is indeed a regular map, because
[z : 1] = [22 : mox1] = [m122 @ 2ox1] = [22 : T0].
The inverse is given by

2
Y
Y Pl X, [yolyl]'_)[?m:yl3;?]:[y0y13?/%3y3]'

O
Example 4.14 (Cremona transformation). The map
9 9 1 1 1
¢:P* - P [xo:xixo) = [—: — —] = [z122 : Tow2 : TOTH]
ro I1 X9
is a birational automorphism of P?. This map is called Cremona transformation.
Example 4.15 (Projection from a point). Let tg, ... ,t, be homogneneous coordinates on P™.

Identify V (t,) C P™ with P"~! and let y € P™ be a point that does not lie on P"~1. Then the
morphism
¢ : P\ {y} = P" L 2z (line through = and y) NP1,

induces a rational map P™ --» P71,

Proof. Up to applying a linear transformation, we may assume that y =[0:---:0:1]. We
then have

Glzg -] =[xo - Tp],

which is clearly a rational map P™ --» P"~! which restricts to a morphism on P™\ {y}, as
we want.

Example 4.16 (Blow-up of A" in the origin). Let ¢ : A" ——» P"~1 be given by
(T1yeeey@p) = [T1 000 Xy

LetT'y C A" xP™ be the closure of the graph of ¢ (i.e. the closure of the graph of the morphism
that is given by ¢ restricted to A™\ {0} ). Then BloA"™ :=T'y is called the blow-up of A™ in 0
and  : BloA™ — A" is called the blow-down map. This map has the following properties:

(1) ¢7H(0) = P 7Y
(2) 7 induces an isomorphism BlpA™ \ m=1(0) = A"\ {0}.

Proof. Tt suffices to prove ¢~1(0) = P"~!, the remaining claim is clear. To prove this, let
L C A" be a line through 0. Then ¢(L \ {0}) = = is a single point and so L x x C I'y, which
shows that € P71, as claimed. O
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5 Dimension

5.1 Definition and basic properties

Recall the following simple lemma from differential geometry.

Lemma 5.1. Let X be a connected real manifold. Then dim X is the supremum over all
£ € N such that there is a chain of connected closed submanifolds

0#20C 21 G- CZCX
Because of singularities, we cannot literally use the above lemma as a definition for the
dimension of an algebraic variety. However, after replacing ” connected” by "irreducible”, this

perfectly works and gives rise to the following definition for the dimension of an arbitrary
Noetherian topological space.

Definition 5.2. Let X be a Noetherian topological space. Then the dimension of X 1is the
supremum over all £ € N such that there is a chain of non-empty closed irreducible subsets

0V#£2Z0C 21 S CZiCX

This should be compared to the Krull dimension of a ring.

Definition 5.3. Let R be a commutative ring. The Krull dimension of R is the supremum
over all ¢ such that there is a chain of prime ideals

PeCpPe1S-CSpoC R

If X is an affine variety, then a closed subset Z C X is irreducible if and only if I(Z) C k[X]
is prime. This shows the following.

Lemma 5.4. Let X be an affine variety. Then,

dim(X) = dim k[X].
From commutative algebra, we use (without proof) the following basic fact about the Krull
dimension of finitely generated integral k-algebras.

Theorem 5.5 (Krullscher Hauptidealsatz). Let R be a finitely generated integral k-algebra.
Then,

(a) dim R < oo;

(b) if 0# f € R is not a unit, then dim(R/(f)) = dim R — 1.

Example 5.6. Let p € A" be a point. Then dim({p}) = 0.

Proof. This follows immediately from the definitions. O

Example 5.7. dimA"” =n

Proof. Proof by induction on n. For n = 0, the statement follows from the previous example.
For n > 0, note that

dimk[zy,...,z,] — 1 =dimk[xy, ..., z,]/(2n) = k21, ..., 2p_1]
by Theorem Hence, dim A" = dim A" ! + 1 by Lemma This proves the claim by
induction on n. O

15



As a first application of the concept of dimension and the above result from commutative
algebra, we prove the following weak version of Bezout’s theorem.

Corollary 5.8. Let Fy, Fy € k[xo, x1,22] be two homogeneous non-constant polynomials and
let X; :=V(F;) C P?2. Then X1 N Xa # 0.

Proof. We need to prove Vpz(F1, Fy) # 0, or equivalently {0} # Vas(F1, F2). The latter
follows clearly if we can prove dim Vs (Fy, F5) > 1. Replacing F; by one of its irreducible
factors, we see that we may without loss of generality assume that Fj is irreducible in R :=
k[xo, z1,x2]. Hence, R' := R/(F}) is a finitely generated integral k-algebra and so Theorem
5.5 implies
, — 1 if Fg # 0;
d / F — - I
m(R/(F2)) {2 if Fy =0,
where Fy € R' denotes the image of F, via the projection R — R’, and where we note that
Fy is not a unit in R, because it vanishes at 0 € Vps(Fy). This proves the corollary by
Lemma because the ring of regular functions of Vs (Fi, F3) is nothing but R'/(F2). O

Remark 5.9. Corollary says that the intersection of two hypersurfaces in P? is non-
empty. The example of two parallel lines X1 = V(z1) and Xo = V(21 — 1) in A? shows that
the statement does not hold in affine space, i.e. two hypersurfaces in A> do not need to meet
nontrivially.

Remark 5.10. The proof of Corollary easily generalizes to show more generally that
the intersection of two hypersurfaces in P™ has dimension at least n — 2. (To see this one
has to use that the affine cone of a projective algebraic set has dimension one more than the
projective set — this assertion might appear on exercise sheet 5.)

The definition of the dimension of a topological space implies easily the following lemma.

Lemma 5.11. Let X be a nonempty irreducible Noetherian topological space and let X =
\U; Ui be an open covering. Then dim X = sup, dim U;.

Proof. Clearly, dim X > dim U; for all ¢. It thus suffices to prove dim X < sup,dimU;. For
this, let
ZoC 1S C 2, CX

be a chain of irreducible closed subsets. We need to prove n < dim U; for some ¢ and we
will do so by induction on n. If n = 0, we have 0 < dim U; whenever U; is non-empty. In
the induction step, we assume n > 0 and assume that we have proven our claim for chains
of length at most n — 1 and for arbitrary open coverings of nonempty irreducible Noetherian
topological spaces. In particular, applying this to the open covering of Z,,_1 that is induced
by the U;’s, we know by induction that there is an index ¢ such that

n—1< dim(Zn_l NU,).

Since X is irreducible, the non-empty open subset U;, C X is dense and so it cannot be
contained in Z,,_;. We thus find that
Zn—1 N Uio - Ui0~

=

Hence, dim(U;,) > 1 4 dim(Z,—1 N U;,) > n, which proves our claim. This concludes the
proof of the lemma. O

The following result collects some important technical properties of the dimension of quasi-
projective varieties.
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Theorem 5.12. Let X be a quasi-projective algebraic variety. Then,
(a) if X is affine and f € k[X] such that ) # Vx(f) C X, then
dim(Vx(f)) = dim X — 1;

(b) in the notation of item (a), any irreducible component of Vx(f) has dimension dim X —1;

(c) if U C X is a non-empty open subset, then dim X = dimU.

Proof. Ttem (a) follows from Lemma and Theorem

Item (b) follows from items (a) and (c), as follows: Let Vx(f) = Z; U---U Z, be the
decomposition into irreducible components, i.e. each Z; is irreducible and Z; is not contained
in Z; for i # j. Up to renumeration, it suffices to prove dim(Z;) = dim(X) — 1.

It is easy to see that Z; is not contained in |J;_, Z; (otherwise Z; C Z; for some i > 2, as
Z, is irreducible, which is a contradiction) and so there is a function g € I(|J;_, Z;) which
does not vanish identically on Z;. Hence, U := X \ Vx(g) is a non-empty open subset which
is isomorphic to an affine variety (by exercise sheet 3). Moreover,

Vu(flv) =Vx(f)NU = Z1nU
is irreducible. We thus find from item (a) that
dim(Z; NU) =dimU — 1.
Moreover, by item (c), we have dimU = dim X and dim(Z; N U) = dim Z;, which proves
dimZ; =dimX — 1

as we want.

It remains to prove item (c). Clearly, for any non-empty open subset U C X we have
dimU < dim X. The converse is a little bit tricky and we will prove it by induction on
dim X. Note first that we can cover X by affine open subsets X = |J; U;. By Lemma
we get sup, dim U; = dim X. We may thus without loss of generality assume that X is affine
(because we know that the dimension can at most go down if we shrink our open subset).

Let U C X be non-empty open, where X is affine and denote the complement of U in X by
Z:=X\U. Let Z =J;_, Z; be the decomposition of Z into its irreducible components. By
induction on r we may assume that Z is irreducible. Pick a point x € U. Since x ¢ Z, there
is a function f € k[X] which vanishes at x but which is not contained in I(Z), i.e. it does not
vanish identically along Z. (Draw a picture!) Hence, Z is not a component of Vx(f) and

Vx(f)nU # 0.
We can choose an irreducible component V' of Vx(f) with
dimV =dim Vx(f) = dim X — 1,

where the last equality follows from Lemma [5.4] and Theorem [5.5] By assumptions, Z is
not contained in V and we claim that also the converse holds, i.e. V' is not contained in Z.
Indeed, if it was, then V' C Z and so dim X — 1 = dim V < dim Z, because V is closed and
irreducible. Hence, dim Z = dim X, which is absurd, because Z C X and Z is closed and
irreducible. So by induction, (using that V' is irreducible), we find

dimV =dim(V NnU).
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Since dimV = dim X — 1, we find that
dmX —1=dim(VNU) <dimU —1,
where the last inequality uses that V NU C U is an irreducible closed subset. Hence,
dim X < dimU,

as we want. This concludes the proof of the theorem. O

5.2 Relation to the transcendence degree of field extensions

The next results relates the concept of dimension to field theory. For this we recall that for
any field extension K of k, one can find a transcendence basis, i.e. a collection of algebraically
independent elements (z;);c; with z; € K such that K is an algebraic extension of the subfield
k(z; | i € I) C K. Moreover, the cardinality of I is independent of the chosen basis and it is
called the transcendence degree of K over k:

trdegi(K) = |1].
We will use the following fact from algebra, see [4, Theorem 4.7A] and the references therein.

Theorem 5.13 (Existence of separating transcendence basis). Let k be a perfect field (e.g.
algebraically closed) and let K/k be a finitely generated field extension. Then there is a
transcedence basis z1, . .., zn, of K/k such that K is separable over k(z1,...,zy,). In particular,
K is a simple algebraic extension of k(z1,...,zn).

This theorem from algebra has the following consequence.

Corollary 5.14. Let X be a quasi-projective algebraic variety (as always over an algebraically
closed field k), and let n := trdegi(k(X)). Then X is birational to an irreducible hypersurface
in A" In particular,

dim X = n = trdegy(k(X)).

Proof. By Theorem we can find a separating transcedence basis z1,...,2, € k(X) of
E(X)/k. Then, k(X) is a finite separable extension of k(z1,..., z,) and so it is normal, that
is, it is generated by a single element z,,1 € k(X). Let f € k(z1,...,2,)[t] be the minimal
polynomial of z,41. Then, k(X) is isomorphic to the fraction field of k(z1,...,z,)[t]/f(1).
Note that f is a polynomial in ¢ whose coefficients are fractions of polynomials in k[z1, .. ., zy].
Multiplying through the denominators of all those fractions, we may assume that there is a
polynomial F' € k[t1,...,tnt+1] with f(t) = F(z1,...,2n,t). We may further assume that F'
is irreducible. This implies that the hypersurface V(F) C A"*! is irreducible (because F is)
and has the same function field as X. Hence, X is birational to V(F') (see Exercise sheet
3), which proves the first claim in the corollary. It follows in particular that X and V(F)
have isomorphic non-empty open subsets, see Proposition Hence, dim X = dim V(F')
by Theorem Since dim V(F) =n+ 1 — 1 by Lemma [5.4) and Theorem [5.5, we get that
dim X = n, as we want. This completes the proof of the corollary. ]

Example 5.15. Let X C P™ be a quasi-projective algebraic set. Then, dim X = 0 if and
only if X is a finite collection of points.

Proof. If X consists of finitely many points, then dim X = 0 is clear. For the converse,
assume that dim X = 0. Up to replacing X by an irreducible component with top dimension,
we may assume that X is irreducible. By Corollary X is birational to an irreducible
hypersurface in A, hence to a point. This implies that X is already isomorphic to a point
(e.g. because two birational varieties have isomorphic non-empty open subsets by Proposition

3.12)), which proves our claim. m
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5.3 The theorem on the dimension of fibres

The following theorem uses the concept of dimension to describe some of the most basic
properties of regular maps f : X — Y between quasi-projective algebraic varieties. Up to
replacing Y by the closure of the image of f (which must be irreducible because X is), we
may assume that f is dominant. For a point y € Y we then define the fibre

Xy =f 71(y)
of f above y as preimage of y under f.
Here is the main theorem of this section.

Theorem 5.16. Let f : X — Y be a dominant regular map between quasi-projective varieties
of dimensions d := dim X and e := dim Y. Then,

(1) for anyy € f(X), dim X, > d —e;

(2) there is a non-empty open subset U CY, such that dim X, =d —e for ally € U;

Recall the example of BlpA™ — A" (see Example [4.16), which shows that the dimension of
the fibres can indeed jump in general.

Proof of Theorem[5.16. We first prove item (). For this, let d = dim X, e = dimY and fix
a point y € f(X). Choose a preimage z € X, of y. We want to prove dim X, > d —e. Up
to replacing Y by an affine open neighbourhood V of y and X by an open neighbourhood of
z in f~1(V), we may assume without loss of generality that X and Y are affine. The idea
is now to prove the theorem by induction on dimY. For this we choose a nonzero regular
function ¢ € k[Y] on Y which vanishes on y. Choose an irreducible component S of

F1 Xy (9) = Vx(f*¢)

with dim S, = dim X,,. By Theorem dimS =d—1. Let T'C Y be the closure of f(5).
Then,
f|5 S —->T

is a dominant regular map between quasi-projective varieties. By induction, dim S, > dim S—
dim 7. Since dimS =d —1 and dim7T < e — 1, we find

dimX, =dimS, >d—1—(e—1)=d—e.
This proves item (|1)).

We prove item next. This is done in several steps.

Lemma 5.17. Wiog X and Y are affine.

Proof. We may clearly assume that Y is affine. Next, we can choose Z C X closed such that
W := X \ Z is non-empty and affine. Let Z = Z; U---U Z, be the irreducible components of
Z. We may assume that f(Z;) is dense in Y for i = 1,...,s and it is not dense for i > s+ 1,
where s < r is some integer.

For ¢ < s, we consider the dominant morphism f; : Z; — Y induced by f. By induction on
dim X, 3 U; C Y open such that

dim f; ' (y) = dim Z; — dimY < dim X — dimY’
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for all y € U;.

Hence, if we can prove the theorem for f|y : W — Y, then there is an open subset U C Y
with
dim(f[;;} (y)) = dimW — dimY = dim X — dimY

for all y € U. It then follows that the following open subset will work for f: X — Y

r

uvn(uin () (Y\F(Z)

=1 1=s+1

This proves the lemma. O

From now on we assume that X and Y are affine and f : X — Y is a dominant morphism.
Since f is dominant,
[ kY] — k[X]

is injective and so we get an injection of fields k(Y') C k(X). Let d = dim X and e := dim Y.
Since k(X) has transcendence degree d over k, while k(Y') has transcendence degree e over k,
we can find elements ¢1,...,¢q— € k(X) that are algebraically independent over k(Y). Up
to shrinking X (which we can by the proof of the above lemma), we may assume ¢; € k[X] for
alli=1,...,d —e. Consider the subring k[¢1,...,ds—e] C k[X], generated by ¢1, ..., Pi—e-
Since k[X] is finitely generated over k, there are finitely many elements ¢g_cy1, ..., om € k[X]
which generate k[X] over k[¢1, ..., pq—e]. That is,

kl¢1, ..., ém] = k[X].

Let y € Y and let M be an irreducible component of f~!(y). Then M is an affine variety
with
k[M] = k[p1|ar, - - - dmlnml].

Since @g—e+1, - - -, la are algebraic over k(Y )(¢1, ..., pa—.), we find (after multiplication with
denominators) that ¢g_ci1,...,¢|s are algebraic over the ring k[Y][é1,. .., Pd—e), i-e. there
are algebraic relations

Fi(¢1,-- -, 0d-c)(d;) =0
where

F; € E[Y][t1, ..., ta—¢][t]
are polynomials whose coefficients are functions on Y.

Idea: The hope is now that these algebraic relations remain nontrivial (i.e. not all coefficients
of the polynomials vanish) for all y contained in some Zariski open subset U of Y. If we can
show this, then the field extension k(M)/k(p1|nr, - .-, da—e|ar) is algebraic for all y € U. If
so, then trdeg(k(M)/k) < d — e and so dim M < d — e. Hence, dim f~!(y) < d — e for all
y € U and so equality holds by item . We have thus seen that item of the theorem
follows once we can prove the following lemma.

Lemma 5.18. There is some dense open subset U C'Y, such that for all y € Y and for all
components M of f~1(y) with dim M = dim f~(y), the field extension

k(M)/k(é1|as - Gd—elnr)

is algebraic for all y € U.

20



Proof. To prove the lemma, we need to find some dense open U C Y such that for all
j > d— e+ 1, the polynomial

Filam(o1|ass - - -5 Pa—e|nr)(t)

is nonzero for all y € U.

Note first that the restriction of functions on Y to M are constant and so the coefficients of
Fjlp(t1, ..., ta—c)(t) are constant. Let then a; € k(¢1,..., ¢4—c) be the leading term of

Fila(P1lass -y da—elnr)(t),

viewed as a polynomial in ¢.

The lemma follows then from the following

Claim 1. There is some open dense subset U; C'Y, such that oy # 0 for all y € Uj.
To prove the above claim, we use an argument similar to the one used in the proof of .
Let Zi,...,Z, be the irreducible components of Vx («;) and assume that f(Z;) C Y is dense

for ¢ < s and not dense for ¢ > s+ 1. By Theorem dim Z; = dim X — 1. By induction
on dim X, for all i < s, there is some open dense subset V; C X such that for all y € V;,

dim(f|;'(y)) = dim Z; — dimY < dim X — dimY.

Hence,
S T
Uj:=(Vin [ ¥\ f(Z))
i=1 i=s+1
does the job. This proves the above claim and so the lemma follows. O
This concludes the proof of the theorem. O

The above theorem has several interesting consequences; we collect some of those in what
follows.

Corollary 5.19. Let f : X --» Y be a dominant rational map between quasi-projective
varieties. Then dim X > dimY .

Proof. This follows from Theorem applied to the morphism ¢ : dom(¢) — Y, because
dom(¢) C X is non-empty open and so it has the same dimension as X by Theorem
Alternatively, we can also argue that ¢* : k(Y) — k(X) is a nontrivial field homomorphism,
hence an injection of fields and so

dim X = trdegik(X) > trdegpk(Y) = dimY.
O

Remark 5.20. The above corollary shows in particular that in algebraic geometry there is
nothing like space filling curves.

Corollary 5.21. The image of a quasi-projective variety under a reqular map is a finite
disjoint union of quasi-projective varieties.
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Proof. We prove this by induction on dim X. Let f : X — Y be a regular map between
quasi-projective varieties. Up to replacing Y by the closure of f(X) (which is automatically
irreducible), we may assume that f is dominant. By Theorem f(X) contains an open
subset U C Y. Let Z = Y \U be its complement. It has finitely many irreducible components
and we let Z' C Z be one such component. The subset f~1(Z') C X is closed and so it has

finitely many irreducible components Xi,..., X,. Since X; € X is closed and irreducible,
dim X; < dim X and so the induction hypothesis applies to the morphism f|x, : X; —
f(X;) € Z' that is induced by f. This proves the corollary by induction. O

Corollary 5.22. Let f: X — Y be a surjective regular map between quasi-projective vari-
eties. Then the subset
P ={yeY |dim(X,) >}

is closed in Y for all | > 0. In other words, the function y — dim(Xy) is upper semi-
continuous.

Proof. Let d = dim X and e = dimY. By Theorem Py o=Y and P;_._1 = (. By
induction on [, it then suffices to prove that Py .1 is closed in Y. That is, we need to prove
that Y \ Pj_e4+1 is open. By Theorem this set contains at least an open subset U and
the openness can then be proven by applying Theorem to the map induced by f on the
components of f~1(Y \ U), noting that by induction on dim X, we may assume that we know
the corollary in lower dimension. The details are not difficult but slightly cumbersome and
so we leave them to the reader. O

6 Images of projective varieties are closed

The main result of this section is the following theorem.

Theorem 6.1. Let X be a projective variety and let f: X — Y be a regular map, where Y
is a quasi-projective variety. Then f(X) CY is closed.

This has the following important consequences.

Corollary 6.2. Let f: X =Y be a reqular map between quasi-projective varieties. If X is
a projective variety, then the image f(X) is a projective variety as well.

Proof. Since Y is quasi-projective, there is an injective regular map Y < P™. The corollary
therefore follows from the above theorem, applied to the composition X — Y «— P, O

Corollary 6.3. Any regular function on a projective variety is constant.

Proof. If f € k[X] is a regular function, then we get a regular map f : X — Al. By Theorem
f(X) is closed. Since X is irreducible, so is f(X). Hence, f(X) is either a point or Al.
The latter is impossible, because the image of the composition X — Al < P! must be closed
as well. This proves the corollary. O

Corollary 6.4. Let f : X — Y be a reqular map from a projective variety X to an affine
variety Y. Then f is constant, i.e. f(X) is a single point of Y.

Proof. This follows immediately from Corollary applied to z; o F', where x; is the i-th
coordinate function on Y C A”. O
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6.1 Products

Recall from the Exercise sheet, that there is an inclusion
L2 P P ey POADMED=L (] [0y - Ym)) = [ Ty -

The image of this inclusion is closed, which allows us to put the structure of a (quasi-)
projective algebraic set on the product of (quasi-) projective algebraic sets.

Lemma 6.5. (1) The closed subsets of P™ x P™ are those that are cut by a bunch of poly-
nomials

F($0>"'7xn7y07"'7ym)

that are homogeneous in the x-, as well as in the y-coordinates.

(2) The closed subsets of P x A™ are those that are cut out by a bunch of polynomials

F(x07"‘7‘rnay17"'ﬂym)

that are homogeneous in the x coordinates.

Proof. The second item follows from the first by restriction to A" C P". To prove the
first item, note that by definition, any closed subset of P™ x P™ is cut out by a bunch of
functions of the form F o, where F' € k[zp, ..., Znm—1] is homogeneous. Clearly, the function
Fou([z],[y]) can be written as a polynomial in the coordinates zo, ..., x, of P" and yo, ..., Ym
of P™, which is homogeneous and of the same degree in both sets of variables.

On the other hand, if G(z,y) is a polynomial in the z; and y; which is homogeneous in both
sets of variables of degrees d and e with d # e, then this still defines a subset of P" x P™. Such
a subset is algebraic, as we can replace G by the set of polynomials y}j—eG for j=0,...,m,
where we assumed wlog that d > e. O

Corollary 6.6. The image ((A" x A™) carries the natural structure of an affine variety on
A" x AT = ATE™ - In o particular, the product on affine varieties X C A" and Y C A™
constructed as above coincides with the naive product

X xY CcAY™
Corollary 6.7. Let X any Y be projective algebraic sets and let S C X andT C Y be closed.

Then S XY and X X T are closed in X XY . In particular, the topology on X XY is finer
than the product topology.

Proof. This is an immediate consequence of the previous lemma. ]
Corollary 6.8. If X and Y are irreducible, then so is X X Y.
Proof. Suppose that X x Y = Z U Z' for closed subsets Z, 7' € X x Y. Let

U={yeY |Xx{y}cZ} and U :={yeY | X x{y} CcZ'}.

By the previous corollary, for any y € Y, ZN X x {y} and Z' N X x {y} are closed in
X = X x {y}. Since X is irreducible the equation

Xx{y}=ZnXx{yhu(Z'nX x{y'})
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thus shows that Y = UUU’. Hence, Y = TUU'. Since Y is irreducible, we may wlog assume

U=Y. Since X x U C Z and Z is closed, we get
XxUCcCZ.
We thus conclude Z = X x Y if we can prove
XxU=XxY.

But if that was false, then there is a point (a,b) € X xY that is not contained in X x U. That
means that there is a bihomogeneous polynomial F(z,y) with F|x«y = 0 but F(a,b) # 0.
Hence, F(a,y) is a homogeneous polynomial in the y coordinates which vanishes on U but
not on b. Hence, U C Y, which is a contradiction. This proves the corollary. O

In the above notation, set U := X \ S and V := Y \ T, then U x V C X x Y is open. If
U CA” and V C A™ are affine, then U x V has a natural structure of an affine variety and
one checks that this structure coincides with the one defined as open subset of X x Y.

Example 6.9. Note that the topology on X X Y is not the product topology! For instance,
Al x Al = A2

has many more proper closed subsets than only unions of sets of the form x x Al and Al x y.

6.2 Proof of Theorem [6.1]

Before we prove the theorem, we need the following lemma.

Lemma 6.10. Let f: X — Y be a reqular map between quasi-projective varieties. Then the
graph
Iy={(z,f(z)) e X xY |z € X}

is closed in X X Y.
Proof. We have Y C P™ for some m. Since closed subsets of X x P pullback to closed
subsets in X x Y, it suffices to prove the statement in the case where Y = P™. Consider the

map
g: X xP" 5 P™"xP", (z,p) — (f(2),p)

Clearly, g is regular and the preimage of the diagonal Apm := {(p,p) | p € P™} is nothing
but I'y. It thus suffices to prove that Ap' is closed in P™ x P™, which is simple to check.
This concludes the lemma. O

We are now ready to prove the theorem.

Proof of Theorem[6.1 Consider the map f: X —Y and let I'y C X X Y be the graph of f.
By Lemma I'y is closed in X x Y. Consider the projection

p: X xY =Y, (z,y) —y.

Note that we have p(I'f) = f(X). The theorem follows therefore from the following stronger
statement. ]

Theorem 6.11. Let X, Y be quasi-projective varieties. If X is a projective variety, then the
projection p: X X Y =Y is a closed map, i.e. it takes closed sets to closed sets.
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Proof. Since X is projective, there is some embedding X C P™ such that X is closed in P™.
It follows that it suffices to prove the theorem in the case where X = P™. Since closedness is
a local property, and since any quasi-projective variety can be covered by open subsets, it is
furthermore enough to prove the theorem in the case where Y is affine. In that case, Y C A™
is a closed subset of some affine space and so it is actually enough to prove the theorem in
the special case X = P" and Y = A™.

Let Z C P™xA™ be a closed subset. By Lemmal6.5] Z is cut out by finitely many polynomials

Fi(zo, .. s @n, Y1, Ym) € k[Toy -y Tn, Y1y -+, Y]

with ¢ = 1,...,r, which are homogeneous in the z-coordinates. Therefore, a point a € A"
does not lie in p(Z) if and only if

{z € P" | Fj(z,a) =0 Vi}
is empty. This is equivalent to asking that the homogeneous ideal
Jo = (Fi(x0,. .., Tn,a1,...,am) |i=1,...,7) C k[xo,...,z,]
satisfies Vpn (J) = (). By Proposition the latter is equivalent to
Sy =P Sac Vi,
d>1

where Sy denotes the degree d part of the graded ring S := k[zg,...,x,]. This in turn is
equivalent to
Sd ,Q Ja

for all d > 1. (Exercise!)
To prove the theorem, it thus suffices to show that the set of points y € A™ with

SdCJa

for some d is open in A™. Since arbitrary unions of open sets are open, it is in fact enough
to prove that for fixed d > 1, the set of points y € A™ with

Sd cC J,
is open in A™.

Let d; be the homogeneous degree of Fj(z,y) in the z variables. For any partition s :=
(so,-..,5n) of s by nonnegative integers s; > 0, we consider the monomial

S . Si
%

and denotes its degree by |s| = > s;. The piece Sy is generated by all monomials of degree
|s| = d as above.

We thus find that Sy C J, is equivalent to the fact that the map

L(a) = @ Sd—di — Sy

i=1

which on S;_g, is given by multiplication with Fj(z, a) is surjective. The above map is a linear
map of vector spaces which is given by a matrix whose coefficients depend polynomially on
the point a € A™. The linear map L(a) is surjective if its rank is full, i.e. if at least one
of the N x N minors (N = dimy S;) has nonzero determinant. Each such determinant is
a polynomial equation in the coordinates of the point a € A™. Asking that at least one of
these equations is nonzero is an open condition on a € A™. This concludes the proof of the
Theorem. O
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7 Local properties and smoothness

7.1 Localization and local rings

We start by recalling the following concept from commutative algebra.

Definition 7.1. Let A be a commutative ring and let S C A be a multiplicatively closed
subset, i.e. 1 € S and s,t € S = st € S. Then the localization S~'A of A at S is defined as

STI1A:=(AxS)/ ~

where (z,s) ~ (y,t) if and only if there is some u € S with u(xt —ys) = 0.

The equivalence class of (x,s) is denoted by %.

Note that the element u in the definition of the relation ~ is needed when you want to check
that the relation is transitive.

Note that S™'A is a commutative ring with ring structure

x t
Y =2 and {_i_y:x—i-ys.
st s t st

Example 7.2. If A is a domain, i.e. has no zero-divisors, then S := A\{0} is a multiplicative

set and
S™1A = Frac(A).

Example 7.3. If S contains 0, then S~YA = {Y} is the zero ring.

Example 7.4. If f € A, then S := {f" | n € Z>¢} is a multiplicatively closed set (because
f° =1 by definition). The localization S~ A is usually denoted by

Ap = S7LA.
Its elements are of the form % with © > 0.

Example 7.5. Ifp C A is a prime ideal, then S := A\ p is a multiplicatively closed set and

the localization S~'A is denoted by
Ay = STA

The next example is a special case of the previous one. It is of fundamental importance to
algebraic geometry!

Example 7.6. If X is an affine algebraic set and Z C X is a closed and irreducible subset
(e.g. a point), then the local ring of X at Z is defined as the localization of k[X] at the prime
(!) ideal I1(Z):

Ox,z == k[X]1(z)-

That is, the elements of Ox z are fractions 57 where f,g € k[X] are reqular functions on X
and g does not vanish identically along Z, i.e. g ¢ 1(Z).

If X is irreducible, then Ox z C k(X) is the subring of all rational functions ¢ € k(X) with
dom(p)NZ # (0. That is, we are looking at all rational functions on X that are reqular (hence
actual functions) along some non-empty open subset of Z.
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Remark 7.7. In commutative algebra, you learn that there is a natural correspondence
{prime ideals ¢ C A with q C p} < {prime ideals of Ay},

given by mapping a prime ideal ¢ C A contained in p to the ideal in Ay that is generated by T
with x € p. In geometric terms, if A = k[X]| and Z C X is closed and irreducible, the prime
ideals of Ox z correspond to those closed irreducible subsets S C X that contain Z.

Since Ox z 1is not a finitely generated k-algebra in general, there is no affine k-variety Y
with kY] = Ox z. This is unfortunate, as it would be good to have a geometric object that
corresponds to the localization of X at Z. We will see next semester that the language of
schemes allows us to associated with any ring A a space (called affine scheme)

Spec A

whose points are the prime ideals of A. In particular, the points of Spec(Ox z) will correspond
to the subvarieties of X that contain Z.

Definition 7.8. Let X be a quasi-projective algebraic set, x € X. The local dimension of X
at x is given by

dim, X := max dim Z,
ze€ZCX

where Z C X runs through all irreducible components that contain x.
Lemma 7.9. Let X be an affine algebraic set. Then,
(a) there is a natural isomorphism

Oxoe —{(W,U) |2 €U U C X is open,p € k[U]}/ ~

where (Y, U) ~ (¢, V) if there is an open subset W C U NV which contains = and such
that Y|lw = ¢lw.

(b) If U C X is open, x € U, then Oy, = Ox 4.

(¢) dim(Ox ) = dim, X.

Proof. Ttem (a) is easy. Item (b) follows from (a). Item (c) follows from the previous remark.
O

7.2 Zariski tangent space

Definition 7.10. Let X C A" be an affine algebraic set, x = (x1,...,2,) € X, I(X) =
(fi,..., fr). Then the tangent space Tx , C A" of X at x € X is given by

TX,I = V<dzf17 o )ddff'r‘)u

where dyf; € klt1,...,tn] is the linear polynomial that appears as linear term of f; in its

Taylor expansion around x, i.e. dyfj :== >, gj:; (x)(tj — x5).

Note that by definition, Ty, is a linear subspace of A" for all z € X.
Example 7.11. If X :=V(f) C A" with f € k[t1,...,t,] irreducible, x € X, then

has dimension > n — 1. Moreover, equality holds if and only if %(x) # 0 for at least one j.
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Lemma 7.12. In the above example, the set of points
XM ={re X |dim(Txz) =n—1}

is open and dense in X.

Proof. Note that X \ X*™ is given by VX(%, e %) and so it is closed. That is, X*™ is
open. To prove that it is dense, we need to show that it is nonempty. If not, then
of of
V(if)cV(iz—,...,=).
(N V(G )

Hence,

af af

d e — d =
rad (5. 50)) € rad (1) = (1)

where the last equality holds because f is irreducible. This implies g—g{i € (f) = 0 for

all ¢ by degree reasons. This is already a contradiction in characteristic zero. However,
in characteristic p, polynomials like Y ¥ are nonzero but have zero derivative. In fact,

59;1 € (f) = 0 tells us that

f(xl""wrn) = g($€a . 7:6%)1)
for some polynomial g, where p is the characteristic of k. But then f(z) = g(z)?, where g is

given by replacing the coefficients of g by p-th roots (which is possible because k = k), and
so f is not irreducible. This concludes the lemma. O

Proposition 7.13. Let X be an affine algebraic set, x € X. Then the map
Vil(w) — Tx, frodof
induces an isomorphism

I(@)/1(x)* — Tk,

Proof. To see that 1 is well-defined, we need to check that ¢(f) = 0 for any f € I(X).
But this follows immediately from the definition of T'x, and the product rule d.(fg) =

f(@)dzg + g(z)ds f.
Once we know that v is well-defined, it is clear that it is surjective, because the linear maps
given by restricting the coordinate functions ¢; to T'x , lie in the image of .

It remains to check that ker(¢) = I(x)%. The inclusion I(z)? C ker(y) follows again from
the product rule d(fg) = f(z)dzg + g(x)d, f. It remains to check ker(y)) C I(x)2. For this,
let f € ker(¢). That is, f € I(x) with d,f = 0. We can write f = L + g, where [ is a linear
polynomial and g € I(z)2. Then d,f = d,L = L vanishes by assumption. That is,

Le I(V(dfﬂfl??dwfr)) = (d:vfla-'-7dacfr)
where I(X) = (f1,..., fr). Hence,

L=>) Md.fj.
L= \ifs
i

This is a regular function on X which lies in I(z)? and so L € I(x)?, because ; Ajfj restricts
to zero on X. Hence, f € I(x)?, which concludes the proof of the proposition. O

But then consider
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Definition 7.14. Let X be a quasi-projective algebraic set, x € X.

(1) Tx 4 =Ty for any affine open neighbourhood U C X of v € X;
(2) Ox 5 = Ouy for any affine open neighbourhood U C X of x € X;

(3) x is a smooth point of X if dim(Tx o) = dim, X ; the set of smooth points on X is denoted
by XSm;

(4) = is a singular point of X, if it is not a smooth point; the set of singular points on X is
denoted by X9,

Note that the above definition of T, is well-defined up to isomorphism because of the
intrinsic description of the tangent space given in Proposition above. Similarly, Ox , is
well defined by the description of the local ring of an affine variety in Lemma above.

Let us also recall the following fact from commutative algebra, see e.g. [I, Proposition 2.8].

Theorem 7.15 (Nakayama’s Lemma). Let (A,m) be a local ring and let M be a finitely
generated A-module. If the images of x1,...,x, € M generate the A/m vector space M /mM ,
then x1,...,x, generate M.

Corollary 7.16. Let X be a quasi-projective algebraic set, x € X. Then,
dim, X < dim(7T'x ).

Proof. Let n = dimy(Tx ;). Then there are n regular functions fi,..., f, € I(x) such that
the images of f; in I(x)/I(x)? form a basis of

Txo = 1(2)/1(x)".

By Nakayama’s lemma, the maximal ideal m, of the local ring Ox , is generated by fi,..., fu.
Using Krull’s Hauptidealsatz (which applies to non-units in integral domains), we find

dim(Ova) =14+ dlm(OX@/(fl))

The right hand side is the local ring of Z := Vx(f1) C X at x. Moreover, d, fa,...,dsfn
generate Tz, = T'x » N V(d;f1). By induction on n, we may thus assume that

dimZ < dim(Tz,) =n — 1.
By Krulls Hauptidealsatz, dim X =1+ dim Z, and so dim X < dim(7Tx ), as we want. [

Definition 7.17. A local ring A with mazimal ideal m is regular if m can be generated by
dim A many elements.

Fact from algebra: A regular local ring is a UFD.

Corollary 7.18. Let X be a quasi-projective variety. Then x € X is smooth if and only if
the local ring Ox . is regular.

Proof. After shrinking we may assume that X is affine. The corollary then follows from
Nakayama’s lemma and Proposition above, as in the proof of the Corollary above. More
precisely, if Ox , is regular, then the maximal ideal m; C Ox, can be generated by dim X
many elements f1,..., f,, then the images of fi,..., f, in m,/m2 generate the cotangent
space T)*(,x and so dim7Tx, < n and we see that equality holds by the above corollary.

Conversely, if m,/m2 has dimension n = dim X, then let fi,..., f, € m; be elements whose
images generate that vector space. By Nakayama’s lemma, m, = (f1,..., f,) and so Ox , is
regular. O
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Remark 7.19. Next semester, we will define a concept of smoothness that works in greater
generality, and in particular also over fields that are not algebraically closed. It is however
important to note that this generalization will not be equivalent to the local rings being reg-
ular, i.e. the above corollary will not hold anylonger. In fact, smoothness will be a stronger
condition than asking that all local rings are reqular. However, after all, the two notions will
differ only over non-perfect fields.

7.3 Varieties are generically smooth
Theorem 7.20. Let X be a quasi-projective variety. Then

X" :={z € X | x is a smooth point of X}
is an open dense subset of X.

Proof. Since the problem is local on X, we may assume that X C A" is affine. Since X is
birational to a hypersurface V (f) C A%*! with f irreducible and d = dim X, we deduce from

Lemma that Xs™ £ ().

Let Tx := {(z,v) € X x A" | v € Tx,}. This is an algebraic set, as it is cut out by the
equations

dof = z; a*ti(ﬂf)(ti — i),
where f runs through generators of I(X). Projection to the first factor yields a regular map
p:Tx - X,

whose fibre above x € X is T'x ;. If T'x was irreducible, then the theorem would immediately
follow from the fact that

{z € X | dim(p!(x)) > dim X + 1}

is closed in X. However, Tx will not be irreducible in general (think about a curve X with
a singular point). Nonetheless, the argument is very similar to this original idea and reduces
the problem to the theorem on the dimension of fibres.

Let Z be an irreducible component of Xs"9 C X. We have to show that every z € Z is a
singular point of X.

Lemma 7.21. There is an irreducible component W of p~*(Z) such that Tx, CW fora
dense set of points x € Z with dim(Tx ) < dim X. Moreover, plw : W — Z is surjective.

Proof. Let W1,...,W, be the irreducible components of p_l(Z) C Tx. Let further A; =
{r € Z | Tx, C W;}. Since Tx , is irreducible for all z, it must be contained in at least one

W; and so
Z=|]JA.

Since Z is an irreducible component of X9, we know that it contains a dense set S C Z of
points z € Z with dim(Tx ;) > dim X. Hence,

S=Jins).

Taking closures, we get

Z=5=J@Ains).
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Since Z is irreducible, Z = (A4;NS) for some i. This proves that there is a component
W = W; which has the first property claimed in the lemma.

To prove that p(W) = Z, it suffice to show that Z x {0} C W. To prove this, note that
Zx{0}NW

is closed, as it is given by intersecting two closed subsets of X x A" and it contains a dense set
of Z x {0}, as it contains any = x {0} with the property that T'x , C W. Hence, Z x {0} N W
and so p(W) = Z, as we want. This proves the lemma. O

Let W C p~(Z) be the component of the lemma. Consider
p:W — Z
This is a surjective regular map between quasi-projective varieties and so we know that
dimW, > dim W — dim Z

for all z € Z and equality holds over some non-empty open subset V' C Z. By construction,
V' contains a point z € V' such that W, = T'x . has dimension greater than dim X. Hence,

dimW —dim Z > dim X
and we deduce that for all x € X,
dim(Tx ;) > dim W, > dim W — dim Z > dim X.

Hence, Z C X*"9 and the theorem is proven. ]
Example 7.22. Let f = > " xd € k[zo,...,2pt1]. Then the hypersurface X := V(f) C

P+l s smooth of dimension n, provided that the characteristic of k does not divide d.

Proof. Exercise. O

Example 7.23. Let f = > ", xd € klx1,...,7541) and let d > 1 be an integer which is
coprime to the characteristic of k. Consider the hypersurface X = V(f) C A"l Then
X \ {0} is smooth of dimension n, provided that the characteristic of k does not divide d.

Consider the blow-up 7 : BlopA™! — A" and let X' .= 7=1(X \ {0}). Then X' is smooth
and birational to X.

Proof. Exercise. O

Example 7.24 (Nodal singularity). Let X = V(23 — 2} — 2%) and assume that the charac-
teristic of k is different from 2 and 3. Then X*"™9 = {(0,0)}.

Proof. Note that 23 = 2%(z1 — 1). Use this to draw a picture of X.
Let f =23 — 23 — 3. A point p € X is singular if and oly if g—i(p) =0 for ¢ = 1,2. We have

of _

=327 -2
axl 7 I

and

—— = 2x9.
8902 2
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Since we assume that k has characteristic different from 2 and 3, p = (p1,p2) € X $n9 implies
p2 = 0 and p1(3p; +2) = 0. Since p = (0,0) € X, we deduce that (0,0) € X*"9. The only
other possibility is p = (0, %2), but this point satisfies

-2, 28223 4

373 T ®

£0.5

£0

because the characteristic is different from 2 and 3. This proves X*"9 = {(0,0)}, as claimed.
O

Example 7.25 (Elliptic curve). Let X := V(f) C P? be a plane curve where f is irreducible
of degree 3. If X is smooth, then it is called an elliptic curve. An explicit example is given
for instance by f = vor3 — 23 —x%, orby f = 338 + 2343 as in one of the previous evamples.
Example 7.26 (The locus of smooth hypersurfaces is open and dense among all hypersur-
faces). Let Sq C kl[xo,z1,...,2n41] denote the vector space of homogeneous polynomials of
degree d. Then the projectivization P(Sy) is a natural parameter space for all hypersurfaces
X C P" e for any point [f] € P(Sy), we get a hypersurface X = V(f) € P*"TL. The
locus of those points [f] € P(Sq) such that V(f) is singular is closed, see theorem below. To
show that the complement of this locus is open and dense, it thus suffices to find one hyper-
surface of given degree that is smooth. We have done so already in the case where d and the
characteristic of k are coprime, but the statement is true in general.

Theorem 7.27. Letn,d be positive integers and let Sq C k|xo, x1,...,Tnt1] denote the vector
space of homogeneous polynomials of degree d. The locus those points [f] € P(Sy) such that
V(f) is singular is closed in P(Sy).

Proof. Let X C P! x P(S;) be the universal hypersurface, given by the equation

X =V(> ax’) CP" xP(Sy),
1

where z, . .., 7,11 denote the coordinates on P"*1, for any partition I = (ig, ..., i,.1) of d by

non-negative integers, we write z! = I, xfl and the a; denote the homogeneous coordinates
on P(Sy). By construction, the fibre of the projection p : X — P(Sy) above [f] is given by
V(f) c Pt

For j =0,...,n+ 1, we may consider the hypersurface
ox!
X =V ——) C P x P(Sy).
= V() <P RS

The intersection
n+1

X = xn () &
j=0

is closed subset of Ptl x P(S,) and so it is a projective algebraic set. It follows that the
image of X*"™9 under the second projection

pry : Pn+1 X P(Sd) — P(Sd)

is closed. This proves the theorem, because V(f) C Pt is singular if and only if [f] €
pry(X59). O
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Remark 7.28. One can show that X*™9 has codimension n+2 in P"*1 x P(Sy), even though
it is cut out by n+ 3 equations. The point is that we have Fuler’s formula, which tells us that

n+1

d-f= ij ax
cmdszCﬂ”“X

8 Finite maps and normal varieties

Definition 8.1. Let X,Y be quasi-projective algebraic sets. A regqular map
f: X—>Y

is finite, if for all y € Y there is some affine open neighbourhood V- C Y of y, such that
U := f~YV) is affine and f|y : U — V induces a finite map of rings f* : k[V] — k[U], i.e.
the pullback map f* makes k[U] a finitely generated k[V]-module.

Example 8.2. If XY are irreducible and f : X — Y is surjective and finite, then dim X =
dimY. Indeed, lety € Y and let z € f~'(y) be a preimage of y. Let V C Y be an affine open
neighbourhood of y, such that U := prfl(V) is affine and kU] is a finite k[V] module. Since
f is surjective k[V] — k[U] is a subring. Since k[U] is a finite k[V]-module, k(U) is a finite
field extension of k(V') and so both fields have the same transcendence degree over k. Hence

dim X =dimU =dimV =dimY, as claimed.
Example 8.3. The projection pry : A2 — Al is not finite.
Example 8.4. Let { be a positive integer, then

f:PY S PY [z aq] = [ 2]
is finite.

Proof. Covering P! with the standard open subsets, we see that it suffices to show that
Al — Al t— t is finite. This is clear, because k[t] is a finite k[t‘]-module. O

Definition 8.5. Let R be an integral domain, K := Frac R the fraction field of R. We say
that R is normal, if it is integrally closed in K, i.e. if f € R[t] is a monic polynomial and
a € K is a zero of that polynomial, then o € R.

Example 8.6. The ring Z[\/5] is not integrally closed, because the monic polynomial % —x—1
has the zero o = 127\/5 € Q(v/5) which does not lie in Z[\/5].

For an integral domain R, we have the following facts from commutative algebra.

e R is normal < Ry is normal V primes p C R < Ry is normal V maximal ideals m C R.
e If Ris a UFD (e.g. a regular ring), then it is normal. (easy!)

e If (R,m) is a local ring of dimension one which is noetherian, then R is normal if and
only if R is a DVR, i.e. if and only if it is a principal ideal domain which has exactly
one non-zero maximal ideal m (in particular m = () is principal).

Definition 8.7. A quasi-projective variety X is normal, if Ox , is normal for all x € X.
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Example 8.8. If X is smooth, then it is normal.
Theorem 8.9. Let X be a quasi-projective variety. If X is normal, then

dim X < dim X — 2.

Proof. W.l.o.g. X is affine and n = dim X. For a contradiction, suppose there is an irreducible
component Z C X*" of dimension n — 1.

Claim 2. After shrinking X, we may assume that the mazimal ideal of Ox 7z is generated by
a regular function u € k[X].

Proof. Let p := I(Z) C K[X]. Since X is normal, the local ring Ox z = k[X], is a normal of
dimension one, hence a DVR. That is, the maximal ideal p-k[X], is generated by one element
5 € k[X],. Here, g does not vanish identically along Z. Replacing X by the complement of

Vx (g), we may then assume that there is an element u € k[X| whose image in k[X], generates
p - k[X]p.

Note that the variety Z is generically smooth and so there is a smooth point x € Z%". Hence,
the maximal ideal of Oz, is generated by n —1 = dim Z many elements g,...,9,_1 € Oz.
Since X is affine, the restriction map k[X] — k[Z] is onto and induces a surjection on local
rings Ox , — Oz,. We may thus choose elements g; € Ox , which maps to g; € Oz,. It
then follows that the maximal ideal of Ox , is generated by

g15--+,9n—-1,U
and so Ox ; is a regular local ring. Hence, z € X*™, as we want. ]

Definition 8.10. Let X and X' be quasi-projective varieties. A reqular map f : X' — X is
a normalization, if X' is normal and f is birational and finite.

Theorem 8.11. Let X be an affine variety. Then there is a unique normalization f : X' —
X.

Proof. Let R = k[X] and let S C k(X) be the integral closure of R C k(X). Then FracS =
Frac R = k(X). Moreover, S is a finitely generated R-module and so it is a finitely generated
k-algebra, since R is. That is,

S = klxy,...,x,)/1

for some ideal I. In particular, there is an affine variety X’ with k[X'] = S. There is a regular
map f: X' — X such that f*: k[X] — k[X'] corresponds to the inclusion R C S. Hence, f
is finite and birational and X’ is normal, as we want. ]

Proposition 8.12. Let f : X --» Y be a rational map from a normal variety X to a projective
variety Y C P™. Then, f is defined in codimension one. That is, dim(X \ dom(f)) <
dim X — 2.

Proof. We know that dom(f) C X is open. Let Z be a component of X \ dom(f). We need
to show that dim Z < dim X — 2. For a contradiction, we assume that this is not the case.
Then dim Z = 1.

Since Y C P™ is closed, the rational map f is given by

f=fo: fa

where f; € k(X) are rational function ons X. Since X is normal, the local ring Ox 7 is normal
of dimension one, hence a DVR with maximal ideal my 7z = (7). Moreover, Ox 7 C k(X)
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is the subring of rational functions on X that are defined at some point of Z. In particular,
FracOx z = k(X) and so we can write

fi=¢€ -7

for some unit ¢; € Ox z and integers a; € Z. Up to reordering, we may assume that
ag < ay <--- <a, We then have

f=1fo:r i fm]=1[for @ i fram %] =[eo: gm0 1 L gymt™ ).

Since each ¢; and 7 are regular functions on some open subset which intersects Z nontrivially,
and since ¢; does not vanish identically along Z, we see that f is regular at some point of Z
(namely where each ¢; and 7 is defined and where ¢y does not vanish). This contradicts the
assumption that Z consists of points where f is not defined. O

Corollary 8.13. Let X andY be two projective normal (or smooth) curves. If X and'Y are
birational, then they are isomorphic.

Proof. Let f: X --+Y be a birational map with rational inverse g : ¥ --» X. Since X and
Y are projective and normal, f and ¢ are defined away from a subset of codimension two by
the above proposition. Hence f and g are defined everywhere because X and Y are curves.
Hence, f is a regular map with regular inverse g and so it is an isomorphism, as we want. [J

9 Divisors, Class groups and Bezout’s Theorem

9.1 Prime divisors and valuations

Definition 9.1. Let X be a quasi-projective variety of dimension n > 0.

(1) A prime divisor is an irreducible codimension one subvariety D C X .
(2) Div X := free abelian group, freely generated by the prime divisors on X.
(3) D € DivX is effective (denoted by D >0) if D =), a;D; with a; > 0.

Recall the following important definition from commutative algebra.

Definition 9.2. Let K/k be a field extension. A discrete valuation of K/k is a non-zero
map
v:K*—2Z

such that
e v(f)=0if fEk;
(fg) =v(f) +v(g);
e v(f+g) >min(v(f),v(g)).

N

We have the following basic lemma.

Lemma 9.3. In the above notation, the subring O, = {f € K* | v(f) >0} U{0} is a DVR,
i.e. it is a principal ideal domain with exactly one non-zero mazimal ideal m, = {f € K* |
v(f) > 0} U{0}. Conversely, if R C K is a DVR with maximal ideal m = (), then there is
a unique discrete valuation v : K* — Z whose valuation ring is R.
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Proof. The first claim, saying that O, is DVR is an easy fact from commutative algebra (see
e.g. [1]). It essentially boils down to the observation that an element in O, \ {0} is invertible
if and only if it has trivial valuation, and so O, has a unique maximal ideal, which is zero if v
is the zero map and it is principal, generated by any element with minimal positive valuation,
otherwise.

For the second claim, note first that any element in R can be uniquely written as e - 7" for
some unit € € R and some r > 0. We may then define v(e- n") = r. Since Frac(R) = K, any

@ € K can be written as ¢ = 5 with ¢ # 0 and f,g € R and so we can extend the above

definition to arbitrary nonzero ¢ = g € K via
f
o(2) =t - vio.

It is clear from the definition, that R\ {0} consists of exactly those elements of K* which
have non-negative valuation. Hence R = O,, as we want. This concludes the lemma. 0

An important example of discrete valuations are given by divisors on normal varieties as
follows.

Example 9.4. Let X be a normal quasi-projective variety, D a prime divisor on X. Then
there is a discrete valuation

vp  k(X)* > Z

which measures the order of zeros or poles of a rational function generically along D.

Proof. To begin with, let us pick an open affine subset U C X which intersects D. Then
Ox.p = k’[U]I(DmU)- Since X is normal, this local ring is normal of dimension one, hence it
is a DVR. In particular, its maximal ideal mx p is generated by a single element 7 € Ox p.
If f € Oxp,ie. fisaregular function on some open subset of X which meets D, then we
have f = e-n" for some unit € € Ox,p and some r > 0. We then define

vp(f) =vple-n") =1
Recall that Ox p = k[U](pnr) and so
FraC(Oxjp) = Frac(k:[U]I(DmU)) = k‘(U) = k‘(X)

That is, any rational function ¢ € k(X) can be written as

Y=
g

with f,g € Ox,p, g # 0 and we define

i) =vo () = () - o).

That is, vp measures the order of poles or zero of a rational function (generically) along D.
It is clear from the definition, that

VD : k(X)* —Z

is a discrete valuation with valuation ring Ox,p C k(X). Since Ox p does not depend on the
affine open subset U C X which meets D from above, we see that vp does not depend on U.
This concludes the proof. O
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9.2 The divisor class group

*

Definition 9.5. Let X be a normal quasi-projective variety. For f € k(X)* we set

Div(f) i= 3 vn(f)D,
DCX

where D C X runs through all prime divisors on X.

The next lemma shows that the above sum is finite; equivalently, Div(f) € Div(X).
Lemma 9.6. Let X be a normal quasi-projective variety. For any f € k(X)*, we have
Div(f) € Div(X).

Proof. We need to show that the sum in the definition of Div(f) is finite. Since X can be
covered by finitely many affine varieties, it suffices to treat the case where X is affine. Then

= § for regular functions g,h € k[X] with i # 0. The algebraic set Vx(g) U Vx(h) has
finitely many irreducible components D1, ..., D,. We have shown earlier that any component
of an algebraic subset that is cut out by one equation has codimension one and so each D;
is a prime divisor on X. Moreover, since vp(f) measures the zeros, resp. poles of f along
D, we find that it vanishes for all D # D, and so Div(f) is a finite sum, as we want. This
concludes the proof of the lemma. O

The discussion so far allows us to define the following very important invariant of quasi-
projective varieties.

Definition 9.7. Let X be a quasi-projective variety. The class group of X is defined by
Cl(X) :=Div(X)/ ~,
where Dy ~ Doy < there is some rational function f € k(X)* with Div(f) = Dy — Da.

Note that C1(X) is an abelian group which often allows us to distinguish non-isomorphic
varieties. Indeed, if f : X — Y is an isomorphism, then it maps codimension one subvarieties
on X to those on Y and we get an isomorphism

f« : Div(X) = Div(Y), D+~ f.D
which respects the above equivalence relation and so it descends to an isomorphism

£o: CIX) 5 CLY).

More generally, for any regular map f: X — Y beweteen quasi-projective varieties, we may
define f, : Div(X) — Div(Y') and this will descend to class groups. By linearity, it suffices to
define f, on a prime divisor D C X. Here we set f,D = 0if f(D) C Y is not of codimension

one and

fiD = deg(D — f(D)) - f(D)
otherwise, where deg(D — f(D)) denotes the degree of the field extension k(f(D)) C k(D).
Example 9.8. Cl(A") = 0.

Proof. Let D C A" be a prime divisor. Choose an irreducible element f € I(D) C k[t1,. .., t]
(possible because I(D) is prime). Then D C V(f), but V(f) is irreducible because

Elti, ... ta]/(f)
is a domain and so D = V/(f). Hence, D ~ 0. This proves C1(A") = 0. O
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Example 9.9. Let X C A" be an affine variety such that k[X] is a UFD. Then C1(X) = 0.

Proof. Same proof as above. O

Remark 9.10. Let X C A" be an affine variety. If X is smooth, then Ox , is reqular, hence
a UFD for all x € X, but this does not imply that k[X] is a UFD. In particular, Cl(X)
might be large. An explicit example is given by any affine piece of a smooth elliptic curve,
e.g. X =V (23 — (z1 + Va1 (21 — 1)) C A%, (We will probably prove this later.)

Lemma 9.11. Let X be a normal quasi-projective variety, f € k(X). Then f is regular on
X if and only if Div(f) > 0.

Proof. Since both assertions are local, we may wlog assume that X is affine. If f is regular,
then Div(f) > 0 is clear as f does not have any poles. Conversely, suppose that Div(f) > 0.
Then vp(f) > 0 for all D C X. Hence, f € k(X) lies in the localization k[X];p) for all
prime divisors D C X. But the prime divisors on X are via D — I(D) ins one to one
correspondence to the prime ideals of height one in k[X] and so

f e (EIX]p,
p

where the intersection runs through all prime ideals of height one. It is a deep result from
commutative algebra that the latter intersection coincides with k[X], and so f is regular. [

Example 9.12. Let n > 1. Then we have Cl(P™) = Z[H], generated by the class of a
hyperplane H C P".

Proof. Let H := V(xo) C P™ be a hyperplane. Then H =2 P"~! is irreducible of codimension
one. Thus H is a prime divisor on P".

We show now that the class of H generates C1(P™). For this, let D C P™ be a prime divisor.
Pick an irreducible homogeneous polynomial F' € I(D) C k[zo,...,x,]. One easily checks
that V(F) C P™ is irreducible and contains D, hence D = V(F'). But then the rational
function ¢ = xgc% has divisor

Div(p) =D —deg F - H

and so D ~ deg F' - H, as we want.

Next, we show that the class of H generates C1(P™) freely. To see this, assume that m-H ~ 0
for some m € Z. We need to prove that m = 0. For a quick proof, we may after possibly
replacing ¢ by ¢! assume that m is non-negative and so ¢ is regular by the previous lemma.
But any regular function on P" is constant and so m = 0.

We give a second proof, which does not rely on the above lemma (and hence not on the hard
fact from commutative algebra, that we used there). By assumptions, there is a rational
function ¢ € k(P") with Div(¢) = mH. We can find homogeneous polynomials F' and G

of the same degree such that ¢ = g We may assume here that F' and G have no factor in

common and so we can write
a; bj
F—”FZ andG—lIGj

where a;,b; > 1 and the F; and G; are irreducible homogeneous polynomials which are
mutually coprime. Hence,

Div(¢p) = Div (%) => aV(F) - Z b;V(Gy).

%
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Here, V(F;) and V(Gj) are prime divisors which are mutually distinct because the F; and
G are mutually coprime. Since Div(y) = mH, we find that

mH =Y "a;V(F) =Y bV(G,).
i J

This is an equality in Div(P") and so we conclude b; = 0 for all j. Hence, degG = 0. But
then also deg I’ = 0 and so ¢ is constant. Since Div(p) = mH, we conclude m = 0, as we
want. O

9.3 Bezout’s theorem

Let X be a smooth projective curve, i.e. a smooth projective variety of dimension one. A
divisor D on X is nothing but a Z-linear combination of points on X:

D = Z a; [xz],
with a; € Z and x; € X. We define the degree of D as

deg D = Zai.

This yields a group homomorphism
deg: DivX — Z.

Theorem 9.13. Let X be a smooth projective curve and let ¢ € k(X) be a rational function
on X. Then deg(Div(yp)) = 0. In particular, the degree of a divisor induces a well-defined
homomorphism

deg : CI(X) — Z.
Proof. The rational function ¢ corresponds to a rational map
0:X --»PL

Since X is normal, ¢ is defined in codimension one (exercise!) and so it is a morphism
¢ : X — P, We may assume that ¢ is non-constant and so it is surjective, because its image
is closed in P! since X is projective. We have the following fact that we will use without
proof.

Fact 1. Let f : X — Y be a surjective reqular map between projective curves. Fory € Y let

fYy) = {x1,...,2.} be its preimages. Let m € Oy, be a local parameter, i.e. a generator
of my,. For each i, consider f*: Oy, — Ox ,, and let
a; :=v(f*m)

be the vanishing order of f*m at x;. Then,
> a; = deg([(X) : k(Y))
i=1

does not depend on y €Y.
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The fact implies that »~1([0: 1]) and ¢ ~!([1 : 0]) have the same degree, where each point in
the preimage is counted with the correct multiplicity. In particular,

deg(Div(p)) = 0,
as we want. O

We aim to apply the above theorem to prove a version of Bezout’s theorem. For this, let
F,G € k[zg,z1,z2] be non-constant irreducible (or more general, square-free, which means
that in the decomposition of F' and G into powers of irreducible factors, each irreducible factor
appears with exponent one) homogeneous polynomials, and consider the corresponding plane
curves

X:=V(F)cP? and Y :=V(G) c P%

We assume that X and Y have no component in common and aim to compute the number of
intersection points X NY, counted with the correct multiplicities. For simplicity, we assume
that X is smooth (for the general case, one may pass to the normalization of X which is a
smooth projective model of X). We then define (X NY') as follows. Let E € k[xo, z1,z2] be
a homogeneous polynomial of degree deg GG, such that

VPZ(F, G,E) — @
Then
f=SGlx e k()
=5 X

is a rational function whose divisor of zeros and poles
Div(f) =D — D'

with D, D’ > 0 and such that D and D’ have no point in common, has the property that D
does not depend on . We may then define

$(X NY)=degD.
Theorem 9.14 (Bezout’s Theorem). In the above notation
H(X NY)=degF -degG.

Proof. Let L € k[xg,z1,22] be a linear homogeneous polynomial such that V(L) is not
tangent to X at any € X. (This is possible, because the lines in P? are parametrized by
P(k[zo, z1, x2](1)) = P?, while the lines that are tangent to X correspond to the image of the
regular map

X — P(k‘[l‘o,l‘l,l‘ﬂ(l)), T+ d F

~

and so they form a subset of dimension at most one of P(k[xo, z1,22](1)) = P?.) We may
additionally assume that
V(F,G,L) = 0.

Hence, in the definition of #(X NY) we can take E = L4, Then,

f= %|X € k(X)

is a rational function on X and we can write

Div(f) =D — D'
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where D, D' > 0 are effective and have no points in common. By the previous theorem,

$#(XNY)=degD = deg D'

Since L is not tangent to X at any point, we have for all x € X N V(L) that
deL:Tx . — k

is surjective. For z € X NV(L), we conclude that the image of L in my ,/m% _ is a generator

and so L generates the maximal ideal my , C Ox , by Nakayama’s lemma. Since V(F,G, L) =
(), G does not vanish at 2 € X N V(L) and so

W S FI'&C(OXJ),

where G € Ox; is a unit and L € Ox, is a uniformizer. Hence, z € X N V(L) appears in
Div(f) with coefficient —deg G and so we conclude

H(XNY)=degD =degG - #(V(L)N X),

where §(V(L) N X) denotes the number of intersection points of V(L) and X. Since for all
x € V(L)N X, the image of L in Ox, is a uniformizer, we find that L vanishes of order one
at . Equivalently, the homogeneous polynomial F' which cuts out X vanishes of order one
at x € V(L). That is, the restriction of F' to V(L) = P! is a polynomial of degree deg F
without multiple zeros and so it has exactly deg F' many zeros. That is,

f(V(L)NX) =degF

and so
HXNY)=degF -degG,

as we want. O

10 Sheaves

Let X be a topological space.

Definition 10.1. A pre-sheaf F of abelian groups on X consists of an abelian group F(U)
for each open subset U C X and a group homomorphism tyy : F(U) — F(V) for any
nested open subsets V. C U of X, with the following properties:

(a) F(0) =0,
(b) vy = idrw);
(¢) Tuv oTvw = Tuw for any open subsets W C V. .C U of M.

Elements of F(U) are called sections of F over U. The 1y are called restriction maps; one
often writes Ty v (s) = sly for s € F(U).

A pre-sheaf of vector spaces, rings, etc. is defined in an analogous way.

The most important examples of presheaves of abelian groups are functions on some space
with values in an abelian group. Before we list some examples, note that a presheaf F of
functions on some space satisfies the following properties:

For any open subset U C X and any open covering U = |J;c; U;, all of the above examples
have the following crucial properties:
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(i) If f,g € F(U) with f|y, = g|y, for all i € I, then f = g;
(ii) If fi € F(U;) with filu,nu; = fjlv,nu, for all 4, j, then there is a unique section f € F(U)

Definition 10.2. A pre-sheaf F of abelian groups (or vector spaces, rings, etc.) on X is
called sheaf, if @) and above hold.

Examples.

et e an abelian group.
(1) Let G be an abelian g
(a) The (locally) constant presheaf Gy on X with values in G is given by
Gx(U)=A{f:U — G| f is locally constant}

for all open subsets U C X. This presheaf is a sheaf. Note that Gy (U) = G", where
r denotes the number of connected components of U.

(b) The naive constant presheaf G’ on X with values in G, given by
GWW(U)={f:U — G| f is constant}.

This presheaf is not a sheaf.
(¢) The skyscraper presheaf G {z} With values in G and supported on a point z € X is
given by
0 ifxgU
Gy (U) = {G if € U.
This is a sheaf of abelian groups on X.

(d) If G carries a topology, e.g. G = R with the euclidean topology, then the presheaf
C%G of continuous functions on X with values in G is given by

C%,G(U) ={f:U — G| f is continuous}.
This is a sheaf of abelian groups on X.

(2) Let X be a smooth manifold, then the presheaf C§ of smooth real valued functions on
X is given by
CX(U)={f:U—R| f is smooth}.

This presheaf is a sheaf of rings on X.

(3) Let X be a quasi-projective variety, then the presheaf Ox of regular functions on X is
given by
Ox(U)=k[U|={f:U — k| f is regular}.

This presheaf is a sheaf of rings on X.

To understand sheaves locally at a point, it is important to consider their stalks, defined as
follows.

Definition 10.3. Let X be a topological space, F a presheaf of abelian groups on X and let
x € X be a point. The stalk of F at x is defined as the direct limit

Fy = lim F(U).
zelU

That is, elements in F, are represented by pairs (U, s), where U C X is an open neighbourhood
of x and s € F(U) is a section of F over U. Two pairs (U, s) and (U’,s") represent the same
element if there is an open subset x € V.C UNU’ such that s|y = §'|y.
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Lemma 10.4. The stalk F, is an abelian group, with group law
(U, )]+ [(V,)] = [(UNV,slunv + tlunv)]

Proof. We essentially only have to check well-definedness of the group law, which is easy.
Indeed, once this is done, the neutral element is [(U,0)] for any x € U C X and the inverse
of [(U, s)] is [U, —s]. O

Example 10.5. Let X be a quasi-projective variety. Then the stalk Ox , of Ox at a point
x € X 1is nothing but the local ring of X at x.

Definition 10.6. Let F and G be presheaves of abelian groups on a topological space X. A
presheaf homomorphism ¢ : F — G is a collection of group homomorphisms ¢y : F(U) —
G(U) with oy (s)lv = v (s|y) for all V. C U and all s € F(U). The homomorphism ¢ is an
isomorphism if there is a presheaf homomorphism ¢ : G — F with o1 = id and ¥ o = id.
If F and G are sheaves, then a sheaf homomorphism ¢ is a homomorphism of the underlying
presheaves. More over, ¢ is an isomorphism of sheaves if it is an isomorphism of presheaves.

If ¢ : F — G is a homomorphism of presheaves, then there is an induced homomorphism of
abelian groups

pr 2 Fo = Go, [(Us)] = (U, u(s))]-

Definition 10.7. A sequence of homomorphisms of presheaves/sheaves
F—-G—H
is exact if for all x € X the induced sequence of stalks
Fo = Go = Ha

is an exact sequence of abelian groups. In particular, ¢ : F — G is injective/surjective if the
induced homomorphism on all stalks is injective/surjective.

The most important difference between sheaves and presheaves is that sheaves are deter-
mined by their stalks, while presheaves are not. More precisely, there are homomorphisms of
presheaves (as we will see later) that are isomorphisms on all stalks (i.e. they are injective
and surjective), but which are not isomorphisms of presheaves. One of the main advantages
of sheaves is that this does not happen for sheaves.

Lemma 10.8. Let ¢ : F — G be a homomorphism of sheaves. Then ¢ is an isomorphism if
and only if it is injective and surjective.

Proof. If ¢ is an isomorphism, then there is an inverse ¥ of ¢ and so for each x € X, 1, is
an inverse of ¢,. Hence, ¢, is an isomorphism.

Let us conversely assume that ¢ is injective and surjective. Then ¢, : F, — G, is an
isomorphism of abelian groups for all x € X. We aim to show that for all open subsets
UcX,

pu : F(U) = GU)

is an isomorphism. For this we need to check injectivity and surjectivity and both statements
are easy consequences of the sheaf axioms. This concludes the lemma. O
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If ¢ : F —> G is a sheaf homomorphism, then the kernel ker(p), defined via

ker(¢)(U) = ker(op),

is a sheaf. The analogous definitions for the image and the cokernel do in general not give
sheaves, but only presheaves. This makes it necessary to introduce sheafifications, which is
a canonical way of passing from a presheaf to a sheaf without changing the corresponding
stalks.

Proposition 10.9. Let F be a presheaf on a topological space X. There is a sheaf F and
a morphism 0 : F — FT of presheaves, with the following universal property: for any sheaf
G and for any morphism of presheaves ¢ : F — G, there is a unique morphism of sheaves
i FT — G with o =1 o00.

The pair (FT,0) is unique up to unique isomorphism; it is called the sheafification of F.
Moreover, 6 induces an isomorphism on stalks.

Proof. We construct F* as follows. For any open subset U C X, let F*(U) be the set of
functions
s: U — U Fu
zelU

with s(z) € F, such that for each = € U there is some open subset z € V' C U and a section
te F(V) with s(y) =t, forall y e V.

One checks easily that F+ with the natural restriction maps is a sheaf and that the natural
morphism of presheaves § : F — F' has the properties claimed in the proposition. The
uniqueness of (F,0) is a formal consequence of the uniqueness of ¢ in the universal property

of (F1,0). O
Definition 10.10. A subsheaf F C G of a sheaf G is a sheaf such that for all open subsets

UcX, FU) c GU) is a subgroup and the restriction maps of F are given by restricting
the restriction maps of G to these subgroups.

Definition 10.11. Let ¢ : F — G be a morphism of sheaves of abelian groups on a topological
space X.

(1) the kernel of ¢ is the subsheaf of F, given by
ker(p)(U) = ker(ey : F(U) = G(U));
(2) the image of ¢ is the sheaf given as sheafification of the presheaf
U im(py : F(U) = G(U));
(3) the cokernel of ¢ is the sheaf given as sheafification of the presheaf
U +— coker(py : F(U) — G((U));

(4) if F is a subsheaf of G and ¢ is the natural inclusion, then the quotient sheaf G/F is
given by coker(p), i.e. it is given as sheafification of

U—gGWU)/FU,).

Lemma 10.12. Let ¢ : F — G be a morphism of sheaves of abelian groups on a topological
space X.

44



(1) ¢ is injective if and only if ker(yp) = 0;
(2) ¢ is surjective if and only if im(p) = 0.

Proof. This is an immediate consequence of the fact that injectivity/surjectivity are defined
on the level of stalks and sheafifications do not change stalks. O

Definition 10.13. Let f: X — Y be a continuous map of topological spaces.

(1) Let F be a sheaf on X. The pushforward sheaf, or direct image sheaf f.JF is the sheaf
which on an open subset V .CY 1is given by

FFWV) = F(FHV).

Note that this is well-defined because f~1(V) C X is open, as f is continuous. Note also
that this definition yields indeed a sheaf.

(2) Let G be a sheaf on'Y. The inverse image sheaf f~'G is the sheaf on X associated to the

presheaf

U~ lim G(V)
VOA(U)

on X.
Examples.
(1) The stalks of f~1G are given by
(f7'9)2 2 G-

(2) If f: Y <+ X is an embedding (e.g. open or closed), then we write G|y := f~1G. If f is
an open embedding, then for all U C Y open, we have G|y (U) = G(U).

(3) If Y = {pt.} is a single point, then f,F is isomorphic to the constant sheaf with value
F(X)onY.

(4) If G = Gy is a constant sheaf, then f~1G = Gy is constant as well.

(5) If F is constant, then f,JF is not necessarily constant. For instance, let f : R — R be the
map t — t? in the Eucledian topology. Then

0 if t <O0;
(felr)t =12 ift=0;
Z®eZ ift>0.

11 Ox-modules: quasi-coherent, coherent, locally free

Definition 11.1. Let X be a quasi-projective algebraic variety.

(1) A sheaf M of Ox-modules is a sheaf of abelian groups so that for all open subsets U C
X the group M(U) has the structure of an Ox-module which is compatible with the
corresponding restriction morphisms, i.e. for any open subsets V. C U C X and any

sections s € M(U) and f € Ox(U) we have
(f - s)lv = flv-slv.
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(2) A morphism ¢ : M — M’ of Ox-modules is a morphism of sheaves such that
v MU) = M'(U)
is a morphism of Ox (U)-modules for all U C X open.

(3) A Ox-module is locally free of rank r if for any x € X there is an open neighbourhood
x € U C X such that there is an isomorphism of Oy -modules:

M|y = Ogr.

The most important example of a Ox-module is constructed as follows.

Example 11.2. Let X be an affine algebmigvvariety with ring of reqular functions R := k[X].
Let M be an R-module. We define a sheaf M of Ox-modules on X as follows.

For any x € X, consider the localization My of M at the mazimal ideal I(x) C R. For
U C X open, let M(U) be the set of all functions

s:U— U MI(:E)
zeU

with s(x) € My, and such that for any x € U there is an element m; € M and a function

fz € R with fy(z) # 0 such that on some open neighbourhood x € V-.C U \ Viy(fz) of x, we
have s(y) = % for ally € U. Since each M) is an Ry, -module, pointwise addition and

scalar multiplication endows M with the structure of an Ox-module.

Proposition 11.3. Let X be an affine algebraic variety with ring of reqular functions R :=
E[X] and let M be an R-module.

(a) The stalk of M at x € X is isomorphic to M (-
(b) Let f € R be a nonzero function and consider the open subset Us :== X \ {Vx(f)}. Then,
M(Uy) = My
is the localization of M at the multiplicative system S = {f™ | n € N}.
(¢c) M(X) =M.

Proof. For a reference, see the argument in [4, Chapter II, Proposition 2.2].

Item (c) is an immediate consequence of (b). Similarly, item (a) is a consequence of (b),
because the open subsets of the form Uy form a basis in the topology and so it suffices to use
them in the computation of the direct limit

M, = lim M(U).

zeUCX
That is, . .
M, = 1 MU;) = 1 My = li M= Myi,.
P (Uy) o My = dim My = M

It remains to prove item (b). Any element of My is of the form 7 for some m € M and
n € N. It follows immediately from the definition, that such an element gives rise to a section
of M over Uy. We thus get a map

(p:Mf—)]/\Z(Uf).
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We claim that ¢ is injective. Indeed, suppose that ga(fﬁn) = 0. This means that

m

F =0¢ M[(x)

for all z € U. But for x € U, Mj(,) is isomorphic to the localization of the Ry-module My
at the maximal ideal I(x)Ry. That is, the morphism of Ry-modules

m

Ry — My, 1+ f7
is zero when localized at any maximal ideal of R;. But for a morphism of modules over a
ring, being zero is a local property which can checked at all maximal ideals this implies that
the above homomorphism is already zero, and so }”—n = 0, as we want.

The hard part is to show that ¢ is surjective. Conversely, let s € M (Us). By assumptions,

there is an open cover Uy = |J;c; Vi such that s|y; = = for some m; € M and f; € R with
Vi.(g;) = 0. Shrinking V; further, we may assume V Ufl =X\ V( fl) for some fZ € R.
Since g¢; does not vanish on V;, V(gl) C V(fi) and so f; € I(V(f)) C = +/(gi). So

up to replacing f; by some power [, we get f; € (¢;) and so f; = ¢;g; Wlth cZ e R. Replacing
m; by ¢;m;, we may thus assume fZ = g;- That is, s is given on Uy, by % On overlaps
Uy, NUy; = Uy, y;, these elements need to coincide and so

mi _m;
— = — € My,
i fi fif;
by the injectivity proven above. The above equality means
(fif5)" (fymi = fimg) =0
for some n > 0 which depends on ¢ and j.

Since U is a noetherian topological space, we may also assume that the index set [ is fi-
nite. hence, we can choose n in the above equality so large that it works for all ¢ and j
simultaneously. That is,

+1 +1 —
fif7 — i fim; =0
for all 4, j. Replacing f; by fZT”'H and m; by fi mj, we do not change the elements % and the
above identity simplifies to

fimi — fim; = 0.
for all 4, j. Since Uy = |JUy,, we have that

FeIV(f) =1V (fi.--s fr)) =V (1, fr)-

Up to replacing f by some power, we may thus assume that

=Y af
m = Zcimi,

fim = Zcimifj = Zcifimj = fm;

7 7

for some ¢; € R. For

we then have

and so
m;
==L ey
fo
This shows that the section s € M (U) coincides with ¢(*¢), as we want. O
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Corollary 11.4. In the notation of the previous proposition, the Ox-module R is isomorphic
to Ox.

Proof. There is a natural map of sheaves
TJZJ : E -0 X,

which is an isomorphism because it is an isomorphism on all stalks, since Ox . = Rp(,) by

definition and MZ = Rj(y) by the previous proposition. O

Definition 11.5. Let X be a quasi-projective variety. A Ox-module M is quasi-coherent, if

for each © € X there is an affine open neighbourhood x € U C X, such that M|y = M for
some Ox (U)-module M. If M is finitely generated, then M is called coherent.

Examples

(1) Ox is a coherent Ox-module by the corollary above. It follows from this that any locally
free Ox-module is coherent. By the Exercise sheet 12, we thus see that the sheaf of
regular sections of an algebraic vector bundle of rank r on X is a coherent Ox-module
for any r € N.

(2) Let Y C X be a closed subvariety of a quasi-projective variety X. Let Zy- C Ox be the
subsheaf of regular functions on X that vanish along Y. Then Zy is coherent, because if

—

X is affine, then Zy 2 I(Y) is the coherent sheaf associated to the k[X] = Ox (X )-module
I(Y) C k[X], which is finitely generated because k[X] is noetherian.

We have the following technical result, whose proof we will have to skip, even though it is
not hard, see [4, Chapter II, Proposition 5.4].

Proposition 11.6. Let X be a quasi-projective variety and let M be a quasi-coherent Ox -
module on X. Then for any open affine subset U C X, the natural map

—_—

M(U) — ./Vl|U
is an isomorphism of Ox-modules.

With the help of the above result, we can easily see that quasi coherent O x-modules on affine
varieties have a very pleasant behaviour.

Corollary 11.7. Let X be an affine variety and let
00— My > My —>M3z—0

be a short exact sequence of quasi-coherent Ox-modules. Then the induced sequence on global
sections

0— Mi(X) > Ma(X) = M3(X)—0

1S exact.

Proof. By the above proposition, M; =2 ]\Z for some k[X]-modules M;. The exactness of the
above sequence of Ox-modules means that the corresponding sequence on stalks is exact.
By Proposition we have (M;), = (M;(X))[) for all x € X. Hence, the sequence of

k[X]-modules
0— Mi(X) = Ma(X) - M3(X)—0

becomes exact after localization at all maximal ideals of k[X], and so it was already exact to
begin with, because this is a local property, see [I, Chapter 3, page 40]. ]
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12 Differential forms

Let R be a k-algebra. We define the R-module 7, Ik of Kéhler differentials of R (over k) as
quotient Q}z e = M/N of the free R-module M with basis given by symbols df where f € R
by the submodule N C M that is generated by the elements

d(f+g)—df —dg, d(fg)— fdg— gdf, da
for all f,g € R and a € k.

Lemma 12.1. If R is a finitely generated k-algebra, generated by elements t1,...,t, € R,
(e.g. R = k[X] for an affine variety X C A"), then the symbols dty,...,dt, generate Q}%/k

as an R-module.

Proof. By assumption, any element feR can be expressed as polynomial in the ¢;. The
product rule shows that df = Z o dtz, where 2 i I denotes the formal derivative of a polynomial
with respect to the symbol ¢;. This proves the Temma. ]

Lemma 12.2. Letw = ) fidg; € QR/k Then for allz € X the element w(x) =) fi(v)dzg; €
T, is well-defined, i.e. independent of the representative > fidg; of w.

Proof. Clear. O

Lemma 12.3. Let X be an affine variety with ring of regular functions R = k[X] and let

f € R be a nonzero regular function on X. Then there is a natural isomorphism of Ry-
1 ~ Ol

modules (QR/k)f = QRf/k;'

Proof. There is a natural map

Z gldh i
¢ () —>QRf/k7 Z —mdh;

of Ry-modules. This is surjective, because of the relation

79 frdg + gdf™

fn - f2n

To prove injectivity, assume that
/L J—
E f dh; =0 € Q! Ry /b

This means that the symbol ZZ fm _dh; can be written as a linear combination of symbols

h g h g h g h g g, h
d d— —d—=—, d(-——=)— —d-— — —d—, da.
Gt ) g~ g W)~ e =
Using the above relation d fnd?%df, we find that Z Ji.dh; = 0 in the localization of
QR/k at f, as we want. O

Corollary 12.4. In the above notation, (Q}q/k)l(w) = Q}ﬁ( Jk

49



Proof. This is a formal consequence of the above lemma:

(ki) 1(2) lim  (Qp,)p = lim Q}%f/k:ﬁ}a,(,)/k-

" feR, f(z)#0 fER, f(z)#0

O

Definition 12.5. Let X be a quasi-projective variety. For x € X, we put Q}(l, = Q}me/k.
We then define the sheaf Q% of regular differential forms on X via

O (U) ={w: U = UperQy, | w(z) € Dy, locally w =" fidgi}.

Natural multiplication with regular functions turns Q}( into an Ox-module.

Proposition 12.6. The Ox-module Q}( has the property that for any affine open subset
UcCcX,

Vslv = Dy pe

In particular, QY is a coherent Ox-module.

Proof. W.lo.g. X = U is affine. Let R = k[X]. By the above corollary, we have Q}%M k=

(Q}% /k) I(z)- To prove the proposition, it now suffices to see that the local condition for the
functions
s:U— uerQ}zIm/k = Uer(Q}z/k)I(x)

—_~

that we used in the definition of Qk and Ik coincide. To see the latter, we only have to
note that if w = )" g;df;, then ¢g; = Z—Z and f; = % for regular functions a;, b;, ¢;,d; € R on X
and the product rule shows that

bi di b d; B bid;

ai ¢ _ N~ dide; + ciddi _ aidide; + aicidd;

This sum of fractions can be rewritten as a single fraction of an element of Q}% Ik by a function
on X that does not vanish locally at the given point, which is exactly the local condition that

appeared in the definition of Q}z Ik O
Example 12.7. Q}, = (929,?

Proof. Let R = kl[t1,...,t,]. Then Q}Z/k is a free R-module with basis dtq,...,dt,. Hence

the result, because Q}M = Q}% Ik O

Proposition 12.8. Let X be a smooth quasi-projective variety of dimension n. Then Q& 18
a locally free Ox-module of rank n on X.

Proof. Pick a point xg € X. We need to show that Q}( is free in some neighourhood of xg.

After shrinking X assume that it is affine. Hence, X = V(f1,...,fm) C AN for some
polynomials f1,..., fi, € k[t1,...,tx]. Consider the Jacobian matrix

At = ()

’
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The module Q}%/k: is generated by the symbols dty, ..., dty. On the other hand, since df; =0
for all i, we have the relations

Afi
— ot

dt; =0

for all . Putting all these equations into a single one, it is convenient to consider the Jacobian

matrix 5
i,

This is a N X m-matrix with

J(f1,- s fm) - : =0
dty
Recall also that by definition, for every z € X the tangent space T'x , is a translate of the
kernel of the linear map given by J(f1,..., fn). Since X is smooth of dimension n, we know

that for all z € X,
rk(J(f1,..., fm)(@)) =N —n.

Hence, up to reordering of the coordinates t;, we may assume that

T(frys f) (@) = ( * Al) )

where A(z) is an (N —n) x (N — n)-matrix which is invertibel at our given point =y € X.
Being invertible is a Zariski open condition and so we may after shrinking X assume that
A(z) is invertible for all x € X.

But then
dtl dtl
0:<A(:U)_1 0)(* A(x)) dta :<>|< 1>' dtz
0 0 * * : 0 0 :
dtN dtN

Hence, foralli=n—+1,..., N,
n
dti = Z)\z(x)dtz
i=1

for some regular functions \; on X. This shows that the R-module Q}% Ik is generated by
dti,...,dt,. It remains to prove that there are no relations among these symbols. Indeed,

suppose that
n
Z gidti =0
i=1

for some regular functions g; € R. By the first part, d,t1,...,d,t, form a basis of the
cotangent space Ty , for all z € X. Evaluating the above identity at x € X we get

igi(x)dmti = 0
i=1

and so g;(z) = 0 for all z € X and all i. Hence, g; = 0 for all i, as we want. This completes
the proof of the proposition. O
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If M = R" is a free R-module, we can define A%M as R-module with generated by symbols
mi1 A --- A m, which satisfy the usual conditions. This way, we can define a for any locally
free O x-module the exterior product A%XM as (the sheafification of)

U AP

Definition 12.9. Let X be a smooth quasi-projective variety. Then QF, := APQ}( is the sheaf

of regular p-forms.

If n = dim X, then wx := Q% is the canonical sheaf (or canonical line bundle).

Note that wx is a locally free Ox-module of rank 1 on X.

Definition 12.10. Let X be a smooth projective variety. Then its geometric genus is defined

by
pg(X) 1= dim;(I'(X,wx)),

where I'(X,wx) = wx(X) denotes the space of global sections of wx. If X is a curve, we call
the geometric genus simply genus and denote it by g(X) := dimg(I'(X,wx)).

Example 12.11. Let X = P!. Then g(X) = 0.

Proof. We need to prove that I'(P',QF,) = 0. For this let w € I'(P',Q4,). Consider the

standard open covering P! = Uy U Uy with U; = P!\ V(#; = 0). The rational functions

Uy = i—é and u; = %’ satisfy

k[U()] = k[ud and k[Ul] = k[ul]
On U;, we have
wly; = gi(ui)du;

for some polynomial u;. Note that Uy; = UyNUyj is isomorphic to A\ {0} with ring of regular
functions k[Uy1| = k‘[uo,ual] = k‘[ufl, u1] with ug = ufl. Hence, on Upy, we get

_ 1
go(uo)dug = g1(u1)duy = g1 (ug 1)duf0 = dug
and so

go(uo) = g1 (ug ug >

Since g; is a polynomial for each i, the above equality is only possible if g; = 0 for all 3.
Hence, w = 0, as we want. ]

Example 12.12. Let X = V(2 + 23 + 23) C P%, where we assume that char(k) # 3. Then
wx 2 Ox and so g(X) = 1.

Proof. Let U;j := X \ V(z4,2). Then X = Uy U Uy U Uj2. On Uy we have the regular
functions u = i—é and v = i—f) and we consider the regular differential form

du
wo1l ‘= —5
02

on U071.

On Uy, u,v are regular as well. Since u® + v® + 1 = 0, we have

3udu + 3v2dv = 0

02



and so using that 3 is invertible in k, we get

du —dv
—- = — =W
where we note that w; is regular on Ups. Finally, on Uja, we have the regular functions u ™!
and 7. On Upy N Uiz, we have du~! = —u2du
du  u?

F = /1)72 (Ufl) =: W12

which extends to a regular differential form wis on Uiy, Altogether, we have constructed a
nontrivial global section w of wx with

W\Uij = wjj.
Looking at the local expressions above, one easily checks that w;; generates the k[U;;]-module
Q%Jij/k' We thus get a surjective morphism of Ox-modules ¢ : Ox — wx, which on U C X
is given by
v Ox(U) = wx(U), f—= [ w.

Since X is a smooth curve, wx = Qﬁ( is locally free of rank one and so the above surjection
must be injective, hence an isomorphism. This concludes the proof of the example. O

13 Line bundles and divisors

Operations on Ox-modules: Let M and M’ be Ox-modules. Then M ® M’ is the Ox-
module that is given as sheafification of

U > M(U) Sy @) MID).
Also, Hom(M, M’) is the Ox-module, given by
U— HOII](')U(M’U, M/|U)>

where Homp,, (M|, M'|7) denotes the Ox (U)-module given by the group of homomor-
phisms between the Oy-modules M|y and M'|y. Moreover,

MY := Hom(M, Ox)

and if M’ is locally free, then
Hom(M, M) = MY @ M’

Definition 13.1. Let X be a quasi-projective variety. By slight abuse of notation, we call a
locally free Ox-module L of rank one a line bundle on X.
Let £ and L' be line bundles on X. Then £ ® £’ is again a line bundle on X. Similarly,
LY :=Hom(L,Ox) is a line bundle on X. Since

LY ®L=Hom(L, L),
this line bundle admits a section without zeros and so it is trivial:

Lo LY = 0Ox.

Altogether, we see that the set of isomorphism classes of line bundles on X, denoted by Pic X,
is an abelian group under ®.

Let now X be normal. Recall that for a divisor D € Div(X), we have the Ox-module Ox (D),
given by
Ox(D)(U) = {f € k(X) | Div(f) + D > 0}.
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Definition 13.2. Let D € Div(X) be a divisor on X. We say that D is a Cartier divisor, if
Ox (D) is locally free (of rank one).

Proposition 13.3. If X is smooth, then Ox (D) is locally free of rank one. That is, any
divisor on X s Cartier.

Proof. Let x € X. We need to find a neighbourhood x € U C X of z, such that Ox(D)|y =
Op. Since X is smooth, Ox , is a regular local ring. Let D = ). a;D; be a decomposition
into prime divisors D; C X. Up to shrinking X, we may assume z € D; for all i. Each prime
divisor D; thus corresponds to a prime ideal

pi C Ox g,

consisting of all functions defined in some neighbourhood of z, which vanish along D;. Since
Ox , is a regular local ring, the height one prime ideal p; is principal:
pi = (9:)

for some g; € Ox, (in fact, any g; € p; irreducible will do the job). Up to shrinking X, we
may assume that X is affine and g; € k[X] is regular on X for each i. Then

0= Lot < ()

satisfies Div(g) = D and so Ox (D) = Ox by exercise 2c on sheet 11. This concludes the
proposition. O

Note that Ox (D) ® Ox(D’) =2 Ox(D+ D'). Hence, if X is smooth, we get a homomorphism
of groups
Div(X) — Pic(X), Dw— Ox(D)

and we know by Exercise 2 on sheet 11 that this descends to an injective group homomorphism
Cl(X) — Pic(X), [D]— Ox(D).

We aim to prove that this map is an isomorphism. To this end we need to show that the
above map is surjective, that is, any line bundle on a smooth quasi-projective variety comes
from a divisor.

Definition 13.4. Let L be a line bundle on a quasi-projective variety X. A rational section
of L is (the equivalence class of) a section s of L over some non-empty open subset U C X.

Let £ be a line bundle on a normal quasi-projective variety X. Let s € L(U) be a rational
section of £. Then
Div(s) € Div(X)

is defined as follows. Let X = (JU; be an affine open covering of X such that there are
isomorphisms
@i - »C|UZ — OUi'

Then
Div(s)|y, := Div(pi(s)).

These definitions are compatible, because on U;; := U; N Uj;, the composition

Pij 1= ;0 goj_l : Ou,; — Ou,
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is an isomorphism and so Div(f) = Div(y;;(f)). Hence,

Div(e;(s))lv,; = Div(pi;(@i(s)))lv;; = Div(ei(s))|us;-
This proves that the divisors Div(s)|y, := Div(;(s)) glue together to give a divisor
Div(s) € Div(X).
The surjectivity of
Cl(X) — Pic(X), [D]~ Ox(D).
in the case where X is smooth, then follows form the following.

Proposition 13.5. Let £ be a line bundle on a normal quasi-projective variety X, and let
s € L(U) be a rational section. Then the divisor D := Div(s) has the property that

L= 0x(D).

Proof. Consider the map

of Ox-modules, given by
Ox(D)(U) = L(U), f=[-s.

Note that this is well-defined, because
Div(f - s)lv = Div(f)|v + Div(s)|u > 0

and so f-s € L(U) is a regular section of £ over U.

To see that 1 is an isomorphism, consider the map ¢ : £ — Ox (D) given by
¢u : LIU) — Ox(D)(U), t— f,

where f € k(X) is the rational function given by ¢t = fs. Clearly, ¢ is an inverse of ¢ and so
the latter is an isomorphism, as claimed. This proves the proposition. ]

Definition 13.6. Let X be a smooth quasi-projective variety. Then the canonical divisor is
given by
Kx = Div(s),

where s is a rational section of the canonical bundle wx .

Note that
O)((Kx) = wy

and so Kx is unique up to linear equivalence. That is, the class of Kx in Cl(X) is unique.

Example 13.7. Kp1 = —2- H, where H is the class of a point on PL.

Proof. This follows from the computation that proved g(P') = 0:

Consider the standard open covering P! = Uy U Uy with U; = P!\ V(¢; = 0). The rational
functions ug = % and u; = i—(l’ satisfy

k[Uo] = k[uo} and k‘[Ul] = k:[ul]

On Uy, we have the differential form
w = dug
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which has no zeros and poles on Uj.

Note that Uy = Up N Uy is isomorphic to Al \ {0} with ring of regular functions k[Upi] =
Elug, ug '] = kluy ', u1] with ug = ui . Hence, on Upy, we get

_ —duy
= dug = duT! =
w uo Uy u%
and so
Div(w) = —-2-[0:1]
as claimed. O

If X is a smooth projective curve, then
deg: Cl(X) —» Z

is well-defined and so we get a new numerical invariant of smooth projective curves, the
degree of Kx.

Proposition 13.8. Let X C P? be a smooth projective curve of degree d. Then
deg(Kx) =d-(d—3).

Proof. By assumption, there is an irreducible homogeneous polynomial F' € k[xq, z1, 23] of
degree d such that
X = Vp2(F).
Let U; :== X \ V(2;). On Uy we have regular functions y; = 7! and y» = 2. Putting
f = F(Lyhy?)a we get
k[Uo] = kly1,y2]/f

and

of of
0=df = ——dy + ——dyo.
d oy T 9y, Y
Since X is smooth, the above partials have no common zero on X and so the rational
differential form

1 1
W= Edyz = —Ed?ﬂ
oY1 0y2

on X satisfies Div(w)|y, = 0.
On U; we have the regular functions zg = %1) and z9 = % Putting g := F(z20, 1, 22), we have
k[Ul] = k[Zo, 22]/9.

Moreover, 4 .
F(zo,21,22) = 219(20, 22) = 2(.f (y1,y2),

where y; = zo_l and yo = z—f) Hence,

9(20, 22) = Zﬁlf(z()_179)
20
and so 9 of
_ d-1 -1 22
92 2(2'072’2) 20 787;2( 0 72’0)
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Hence,

1 1 1
_ _ d—1 -1 _ _ _d-3
w—ﬂdyl—zo @dzo = —2zy ﬂdzo.
0y2 0z2 0z2
Since aa—zgodzo = —%d@, we also find
_ a3l
w =2 zsz

0z0

Since the partials of ¢ have no common zero on Uj, we thus altogether conclude that
Div(w)\Ul = (d — 3) . V(Z()) NU;.

Up to a linear change of coordinates, we may from the beginning assume that [0:0: 1] ¢ X
and so X = Uy UUy. Moreover, V(z9) NU; = V(zo) N X and so

Ky = Div(w) = (d—3) - V(o) N X

By Bezout’s theorem, deg(Kx) = (d — 3)d, as claimed. O

14 Riemann—Roch theorem for curves

Let X be a smooth projective curve and let D be a divisor on X. We then define
h'(X, D) := h°(X, Ox(D)) = dimy(T(X, Ox(D))).

Remark 14.1. The above notation is motivated by the fact that for any sheaf F on a topo-
logical space X, T'(X,F) = H°(X,F) coincides with the 0-th sheaf cohomology of F. In the
case where X 1is a quasi-projective variety and F is a quasi-coherent Ox-module, we define
these cohomology groups in Section below.

The most powerful tool in the study of divisors or line bundles on a smooth projective curve
X is the Riemann-Roch theorem, which states the following.

Theorem 14.2. Let X be a smooth projective curve, D a divisor on X. Then,

h(X,D) — h°(X,Kx — D) = deg D + 1 — g(X)

We will now collect a few consequences of that theorem. To this end note that h(X, D) =
0 if degD < 0. Hence, the above theorem allows us to compute h°(X, D) explicitly if
deg(Kx — D) = deg Kx —deg D < 0.

(1) Applying the theorem to D = K, we find that g(X) — 1 =deg Kx +1 — g(X) and so

_ deg Kx +2

X
9(X) 5
In particular, this implies that a smooth projective curve X C P? of degree d has genus

dd—3)+2 (d—1)(d—2)
2 N 2 ’

9(X) =
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(2)

3)

If D > 0 is an effective divisor on P!, then

h°(P!, D) = deg D + 1.
If X is a smooth projective curve of genus 0, then X = P

Proof. Let z,y € X and consider the divisor D = z —y € Div(X). Since g(X) = 0, we
have deg Kx = —2 and so h’(X, Kx — D) = 0. Hence, Riemann—Roch yields
h°(X,D) =degD +1—g(X)=1.

That is, there is a rational function ¢ € k(X) with

Div(p)+D >0
Since D as well as Div(p) are divisors of degree zero, we must have

Div(p) = —D.
If © # 5, then ¢ yields a rational map X --» P! of degree one and one checks that this
is an isomorphism (see some previous Exercise sheet). Hence, X = P! as claimed. O
An elliptic curve is a smooth projective curve X with g(X) = 1. We claim that any
elliptic curve X has the following properties:

wx =2 Ox and h°(X,D) = degD for all D > 0.
Proof. First note that wx = Ox is equivalent to Kx ~ 0. Since g(X) = 1, we have
h(X, Kx) = 1. That is, there is a rational function ¢ € k(X) with
Div(p) + Kx > 0.

On the other hand, deg Kx = 0 because g(X) = 1 and so the above inequality must be
an equality:

Div(p) + Kx = 0.
Hence, Kx ~ 0, as claimed. For the second claim, note that D ~ 0 if degD = 0
and D > 0. We may thus assume degD > 0. Then h°(X,Ky — D) = 0 and so
h%(X,D) = deg D + 1, as claimed. O

Let X be an elliptic curve, pick a point 29 € X and let C1°(X) := ker(deg : C1(X) — Z).
Then there is a natural bijection

¢: X = ClUX), z+ x— .
In particular, X carries the structure of a group.
Proof. Note that ¢ is injective, as otherwise there was a rational function ¢ € k(X) with
Div(p) = x — x¢ for x # z¢ and this implies X =2 P!, hence g(P') = 0. Next, we need
to prove surjectivity. That is, for any divisor D of degree zero we need to find x € X

with D ~ x — zg. To this end, consider the divisor D’ := D + z( of degree one. By
Riemann-Roch, h%(X, D’) = 1 and so there is a rational function ¢ € k(X) with

D" :=Div(e) + D' > 0.

Note that deg(D"”) = deg(D’) = 1. Since D" is effective, we find that D" = z for a point
x € X. But then
x —x9 = Div(y) + D

and so D ~ x — xg, as claimed. O
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(6) Let X be an elliptic curve. Then there is an irreducible cubic polynomial F' € k[zg, z1, 2]
such that X is isomorphic to the plane curve Vp2(F) C P2,

Sketch of Proof. Pick a point € X and consider for n > 0 the divisor D,, =3 -2 on X.
By Riemann-Roch, we have h%(X, D,,) = n and there are by definition natural inclusions

H°(X,D,_1) C H'(X,D,).

We deduce that H°(X, D;) is generated by a constant rational function ¢; = A # 0.
Moreover, H°(X, Dy) is generated by (1 and by a rational function o which has a pole
of order two at z and is regular otherwise. Finally H°(X, D3) is generated by (1, @2 and
by a rational function ¢3 which has a pole of order three at x and is regular otherwise.

Consider now the rational map
@ = [p1:p2: @3] X —-» P2,

Since each ¢; is regular away from x, ¢ is regular away from x. Moreover, in some

njeighbourhood of z, we have
=[P 22

¢3 ¥3
which shows that ¢ is regular at . This shows that ¢ is a regular map, as claimed.

: 1]

Next we aim to show that ¢ is an embedding. For this we need to see that ¢ separates
points and tangent directions and both statements follow from the fact that

(X, 3z — D) =1

for any degree two divisor D’.

Now that we know that ¢ embeds X as a plane curve in P2, we deduce e.g. from the
formula for the degree of the canonical divisor of smooth plane curves, that the degree
of the respective curve must be three. This completes the proof. O

15 Cohomology of quasi-coherent sheaves

15.1 Definition and easy examples

Let X be a topological space, F a sheaf on X. Let X = J;_, U; be a finite open covering ,
denoted by U. For every open subset {ig,1,...,9p} C {1,...,7}, put

Ui07..-7ip = U’L() ﬂ e m Uzp
‘We then define
CP .= CP(U, F) := ®igerciy F (Ui, ..)

together with maps
dP: C? — CPH, (Sio,...,z‘p) = (tj07---7jp+1)’

where
p+1

. E _1) .
Ljosipir *= (=1) 8j07~~~7jl:"~7jp+l|UjO ----- Jp+1”
=0

This way we get a complex
0-C'=Ct—=C?— ...
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The cohomology groups of this complex are called Cech cohomology groups of F with respect

to the cover U:
ker(dP : CP — CP*H1)

im(dp : CP~1 — CP)~

HP(U,F) =

We will use the following theorem as a black box for now.

Theorem 15.1. Let X be quasi-projective variety and let U and U' be finite coverings by
affine open subsets of X. Then for any quasi-coherent sheaf F, there are natural isomorphisms

HP(U, F)= HU', F).

In the above theorem, the assumption that F is quasi-coherent is essential, as it guarantees
that taking global sections on affine pieces is right exact. By the above theorem, we can make
the following definition of sheaf cohomology in the case of quasi-coherent sheaves.

Definition 15.2. Let X be a quasi-projective variety and let F be a quasi-coherent Ox-
module on X. Then the sheaf cohomology of F is defined by

HY(X,F):=H'U,F).
The next lemma explains the notation h°(X,F) = dim(I'(X,F)), used before, where we
recall that I'(X, F) = F(X) denotes the space of global sections of F.
Lemma 15.3. We have H°(X, F) = ['(X, F).

Proof. For any open covering U of X, we have
HU, F) = F(X)
as a consequence of the sheaf axioms. This concludes the proof of the lemma. O

Example 15.4. Let X = P!, then H'(X,0x) =0 and H'(X,wx) = k.

Proof. Consider the affine open cover X = Uy U U; with U; = PY\ V(¢;). On Uy we have the

affine coordinate ug = % and on Uy, we have the affine coordinate u; = v L

The Cech complex for H'(X, Ox) reads:

0
0— Ox(Up) @ Ox(Uh) L Ox(UgnUL) — 0,
where d°(f,g) = g — f. Note that
1 -
Ox(Uo) = k[uo], O)((Ul) = k[ul] = k[;o], k[U(), Ul] = k[uo,uo 1].
Hence, H'(X,Ox) = coker(d®) = 0, as claimed.
Next, the Cech complex for H*(X,wx) reads:

0= QY U) @ QL U) B QY Uy n L) — 0,
where d°(a, 8) = B — a. Note that

_1,—1 _
QY (Uo) = klugldug, Q' (Ur) = kfug]duy = kfug 1]?duo, QYU N L) = kfug, ug dug.
0

Hence,

d
HY(X,wy) = coker(d®) = “0% =~ .

Uuo
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15.2 Four important theorems

The most important property of cohomology is the existence of long exact sequences associ-
ated to short exact sequences of sheaves on X, as follows.

Theorem 15.5. Let X be a quasi-projective variety and let 0 — F; — Fo — F3 — 0 be a
short exact sequence of quasi-coherent Ox-modules. Then there is a long exact sequence

o= HP(X, Fy) — HP(X, Fp) — HP(X, F3) — HPYH(X, F1) — ...

Sketch of proof. Fix an affine open covering U of X. As a matter of fact that we will prove

next term, the intersections Uj, . ;, are all affine.

Let C; be the Cech complex of F; with respect to U. The short exact sequence of sheaves
then induces a short exact sequence of complexes

0—-Cf —C5 —C35 =0

the zero on the right is here due to the fact that taking global sections of quasi-coherent
sheaves on affine varieties is exact, as we have seen on one of the exercise sheets. Note that
the maps C — C7, | respect the differentials and so they are really maps of complexes.
The long exact sequence in cohomology is now a consequence the snake lemma, as we recall
below. O

Lemma 15.6. Let R be a commutative ring. Consider a commutative diagram of R-modules

My~ a2 0
T
0— M Loy L

with exact rows. Then there is an induced exact sequence
ker(d;) — ker(da) — ker(ds) — coker(d;) — coker(ds) — coker(ds).
Proof. This is standard. The boundary map ker(ds) — coker(d;) is constructed via diagram

chasing. The remaining maps are induced by f, g, f/ and ¢’ and exactness is checked directly
via diagram chasing. O

Corollary 15.7. Let R be a commutative ring. Let 0 — Cf ER ci 5 C3 — 0 be an exact

sequence of complezes of R-modules C} that are bounded to the left, i.e. C’ij =0 forallj << 0.
Then there is an induced long exact sequence in cohomology

o= HY(CY) — HY(C3) — HY(C}) — HTYCH — ...
Proof. Let d; : C; — C]i-Jrl denote the differential in C;. We construct
- = H'(CY) — H'(C5) — H'(C3)

by induction on ¢. Since the complexes are bounded to the left, the induction start is clear.
Suppose now that the above long exact sequence is constructed up to index i. Consider the
commutative diagram

coker(di ™) A coker(d ™) N coker(di ™) —=0

. i+l . it1 .
0 — ker(dit!) —L— ker(dit!) ——= ker(di)
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with exact rows. The snake lemma then yields an exact sequence
o= HY(CY) — H(C3) — HY(C}) — HTYCY) — HTY(CS) — HTHCE).
This concludes the proof of the corollary. O

In the remainder of this section, we state mostly without proofs some of the most important
properties (besides the existence of long exact sequences mentioned above) of sheaf cohomol-
ogy of quasi-coherent sheaves.

First of all, as a consequence of the definition, resp. the theorem above which lead us to make
the definition, we find the following result, originally due to Serre.

Theorem 15.8. Let X be an affine variety, then H*(X,F) = 0 for all k > 0 and any
quasi-coherent Ox -module F.

We also have the following theorem of Grothendieck, which we state without proof.

Theorem 15.9. Let X be a quasi-projective variety of dimension n. Then for any quasi-
projective F on X and for any integer p > n, we have

HP(X, F) =0.

Next, we state without proof Serre-duality.

Theorem 15.10. Let X be a smooth projective variety, n = dim X and £ a locally free
Ox-module on X. Then there are natural isomorphisms

HY(X, &) 2 H" P(X,wx ®EY)*".

16 Proof of Riemann—Roch for curves

Let F be a quasi-coherent sheaf on a quasi-projective variety X. We write
h{(X, F) := dim H (X, F).

If X is projective and F is coherent, then these dimensions are finite. We then define the
Euler characteristic of F via

X(X, F) = (~1)'h(X, F).
This is a finite sum, because h'(X,F) =0 for i < 0 or i > dim X. If F = Ox (D), we also
write h'(X, D) := h'(X,0x(D)). By Serre duality, h*(X,D) = h" “(X,Kx — D) if X is

smooth projective of dimension n.

With the above notation, the Riemann—Roch theorem for curve reads as follows.

Theorem 16.1. Let X be a smooth projective curve and let D € Div(X). Then,
X(X,0x(D)) = h%(X, D) — h%( X, Kx — D) = deg D + 1 — g(X).
Proof. Step 1. The case where D = 0.

Proof. Since h°(X,0) = 1 and h%(X,Kx) = g(X), the theorem is trivially true in this
case. U
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Step 2. Let D' := D — z. Then
X(XvD/) - X(XvD) -1

and so the theorem holds for D if and only if it holds for D’. In particular, the theorem holds
for D if it holds for D — x or D + x.

Proof. Consider the short exact sequence of sheaves

0— Ox(D") — Ox(D) N k, —0,

where 3 is defined as follows. Let a € Z be the maximal integer such that D — ax > 0.
Then local sections of Ox (D) around x have a pole/zero of order at most a. If 7 € Ox
is a local parameter, i.e. a generator of the maximal ideal my ., then for any local section
¢ € Ox(D)(U) in a suitable neighbourhood =z € U C X of x, we have that 7% - ¢ is regular

at  and so
Bp) :==7"p(z) €k

is well-defined. This defines 8. Since Ar~* is for any A € k a local section of Ox (D) at
x, we find that /3 is injective and the kernel is obviously given by the subsheaf Ox(D’) C
Ox (D). This proves that the above sequence is a short exact sequence of quasi-coherent
Ox-modules (note that the skyscraper sheaf k, is quasi-coherent, as it corresponds to the
module Ox ,/mx ;), and so we get a long exact sequence

0— H°X,D") — H*X,D) - H(X,k,) - HY(X,D') - H'(X,D) = 0

where we use that H'(X, k,) = 0, because we can use an affine open covering of X such that
x is not contained in the intersection of any two distinct open subsets and so CP = 0 for all
p > 1. The above exact sequence implies

0=hr%X,D)-h’X,D)+1-h'(X,D)+rY(X,D).

That is

and so the claim in step 2 follows. O
Step 3. The general case.

Proof. Write D = D' — D" for effective divisors D', D" that have no points in common. We
prove the theorem by induction on |D| := deg D’ + deg D”. If |D| = 0, then D = 0 and so
the theorem follows from step 1. Otherwise, there is a point € X such that |D — z| < |D|
or |D+z| < |D|. By step 2, the theorem holds for D if and only if it holds for D —x or D +x
and so we find by induction that it holds for D. This finishes the proof of the theorem. [J

O]
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