
Appendix A
Some Further Developments

Due to the character of these notes with the objective to present and explain the basic
principles of conformal field theory on a mathematical basis in a rather detailed
manner there has been nearly no room to mention further developments.

In this appendix we concentrate on boundary conformal field theory (BCFT) and
on stochastic Loewner evolution (SLE) as two developments which lead to new
structures not being part of conformal field theory (CFT) as described in these notes
but strongly connected with CFT.

We only give a brief description and some references.

Boundary Conformal Field Theory. Boundary conformal field theory is essen-
tially conformal field theory on domains with a boundary. As an example, let us
consider strings moving in a background Minkowski space M as in Chap. 7. For
a closed string, that is a closed loop moving in M, one gets a closed surface. Af-
ter quantization one obtains the corresponding CFT on this surface as developed in
Chap. 7. In case of an open string, that is a connected part of a closed loop (which is
the image of an interval under an injective embedding) with two endpoints, the string
weeps out an open surface or better a surface with boundary. The boundary is given
by the movement of the two endpoints of the string. We obtain the corresponding
CFT in the interior of the surface, the bulk CFT, together with compatibility condi-
tions on the boundary of the surface.

BCFT has important applications in string theory, in particular, in the physics of
open strings and D-branes (cf. [FFFS00b*], for instance), and in condensed matter
physics in boundary critical behavior.

BCFT is in some respect simpler than CFT. For instance, in the case of the upper
half plane H with the real axis as its boundary one possible boundary condition
is that the energy–momentum tensor T satisfies T (z) = T (z). This implies that the
correlation functions of T are the same as those of T , analytically continued to the
lower halfplane. This simplifies among other things the conformal Ward identities.
Moreover, there is only one Virasoro algebra.

For general reviews on BCFT we refer to [Zub02*] and [Car04*]. See also
[Car89*] and [FFFS00a*].

Stochastic Loewner Evolution. There is a deep connection between BCFT and
conformally invariant measures on spaces of curves in a simply connected domain
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H in C which start at the boundary of the domain. This has been indicated in both the
survey articles of Cardy [Car04*] on BCFT and [Car05*] on SLE and in a certain
sense already in [LPSA94]. Such measures arise naturally in the continuum limit of
certain statistical mechanics models.

For instance, in the case of the upper half plane H a measure of this type can be
constructed using a family of conformal mappings gt , t ≥ 0. In such a construction
one uses the stochastic Loewner evolution (SLE) first described by [Schr00*]. More
precisely, for a constant κ ∈ R, κ ≥ 0, the so-called SLEκ curve γ : [0,∞[→ C in
the upper half plane H is generated as follows: γ : [0,∞[→ C is continuous with
γ(0) = 0 and γ(]0,∞[) ⊂ H. γ is furthermore determined by the unique conformal
diffeomorphism

gt : H \ γ(]0, t])→ H, t ≥ 0,

satisfying the Loewner equation

∂gt(z)
∂ t

=
2

gt(z)−
√
κbt

, g0(z) = z,

normalized by the condition gt(z) = z + o(1) for z → ∞. Here, bt , t ≥ 0, is an or-
dinary brownian motion starting at b0 = 0. Hence, γ(t) = γt is precisely the point
satisfying g∼t (γt) =

√
κbt for the continuous extension g∼t of gt to H \ γ(]0, t[) that

is into the boundary point γ(t) of H \ γ(]0, t[).
A comprehensive introduction to SLE is given in Lawler’s book [Law05*]. A

first exact application to the critical behavior of statistical mechanics models can be
found in [Smi01*].

The relation of SLE to CFT is not easy to detect. It has been uncovered in the
articles [BB03*] and [FW03*].

Modularity. Modularity properties have been studied in the articles on vertex alge-
bras and CFT from the very beginning, in particular with respect to the examples of
large finite simple groups (see [Bor86*] and [FLM88*], for instance). A compre-
hensive survey can be found in [Gan06*].
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