Hereditary properties for duals of Bochner

Lp�functions-spaces^�

Georg Schlüchtermann, Mathematisches Institut der Ludwig-Maximilians-Universität, Theresienstrasse 39, 80333 München, Germany

Abstract For a finite and positive measure space (Ω, Σ, μ) hereditarity results which hold for Bochner Lp-spaces are derived for their dual spaces. In addition results of N.Kalton, G.Pisier and N.Randrianantoanina-E.Saab are given alternative proofs.

1 Introduction and Preliminaries

There exists a long list on hereditary results for Bochner L_p-spaces, but virtually no equivalent statements are given for their dual spaces. The major problem is the lack of a satisfying representation of their dual spaces, repectively, meaning the second dual of the Bochner L_pspaces. Let us mention some classical hereditary results concerning embedding classical sequence spaces. S.Kwapien showed that for 1 ≤ p < ∞, c_0 ⊂ L_p(μ, X), if and only if it embeds in X [12]. J.Mendoza proved that ℓ_∞ can be found as a copy in L_p(μ, X), 1 ≤ p < ∞ if and only if it is isomorphically embedded in X (see [14]). Furthermore the result that ℓ_1 ⊂ L_p(μ, X) for 1 < p < ∞ if and only if ℓ_1 embeds in X, is due to G.Pisier [17]. We will show Pisier’s result by different means, which allows the extension to the w^∗−measurable case. In [21, p.404,3.2.Th.]) it was shown that some renorming properties of X are inherited by L_p(μ, X) for 1 ≤ p < ∞ the space

�AMS (MOS) subject classification 46E10,46G10

of p−integrable vector-valued functions enjoys M.Talagrand demonstrated in [22, p.717,Th.11] that weak sequential completeness of X passes to the function space E(X), where E is an order continuous Banach lattice with a weak unit not containing c_0. N.Randriannomia and E.Saab obtained that L_p(μ, X), 1 < p < ∞ enjoys the complete continuity property if and only if X does [18, p.1111,Prop.2]. We will present an alternative proof and extend it to the dual of L_p(μ, X). The results are based on approximation results for operator-valued functions in section 2, which may be independent interest. In addition we extend results of J.Voigt [23] resp. the author [20] to the w^∗−measurable case.

First we will fix some notations and present some basic facts. Throughtout the paper (Ω, Σ, μ) is a positive and finite measure space. X, Y are Banach spaces with is duals X^∗, Y^∗. B(X) is the unit ball while S(X) denotes the unit sphere. K(X, Y ), W (X, Y ) resp. CW (X, Y ) stands for the compact, weakly compact resp.conditionally weakly compact operators.

Let us collect some basic facts for w^∗-measurable functions. (1.1) Let f : Ω −→ X^∗ be a function. Then f is called w^∗− measurable, if Ω ∋ ω −→ ⟨x, f(ω)⟩ is measurable for all x ∈ X. Let 1 ≤ p < ∞. Then we define:

L^{w∗}_p (μ, X^∗) := {f : Ω −→ X^∗; f is w^∗- measurable and ∫ Ω ‖f(ω)‖^pdμ(ω) < ∞}, where ∫ Ω ‖f(ω)‖^pdμ(ω) := inf{ ∫ Ω g(ω)dμ(ω); g ∈ L_1(μ) and ‖f(ω)‖^p ≤ g(ω) on Ω} [10, V I.6]. For p : 1 ≤ p ≤ ∞ we always denote the conjugate of p by p^′. Let 1 ≤ p < ∞ and let f ∈ L^{w∗}_p (μ, X^∗). We define: ‖f‖_{p,∗} := sup { ∫ Ω |⟨f(ω), g(ω)⟩|dμ(ω); g ∈ E(Ω, Σ, X), ‖g‖_p′ ≤ 1 } , which is a seminorm on L^{w∗}_p (μ, X^∗). If p = ∞, then

L^{w∗}_∞ (μ, X^∗) := { f : Ω −→ X^∗; f is w^∗ − measurable and

‖f‖_{∞,∗} := inf{K > 0; ∀ x ∈ B(X) : μ({ω ∈ Ω; |⟨x, f(ω)⟩| > K}) = 0} < ∞ } . According to the definition of the norm we have L_p(μ, X)^∗ = L^{w∗}_p′ (μ, X^∗), for 1 ≤ p < ∞. Let f : Ω −→ X^∗ be w^∗- measurable. We define the norm function ‖f(·)‖ : Ω −→ IR, ω −→ ‖f(ω)‖. If X is separable with a dense sequence (x_n) ⊂ B(X), then every w^∗- measurable function f : Ω −→ X^∗ has measurable norm function, since ‖f(ω)‖ = sup_{n∈IN} |⟨x_n, f(ω)⟩|, ω ∈ Ω. Since we are investigating operator-valued functions to deduce the hereditary properties we have to make the following definitions.

(1.2) Let (Ω, Σ, μ) be a positive measure space. A function U : Ω −→ L(X, Y ) is called strongly measurable if :

∀ x ∈ X : U (·)(x) : Ω −→ Y is μ − measurable.

(1.3) Let (Ω, Σ, μ) be a positive measure space. A function U : Ω −→ L(X, Y^∗) is w^∗−measurable, if:

∀ x ∈ X : U (·)(x) is w^∗ − measurable.

(1.4) Let 1 ≤ p ≤ ∞ and let T : X −→ L_p(μ, Y ) be linear (resp. T : X −→ L^{w∗}_p (μ, Y^∗)). Then U : Ω −→ L(X, Y ) is a strongly measurable operator-valued density of T (resp. U : Ω −→ L(X, Y^∗) is a w^∗−measurable operator-valued density of T ), if

U is strongly measurable (resp. w^∗-measurable) and ∀ x ∈ X : U (·)(x) = T (x) in L_p(μ, Y ) (resp. in L^{w∗}_p (μ, Y^∗)).

(1.5) Let ρ be a lifting of L_∞ := L_∞(μ). Let U : Ω −→ L(X, Y^∗) be a function.

i) If sup_{ω∈Ω} ‖U (ω)‖ < ∞, then we write ρ(U ) = U, if ρ(⟨y, U (ω)(x)⟩) = ⟨y, U (ω)x⟩ for all ω ∈ Ω, x ∈ X, y ∈ Y. ii) If sup_{ω∈Ω} ‖U (ω)‖ ≤ ∞, then we write ρ[U ] = U, if there exists a partition of Ω, (A_n) ⊂ Σ, such that for all n ∈ N, ω ∈ Ω, x ∈ X, y ∈ Y : ρ(⟨y, U (ω)(x)⟩χ_{An} ) = ⟨y, U (ω)(x)⟩ρ(χ_{An} ).

An application of a result of N. Dinculeanu [8, p.269,Th.5] gives the following fundamental theorem for the lifting.

Theorem 1.6 Let ρ be a lifting of L_∞.

Then there exists map τ : L^{w∗}_1 (μ, X^∗) −→ L^{w∗}_1 (μ, X^∗), which has the following properties. a) τ (f) ∈ f, ρ[τ (f)] = τ (f) f ∈ L^{w∗}_1 (μ, X^∗). b) ‖τ (f)(·)‖ ∈ L_1(μ) and ‖f‖_{1,∗} = ∫ Ω ‖τ (f)(ω)‖dμ(ω) for f ∈ L^{w∗}_1 (μ, X^∗). c) ∀ α, β ∈ IR ∀f_1, f_2 ∈ L^{w∗}_1 (μ, X^∗) :

τ (αf_1 + βf_2)(ω) = ατ (f_1)(ω) + βτ (f_2)(ω) f.a.a ω ∈ Ω.

In the sequel we will write f^ρ insted of τ (f), where ρ is a lifting of L_∞.

Let us state some well-known facts for Bochner-integrable functions in the w^∗−measurable setting. The proofs are straightforward applications of the classical results.

(1.7) Extended Lebesgue domination theorem:

Let (f_n) ⊂ L^{w∗}_1 (μ, X^∗). Let f̂ : Ω −→ X^∗ be a function and g ∈ L_1(μ), such that

- f^ρ_n(ω) → f̂(ω) f.a.a. ω ∈ Ω,

- ∀ n ∈ IN : ‖f^ρ_n(ω)‖ ≤ g(ω) f.a.a ω ∈ Ω.

(1.8) Extended Egorov Theorem Let (f_n) ⊂ L^{w∗}_1 (μ, X^∗). let f̂ : Ω −→ X^∗ be a function, such that f^ρ_n → f̂ pointwise a.e.. Then

a) f̂ is w^∗-measurable and ‖f̂ (·)‖ is μ− measurable,

b) ∀ ϵ > 0 ∃ Ω_ϵ ∈ Σ, μ(Ω \ Ω_ϵ) < ϵ : sup_{ω∈Ωϵ} ‖f^ρ_n(ω) − f̂(ω)‖ < ϵ.

(1.9) Let (f_n) ⊂ L^{w∗}_1 (μ, X^∗), f ∈ L^{w∗}_1 (μ, X^∗), such that ‖f − f_n‖_{1,∗} → 0. Then there is a subsequence (f_{nk} ), such that f^ρ_{nk} → f^ρ pointwise a.e..

As an analogon to J.Diestel, W.Ruess and W.Schachermayer [6] we present a result for the weak compactness of w^∗−measurable functions. The proof is based on results of M.Talagrand [22, p.720,Th.14, Th.15], thus, we omit the detailed proof.

Theorem 1.10 :

a) Let 1 ≤ p < ∞ and let K ⊂ L^{w∗}_p (μ, X^∗) be bounded in L^{w∗}_∞ (μ, X^∗). Let ρ be a lifting of L_∞. Then the following conditions are equivalent:

a) K is relatively weakly compact.

b) ∀ (f_n) ⊂ K ∃ (g_n), g_n ∈ co(f_n, f_{n+1}, . . .), such that (g^ρ_n(ω)) is relatively compact f.a.a. ω ∈ Ω.

c) ∀ (f_n) ⊂ K ∃ (g_n), g_n ∈ co(f_n, f_{n+1}, . . .), such that (g^ρ_n(ω)) is relatively weakly compact f.a.a. ω ∈ Ω.

b) If K ⊂ L^{w∗}_1 (μ, X^∗) is relatively weakly compact, then K is uniformly integrable.

2 Approximation of w^∗-measurable operator-valued functions

The following basic result in taken from [S1,p.380,Th.2.1].

Theorem 2.1 : Every bounded operator T : X −→ L^{w∗}_∞ (μ, Y^∗) admits of a w^∗−measurable density U : Ω −→ L(X, Y^∗). In particular, every bounded operator T : X −→ L_∞(μ, Y ) has a strongly measurable density U : Ω −→ L(X, Y ).

Remark 2.2 Let ω_1 be the first uncountable ordinal. Let (ϕ_α)_{0≤α<ω1}, ϕ_α : Ω −→ IR be a family of measurable functions, such that ∀ α, β, α < β ∀ ω ∈ Ω : ϕ_α(ω) ≤ ϕ_β (ω). Then there exists a countable ordinal β_0, such that

∀ β ≥ β_0 : ϕ_β = ϕ_{β0} a.e. on Ω.

A straightforward consequence of the foregoing remark is the following proposition.

Proposition 2.3 Let 1 ≤ p ≤ ∞ and let ρ be a lifting of L_∞.

a) Let T : X −→ L_p(μ, Y ) be linear and bounded. T has a strongly measurable density if and only if T |_{X0} has a strongly measurable density U : Ω −→ L(X_0, Y ) for all separable subspaces X_0 ⊂ X.

b) Let T : X −→ L^{w∗}_p (μ, Y^∗) be bounded and linear. T has a w^∗−measurable density if and only if T |_{X0} has a w^∗−measurable density U : Ω −→ L(X_0, Y^∗) for all separable subspaces X_0 ⊂ X.

Theorem 2.4 : Let ρ be a lifting of L_∞. Let (Θ, Ψ, ν) be a finite and positive measure space and let T : L_1(ν) −→ L^{w∗}_1 (μ, X^∗) be bounded. Then there exists a w^∗−measurable density U : Ω −→ L(L_∞, X^∗) of T |_{L∞} , such that ρ[U ] = U.

If in addition ℓ_∞ ⊄ X^∗, then U : Ω −→ W (L_∞, X^∗). Proof: We assume that (Θ, Ψ, ν) is the Lebesgue measure space. Thus let (π_n)_{n∈IN} be the sequence of dyadic partitions of the interval [0, 1] . Then we define for n ∈ IN and τ = (τ_i) ∈ {−1, 1}^{2n} : f_{n,τ} :=

2^n∑ i=1 τ_iχ_{Ai} , where A_i ∈ π_n, i = 1, . . ., 2^n. We define for n ∈ IN, K > 0: A_{K,n} := {ω ∈ Ω; ∃ τ ∈ {−1, 1}^{2n} ‖(T (f_{n,τ} ))^ρ(ω)‖ > K}. According to 1.2 (T (f_{n,τ} ))^ρ has a measurable norm function. Thus the sets A_{K,n} are measurable. (1) sup_{n∈IN} μ(A_{K,n})^{K→∞}→ 0.

For the proof first we note that A_{K,n} ⊂ A_{K,n+1} for all K > 0. Let n ∈ IN, K > 0. We define σ : A_{K,n} −→ {−1, 1}^{2n}, as follows:

Let {τ_1, . . . , τ_m} be a counting of the set {−1, 1}^{2n} with m = 2^{2n} . For 1 ≤ j ≤ m we define A_{K,n,j} := {ω ∈ A_{K,n}; ‖T (f_{n,τj} )^ρ(ω)‖ > K} and have A_{K,n} =^m ⋃ j=1 A_{K,n,j} by definition. Let C_1 := A_{K,n,1} and C_j := A_{K,n.j} \^{j−1} ⋃ i=1 C_i for j = 2, . . . , m. Evidently (C_j )^m_{j=1} is a Σ−partition of A_{K,n}. Now we define σ : A_{K,n} −→ {−1, 1}^{2n} , ω −→ τ_j, where ω ∈ C_j. The map ω −→ T (f_{nσ(ω)})^ρ is measurable, since (C_j) ⊂ Σ.

Then we estimate μ(A_{K,n}) K ≤ ∫ A_{K,n} ‖(T (f_{n,σ(ω)}))^ρ(ω)‖dμ(ω)

= ∫ A_{K,n} ‖T ( 2^n∑

i=1 σ(ω)_iχ_{Ai} )^ρ(ω)‖dμ(ω)

1.6c) = ∫ A_{K,n} ‖ 2^n∑

i=1 σ(ω)_iT (χ_{Ai} )^ρ(ω)‖dμ(ω)

≤ ∫ A_{K,n}

2^n∑

i=1 ‖σ(ω)_iT (χ_{Ai} )^ρ(ω)‖dμ(ω)

= ∫ A_{K,n}

2^n∑

i=1 ‖T (χ_{Ai} )^ρ(ω)‖dμ(ω)||

= 2^n∑

i=1 ∫ A_{K,n} (‖T (χ_{Ai} )^ρ(ω)‖)dμ(ω) ≤ 2^n∑

i=1 ( ‖T ‖(λ(A_i)) )

= ‖T ‖λ([0, 1]) = ‖T ‖. This finishes the proof for (1).

Since B(L_∞) is weakly compact in L_1, T |_{L∞} is weakly compact, thus uniformly integrable (see 1.10). Hence, for a given ϵ > 0, there is a δ > 0 such that for all A ∈ Σ, μ(A) < δ:

(2) sup g∈B(L_∞ ) ∫ A ‖(T (g))^ρ‖dμ < ϵ.

Hence, by (1) there exists a K > 0, such that μ ( ∪_{n∈IN}A_{K,n} ) ≤ δ. Again let Ω_ϵ := Ω \ ( ∪_{n∈IN}A_{K,n} ) . We have ‖(T (f_{n,τ} ))^ρχ_{Ωϵ} ‖_{∞,∗} ≤ K, n ∈ IN, τ ∈ {−1, 1}^{2n} . Let g ∈ B(L_∞). There exists a sequence (g_k), g_k ∈ co{f_{n,τ} ; n ∈ IN, τ ∈ {−1, 1}^{2n}}, such that g_k → g in L_1.

By the ‖ · ‖_1 − ‖ · ‖_{1,∗}− continuity of T, ‖T (g_k) − T (g)‖_{1,∗} → 0. By 1.9, there is a subsequence, such that (T (g_{kj} ))^ρ → (T (g))^ρ pointwise a.a.. Hence (3) ‖(T (g))^ρ‖_{∞,∗} ≤ K. So we are able to define

T̃ : L_∞ −→ L^{w∗}_∞ (μ, X^∗), T̃ (g) := T (g)^ρχ_{Ωϵ} .

From (2) and (3) we obtain ‖T̃ ‖ ≤ K and ‖T −T̃ ‖_{L(L∞,L}w^∗_{1 (μ,X}∗_{))} < ϵ. The existence of an operator-valued density of T̃ follows from 2.1. Since ϵ > 0 is arbitrary, we find a strongly measurable density on ⋃ n∈IN Ω 1_n = Ω up to a set of measure 0. If (Θ, Ψ, ν) is an arbitrary,

finite, separable and positive measure space, then we can split Ω is a purely atomic and a purely non atomic part. According to the Carathéodory representation the purely non-atomic part is measure isomorphic to ([0, 1], L, λ), which is treated before, while is purely atomic part is done by a similar estimation as in (1).

The general case is done according to 2.3 b): Let L ⊂ L_∞(ν) be separable. Then there is a separable sub-σ−algebra Ψ_0 ⊂ Ψ, so that L ⊂ L_∞(ν|_{Ψ0} ). Thus, according to the separable case above, there is a strongly measurable density U : Ω −→ L(L_1(ν|_{Ψ0} ), X). 2.3 b) finishes the proof to the general case.

[8, p.215, Prop.7] tells us that we may assume ρ[U ] = U (see 1.14 for a definition). If ℓ_∞ ⊄ X^∗, by a result of H.Rosenthal (see [7, p.156,Th.11]) we get the w^∗−measurable operator-valued density U : Ω −→ W (L_∞, X^∗). 2 Theorem 2.5 Let ℓ_∞ ⊄ X^∗ and let T : L_1 −→ L^{w∗}_1 (μ, X^∗) be a bounded operator. Let ρ be a lifting of L_∞. Then T (B(L_1)) is uniformly integrable if and only if for all ϵ > 0 there is a w^∗-measurable U_ϵ : Ω −→ L(L_1, X^∗), such that ‖T − U_ϵ‖_{L(L1,L}w^∗_{1 (μ,X}∗_{))} < ϵ, U_ϵ : L_1 −→ L^{w∗}_∞ (μ, X^∗) and ρ(U_ϵ) = U_ϵ.

Proof: Let T (B(L_1)) be uniformly integrable. Let ρ be a lifting of L_∞. According to 2.4 there exists a w^∗−measurable function U : Ω −→ W (L_∞, X^∗), such that T |_{L∞} = U and ρ[U ] = U.

Let ϵ > 0 be given. Since T is bounded and T (B(L_1)) is uniformly integrable, there exists an M > 0, such that sup f∈B(L1) ‖T (f)^ρ − T (f)^ρχ_{{‖T (f)}ρ_{‖≤M}}‖_{1,∗} < ϵ. Thus for all A ∈ L let B_A := {ω ∈ Ω; ‖T (^{χA}_{λ(A)} )^ρ(ω)‖ ≤ M }. Let (π_n)_{n∈IN} be the sequence of the dyadic partitions of the interval [0, 1]. We define the operator:

T_n : L_1 −→ L^{w∗}_∞ (μ, X^∗) f −→ ∑ A∈π_n (∫ A fdλ ) U ( χ_A λ(A) )χ_{BA} = ∑ A∈π_n (∫ A fdλ ) T ( χ_A λ(A) )χ_{BA}

and obtain: ‖T_n(f)‖_{∞,∗} ≤ ∑ A∈π_n | ∫ A fdλ|‖T ( χ_A λ(A) )χ_{BA} ‖_{∞,∗} ≤ ‖f‖_1M.

Next we consider for n, m ∈ IN, n ≤ m a set D ∈ σ(π_n). We have ‖T ( χ_D λ(D) )^ρ − T_m( χ_D λ(D) )^ρ‖_{1,∗} = ‖ ∑ A∈π_n ,A⊂D ( λ(A) λ(D) T ( χ_A λ(A) )^ρ − λ(A) λ(D) T ( χ_A λ(A) )^ρχ_{BA} ) ‖_{1,∗} ≤ ∑ A∈π_n ,A⊂D λ(A) λ(D) ‖T ( χ_A λ(A) )^ρ − T ( χ_A λ(A) )^ρχ_{BA} ‖_{1,∗} < ϵ.

Hence, for all f ∈ aco(^{χA}_{λ(A)} , A ∈ π_n) and m ≥ n we have ‖(T (f))^ρ − T_m(f)^ρ ‖_{1,∗} < ϵ. Thus we can conclude that for all m ≥ n and for each f ∈ B(L_1), f = IE_{πn} f: ‖T (f) − T_m(f)‖_{1,∗} < ϵ. Let f ∈ B(L_∞). Then for a.a. ω ∈ Ω:

(1) (T_n(f))^ρ (ω) ⊂ X^∗ is relatively weakly compact.

For the proof of (1) we realize first that for n ∈ IN and A ∈ π_n : | ∫ A fdλ| ≤ λ(A).

(T_n(f))^ρ(ω)^{ρ[U]=U}= ∑ A∈π_n (∫ A fdλ ) U (ω)( χ_A λ(A) )χ_{BA} (ω) = ∑ A∈π_n N_A(f)U (ω)(χ_A )χ_{BA} (ω) = ∑ A∈π_n ,ω∈B_A N_A(f)U (ω)(χ_A )

= U (ω) ( ∑ A∈π_n ,ω∈B_A N_A(f)χ_A ) ∈ U (ω) ( B(L_∞) )

since |N_A(f)| ≤ 1.

Since U (ω) ( B(L_∞) ) is weakly compact in X^∗, by 1.10, we have for all f ∈ L_∞ that (T_n(f))_{n∈IN} is relatively weakly compact in L^{w∗}_1 (μ, X^∗).

Since L_1 is separable, there is a subsequence T_{nk} , such that T_{nk} (f_j )^{k→∞}→ T̂ (f_j ) weakly in L^{w∗}_1 (μ, X^∗) for all j ∈ IN, where {f_1, f_2, . . .} ⊂ L_∞ is a L_1−dense subset. Thus, T̂ is linear on L_∞. The uniform estimate for the sequence (T_n) shows that T̂ is a ‖·‖_1 −‖·‖_{1,∗} continuous operator on a L_1-dense, linear subspace of L_∞, since this holds for all T_{nk} (k ∈ IN).

Hence there is an extension to a linear operator T̂ : L_1 −→ L^{w∗}_1 (μ, X^∗), such that T_{nk} (f)^{k→∞}→ T̂ (f) weakly for all f ∈ L_1. Because ‖T_{nk} (f)‖_{∞,∗} ≤ M for all f ∈ B(L_1) and k ∈ IN, it follows that ‖T̂ (f)‖_{∞,∗} ≤ M. Furthermore ‖T_{nk} (f) − T (f)‖_{1,∗} < ϵ for all f ∈ B(L_1), f = IE_{πn} f, n ∈ IN and k ∈ IN, such that n_k ≥ n. Thus we have T̂ : L_1 −→ L^{w∗}_∞ (μ, X^∗), with ‖T̂ − T ‖_{L(L1,Lw∗1 (μ,X∗))} < ϵ. By 2.1 there exists a map U_ϵ : Ω −→ L(L_1, X^∗) with T̂ = U_ϵ. With [8, p.215,Prop.7] we may assume ρ(U_ϵ) = U_ϵ.

The uniform integrability is provided by the fact that for all ϵ > 0 the image U_ϵ(B(L_1)) ⊂ L^{w∗}_1 (μ, X^∗) is L_∞−bounded, hence uniformly integrable. The approximation gives the assertion and finishes the proof of the theorem. 2

We state the same results for the Bochner function spaces, where the proofs are omitted, since they run parallely and turn out to be easier.

An operator T : X −→ L_p(μ, Y ) is called σ^∗_p−compact if T (B(X)) is relatively σ(L_p(μ, Y ), L_p′ (μ, Y^∗))−compact.

We note that the σ(L_p(μ, Y ), L_p′ (μ, Y^∗))−topology coincides with the weak topology if and only if Y^∗ has the RNP w.r.t. (Ω, Σ, μ) (see [7, p.98,Th1]).

Theorem 2.6 Let K be a compact totally disconnected Hausdorff space. Let 1 ≤ p < ∞ and T : C(K) −→ L_p(μ, Y ) be bounded. We consider the following properties:

a) There exists a subspace Y_0 ⊂ Y, ℓ_∞ ⊄ Y_0, such that T (C(K)) ⊂ L_p(μ, Y_0). b) T is σ^∗-compact.

c) T is weakly compact.

Then a) ⇒ b) ⇔ c). If (Ω, Σ, μ) is separable, then a) and b) are equivalent.

In particular: ℓ_∞ embeds in L_p(μ, Y ) if and only if it embeds in Y .

Proof: a) ⇒ b) : Since ℓ_∞ ⊄ Y_0 and T (C(K)) ⊂ L_p(μ, Y_0), we can use a result of J.Batt and W.Hiermeyer [1, p.411,2.1 Th.] and a result of H.Rosenthal [7, p.156,Th.10] to conclude, that T is σ^∗_p −compact.

b) ⇒ c): Suppose T is not weakly compact, then by a result of H.Rosenthal (see [7, p.156,Th.11]) there exists a copy of ℓ_∞ ⊂ T (C(K)). According to b), T (C(K)) ⊂ L where L := spanM with M σ^∗_p−compact. But this contradicts a result in [21, p.409,3.4 Cor.], which says that L admits an equivalent locally uniformly convex norm. But this fails for ℓ_∞ [5, p.120,Th.1].

c) ⇒ b): Trivial.

b) ⇒ a): If (Ω, Σ, μ) is separable, there exists a countable set C ⊂ Σ, such that the generated σ−algebra of C is dense in Σ and for all ϵ > 0 the set {A ∈ C; μ(A) ≥ ϵ} is finite. Let K := T (B(C(K)).

Then the uniform integrability of K [1, p.411,Th.2.1.] implies that {A ∈ C; sup_{f∈T (B(C(K))} ‖I_A(f)‖ ≥ ϵ} is finite for all ϵ > 0. For all A ∈ C the set I_A(K) is relatively weakly compact in Y [1, p.411,Th2.1]. We define D := ⋃ A∈C I_A(K). By the above D is relatively weakly compact in Y. Let Y_0 := spanD. Then Y_0 is weakly compactly generated and hence, does not contain a copy of ℓ_∞. Since the algebra generated by C is dense in Σ, we have T (C(K)) ⊂ L_1(μ, Y_0). 2 The technic presented in 2.4 resp. 2.5 can be transmitted to the strongly measurable case almost literally. Hence we get using 2.6 for 2.7:

Theorem 2.7 Let (Θ, Ψ, ν) be a finite and positive measure space and T : L_1(ν) −→ L_1(μ, X) be bounded. Then T |_{L∞} has a strongly measurable density U : Ω −→ L(L_∞, X). If (Θ, Ψ, ν) is separable, then U : Ω −→ W (L_∞, X).

The previous theorem should be compaired with [11, p.314,Th.5.2].

Theorem 2.8 Let T : L_1 −→ L_1(μ, X) be a bounded operator. Then T (B(L_1)) is uniformly integrable if and only if for all ϵ > 0, there is a strongly measurable map U_ϵ : Ω −→ L(L_1, X), such that ‖T − U_ϵ‖_{L(L1,L1(μ,X))} < ϵ and U_ϵ : L_1 −→ L_∞(μ, X). 3 Hereditary properties for

w^∗�measurable function spaces

If X has the RNP, then by [7, p.66,Th.8] every bounded, linear operator T : L_1([0, 1]) −→ X is Dunford-Pettis, i.e it maps weakly convergent sequences to norm convergent sequences. Thus the following condition is weaker than the RNP.

(3.1) A convex, bounded and closed set K ⊂ X has the complete continuity property (CCP) if every bounded, linear operator T : L_1([0, 1]) −→ X, such that { T (_{χA} λ(A) ) ; A ∈ L λ(A) > 0 } ⊂ K, is a Dunford Pettis operator (see [2, 9] for more details). A Banach space X has the CCP, if B(X) enjoys the CCP (see [9, p.59;p.78,Def.4.2]).

The following results are an extension of the result of J.Voigt that the strong integral of compact operators is again compact.

Theorem 3.2 : Let ℓ_1 ⊄ X, and let U : Ω −→ K(X, Y^∗) be w^∗- measurable and bounded. Then for 1 ≤ p < ∞: U : X −→ L^{w∗}_p (μ, Y^∗) is compact. In particular ∫ Ω U : X −→ Y^∗, x −→ ∫ Ω U (ω)(x)dμ(ω) is compact.

Proof: Let (x_n) ⊂ B(X) be a given sequence. Since ℓ_1 ⊄ X, we assume w.l.o.g that (x_n) is weakly Cauchy according to the Rosenthal dichotomy. Let us first assume that Y is separable. Then according to the introduction, every f ∈ L^{w∗}_p (μ, Y^∗) has a measurable norm-function. Hence Ω ∋ ω −→ ‖U (ω)(x)‖ is measurable for all x ∈ X. Since U (ω) is compact, (U (ω)(x_n)) converges in norm to some f̂ (ω) ∈ Y ∗ for all ω ∈ Ω. The convergence implies that f̂ : Ω −→ Y ∗ is w^∗−measurable. Since U is bounded and ‖U (ω)(x_n) − f̂ (ω)‖^p → 0 for all ω ∈ Ω, the classical Lebesgue domination theorem gives the assertion.

We consider now the non-separable case of Y and assume that (U (x_n)) is not norm-Cauchy. Then there is an ϵ > 0 and a subsequence (U (x_{nk} )), such that ∀ k ∈ IN : ‖U (x_{nk+1} ) − U (x_{nk} )‖_{p,∗} > ϵ. For all k ∈ IN there is a g_k ∈ E(Ω, Σ, Y ), ‖g_k‖_p′ ≤ 1, such that: (1) ∀ k ∈ IN : |⟨g_k, U (x_{nk+1} ) − U(x_{nk} )⟩| > ϵ. Let Y_0 ⊂ Y be a separable subspace, such that g_k ∈ E(Ω, Σ, Y_0) for all k ∈ IN. Then let us consider the embedding ı : Y_0 → Y and its adjoint ı^∗ : Y^∗ −→ Y^∗_0 . Evidently ı^∗ ∘ U : Ω −→ K(X, Y^∗_0 ) is w^∗−measurable and the separable case of Y is applicable. But we have according to (1) ∀ k ∈ IN : ‖ı^∗ ∘ U (x_{nk+1} ) − ı^∗ ∘ U (x_{nk} )‖_{p,∗} ≥ |⟨g_k, U(x_{nk+1} ) − U (x_{nk} )⟩| > ϵ, which is a contradiction. 2 Corollary 3.3: Let C ⊂ X be conditionally weakly compact and U :

Ω −→ L(X, Y^∗) be bounded and w^∗-measurable, such that U (ω)(C) is relatively compact in Y^∗ for ω ∈ Ω. Then U (C) is relatively compact in L^{w∗}_p (μ, Y^∗). Proof: Let K := acoC. Then K is conditionally weakly compact. Let p_K denote the Minkowski-functional. Let X_0 := {x ∈ X; p_k(x) < ∞}. Then (X_0, p_k) is a Banach space not containing a copy of ℓ_1 and C ⊂ B(X_0) [4, p.237,2 (iii)]. Let id : X_0 → X be the continuous inclusion. We consider V : Ω −→ L(X_0, Y^∗), V (ω) = U (ω) ∘ id, ω ∈ Ω. Evidently V is w^∗− measurable and V (ω) ∈ K(X_0, Y^∗) for all ω ∈ Ω. Hence 3.2 implies that V : X_0 −→ L^{w∗}_p (μ, Y^∗) is compact. Since U (C) ⊂ U (id(B(X_0))) = V (B(X_0)), the proof is done. 2

Proposition 3.4 : Let X^∗ have the CCP. Then every bounded and uniformly integrable operator T : L_1 −→ L^{w∗}_1 (μ, X^∗) is Dunford- Pettis.

Proof: X^∗ enjoys the CCP, thus ℓ_∞ ⊄ X^∗, since c_0 ⊄ X^∗. Because T (B(L_1)) is uniformly integrable and X^∗ does not contain ℓ_∞, according to 2.6 for a given ϵ > 0 we find a w^∗− measurable function U : Ω −→ L(L_1, X^∗), so that U : L_1 −→ L^{w∗}_∞ (μ, X^∗) and ‖T −U ‖ < ϵ. Since X^∗ has the CCP, we conclude that U (ω)(B(L_∞ )) is compact for all ω ∈ Ω. Since B(L_∞) ⊂ L_1 is weakly compact, thus conditionally weakly compact, 3.3 is applicable. This reveals that U(B(L_∞ )) is compact, too. Thus U |_{L∞} is compact, which demonstrates the compactness of T , since ϵ > 0 is arbitrary. 2

The strongly measurable case reads as follows and the proof is the same as before just exchanging 3.3 and 2.6 by [23, p.260,Th.1.3] and 2.8, respectively.

Proposition 3.5 Let X have the CCP. Then every bounded and uniformly integrable operator T : L_1 −→ L_1(μ, X) is Dunford-Pettis.

Lemma 3.6 Let 1 < p < ∞, let X^∗ enjoy the CCP and let T : L_1 −→ L^{w∗}_p (μ, X^∗) be bounded. Let ρ be a lifting of L_∞. Then ∀ ϵ > 0 ∃ δ > 0 ∀ A ∈ Σ, μ(A) < δ ∀ g ∈ B(L_∞) : ‖‖T (g)^ρ(·)‖_{X∗} − ‖T (g)^ρ(·)‖_{X∗} χ_{Ω\A}‖_{p,∗} < ϵ.

Proof: Straightforward.

Theorem 3.7 Let 1 < p < ∞ and let X^∗ enjoy the CCP. Then L^{w∗}_p (μ, X^∗) also has the CCP.

Proof: Let T : L_1 −→ L^{w∗}_p (μ, X^∗) be a bounded operator. The embedding ı : L^{w∗}_p (μ, X^∗) → L^{w∗}_1 (μ, X^∗) is continuous, and uniformly integrable. Thus, for the moment, we consider T : L_1 −→ L^{w∗}_1 (μ, X^∗) to be uniformly integrable. 3.3 reveals that

(1) T (B(L_∞)) is compact in L^{w∗}_1 (μ, X^∗).

We wish to prove that (T (g_n)) is relatively compact in L^{w∗}_p (μ, X^∗) for an arbitrary sequence (g_n)_{n∈IN} ⊂ B(L_∞). Since B(L_∞) is weakly compact in L_1, we may assume that (g_n) converges weakly to some g ∈ B(L_∞) in L_1. Hence, (T (g_n))_{n∈IN} converges in norm to T (g) in L^{w∗}_1 (μ, X^∗), which gives a subsequence converging pointwise a.e. on Ω in X^∗ by 1.6. For the sake of simplicity, we assume that T (g_n)^{n→∞}→ T (g) a.e. on Ω. According to the extended Egorov theorem, we find for all ϵ > 0 a set Ω_ϵ ⊂ Ω, μ(Ω \ Ω_ϵ) < ϵ such that T (g_n)(·)^{n→∞}→ T (g)(·) uniformly on Ω_ϵ in X. With 3.7 this implies that T (g_n)^{n→∞}→ T (g) in L^{w∗}_p (μ, X^∗). Thus the image of B(L_∞) in L^{w∗}_p (μ, X^∗) is compact. 2 Corollary 3.8: Since all ingredients for the proof to 3.7 have its strongly measurable equivalence (see 2.8 and 3.5), we chave an alternative proof of the result obtained in [18]: For 1 ≤ p ≤ ∞, L_p(μ, X) has the CCP if and only if X has it and 1 < p < ∞.

We turn now to the embedding result of G.Pisier’s and will show his result [17] by different means, which allows the extension to the w^∗−measurable case. For this purpose we show that in principle on bounded sets in L^{w∗}_p (μ, X^∗), 1 < p < ∞, the weak topologies of L^{w∗}_p (μ, X^∗) and L^{w∗}_1 (μ, X^∗) coincide.

Lemma 3.9 Let 1 < p < ∞.

a) Let (f_n) ⊂ L_p(μ, X) be bounded. Then

(f_n) is weakly Cauchy in L_p(μ, X) ⇔ (f_n) is weakly Cauchy in L_1(μ, X).

b) Let (f_n) ⊂ L^{w∗}_p (μ, X^∗) be bounded. Then

(f_n) is weakly Cauchy in L^{w∗}_p (μ, X^∗) ⇔ (f_n) is weakly Cauchy in L^{w∗}_1 (μ, X^∗)

Proof: We give the proof only for b), since the proof for a) is even easier. First we note for 1 < p < ∞ and a sequence of pairwise disjoint elements (A_n) ⊂ Σ, such that ⋃ n∈IN An = Ω: (1) T : L_p′ (μ, X) −→ ( ⊕L_p′ (μ|_{An} , X) ) ℓ_p′ , f −→ (fχA^n ) is an isometry.

⇒: This implication follows directly from the continuity of the inclusion map ı : L^{w∗}_p (μ, X^∗) → L^{w∗}_1 (μ, X^∗)

⇐: For A ∈ Σ and G ∈ L^{w∗}_p (μ, X^∗)^∗ let Gχ_A : L^{w∗}_p (μ, X^∗) −→ IR, f −→ ⟨fχ_A, G⟩. Then Gχ_A ∈ L^{w∗}_p (μ, X^∗)^∗. If we use (1) and 1.6 c), we get for a disjoint sequence (A_n) ⊂ Σ, ⋃ n∈IN An = Ω: (2) T^{∗∗} : L^{w∗}_p (μ, X^∗)^∗ −→ ( ⊕L^{w∗}_p (μ|_{An} , X^∗)^∗ ) ℓ_p′ , G −→ (GχA^n ) is an isometry. Let G ∈ B(L^{w∗}_p (μ, X^∗)^∗). Our main aim is to prove (3) { ∀ ϵ > 0 ∃ Ω_ϵ ∈ Σ, μ(Ω \ Ω_ϵ) < ϵ Gχ_{Ωϵ} ∈ L^{w∗}_1 (μ, X^∗)^∗ and ‖Gχ_{Ω\Ωϵ} ‖ < ϵ in L^{w∗}_p (μ, X^∗)^∗.

We will divide the proof to (3) into 3 steps.

Step 1: ∃ A ∈ Σ, μ(A) > 0 ∃ n ∈ IN ∀ B ⊂ A, μ(B) > 0 : ‖Gχ_B‖ < nμ(B)^{1p′} . Proof to step 1: We suppose the contrary is true. Then ∀ A ∈ Σ, μ(A) > 0 ∀ n ∈ IN ∃ B ⊂ A, μ(B) > 0 : ‖Gχ_B‖ ≥ nμ(B)^{1p′} . Then by applying the exhaustion argument [7, p.70,Lemma 4], we can find a sequence of pairwise disjoint elements (B_j ) ⊂ Σ, ⋃ j∈IN Bj = Ω,

such that for all j ∈ IN : ‖Gχ_{Bj} ‖ ≥ nμ(B_j )^{1p′} . Using (2), we can conclude for n ∈ IN: ‖G‖ ≥ nμ(Ω)^{1p′} . Since n ∈ IN is arbitrary, we get G ∉ L^{w∗}_p (μ, X^∗)^∗, which is a contradiction and step 1 is proved.

Step 2 With the result of step 1 we can find a sequence (C_n) ⊂ Σ, μ(C_n) > 0 and an increasing sequence (M_n) ⊂ IR_+, such that ∀ n ∈ IN ∀ B ⊂ C_n, μ(B) > 0 : ‖Gχ_B‖ < M_nμ(B)^{1p′} and ⋃ n∈IN C_n = Ω.

The sequence can be assumed to be increasing. Thus we can define a pairwise disjoint sequence by induction:

A_1 := C_1, A_n := C_n \ ∪^{n−1}_{j=1} A_j . Then, according to (2), we deduce: lim m→∞ ‖Gχ⋃∞_{j=m Aj} ‖ = lim_{m→∞} ‖ ∞∑ j=m Gχ_{Aj} ‖ = 0. Hence, lim_{n→∞} ‖Gχ_{Ω\Cn} ‖ = 0. Hence, for a given ϵ > 0 there is an n ∈ IN, such that (4) ∀ B ⊂ C_n, μ(B) > 0 : ‖Gχ_B‖ < M_nμ(B)^{1p′} and ‖Gχ_{Ω\Cn} ‖ < ϵ.

Step 3 Let Ω_ϵ := C_n according to (4). All we have to show is Gχ_{Ωϵ} ∈ L^{w∗}_1 (μ, X^∗)^∗. Proof: Let ρ be a lifting of L_∞. Let f ∈ B(L^{w∗}_1 (μ, X^∗)) be given.

For m ∈ IN_0, k ∈ IN and 1 ≤ i ≤ k we define

A_{m,i} := {ω ∈ Ω_ϵ; m + i − 1 k ≤ ‖f^ρ(ω)‖ < m + i k }. Then we can compute with (4) and the definition of A_{m,i} : |Gχ_{Am,i} (f)| ≤ M_n(m + i k )μ(A_{m,i})^{1p} μ(A_{m,i})^{1p′} = M_n(m + i k )μ(A_{m,i}) ≤ M_n(‖fχ_{Am,i} ‖_{1,∗} + 1 k μ(A_{m,i})).

Since Ω_ϵ = ⋃ m∈IN0 ⋃_k 1=1 A_{m,i} and the A_{m,i} are p.d., we obtain: |Gχ_{Ωϵ} (f)| ≤ ∞∑ m=0 k∑ i=1 M_n(‖fχ_{Am,i} ‖_{1,∗} + 1 k μ(A_{m,i})) ≤ M_n(‖f‖_{1,∗} + 1 k μ(Ω_ϵ)).

So we have |Gχ_{Ωϵ} (f)| ≤ M_n if k → ∞ and hence Gχ_{Ωϵ} ∈ L^{w∗}_1 (μ, X^∗)^∗. The final arguments are devoted to the proof of the lemma. For this purpose we take a bounded sequence (f_n) ⊂ L^{w∗}_p (μ, X^∗), which is weakly Cauchy in L^{w∗}_1 (μ, X^∗). Let G ∈ B(L^{w∗}_p (μ, X^∗)^∗) be given and let ϵ > 0. We may assume that (f_n) ⊂ B(L^{w∗}_p (μ, X^∗)). According to (3) there is a set Ω_ϵ ∈ Σ, such that

Gχ_{Ωϵ} ∈ L^{w∗}_1 (μ, X^∗)^∗ and ‖Gχ_{Ω\Ωϵ} ‖ < ϵ 4 in L^{w∗}_p (μ, X^∗)^∗.

Thus, (Gχ_{Ωϵ} (f_n)) is a Cauchy sequence in IR and we find an n_0 ∈ IN, such that for all n, m ≥ n_0 : |Gχ_{Ωϵ} (f_n − f_m)| <^ϵ_2 . Finally, for n, m ≥ n_0 we have |G(f_n − f_m)| ≤ |Gχ_{Ωϵ} (f_n − f_m)| + |Gχ_{Ω\Ωϵ} (f_n − f_m)| < ϵ 2 + ϵ 2 = ϵ. The proof to the lemma is done. 2 For concluding the final nad main result on the embedding (3.11) we need the following w^∗−analogon to [20, 20,Th.2.3]. Theorem 3.10 Let U : Ω −→ CW (X, Y^∗) be w^∗−measurable and bounded, where CW (X, Y^∗) is the ideal of conditionally weakly compact operators. Let ρ be a lifting of L_∞, such that ρ(U ) = U. Then for 1 ≤ p < ∞:

U : X −→ L^{w∗}_p (μ, Y^∗) is conditionally weakly compact.

In particular, ∫ Ω U : X −→ Y^∗ x −→ ∫ Ω U (ω)(x)dμ(ω) is conditionally weakly compact.

Proof: We follow the idea of the proof in [20, Th.2.3] and assume that U (B(X)) is not conditionally weakly compact. Then by Rosenthal’s dichotomy there is a sequence (f_n) ⊂ U (B(X)) which is equivalent to the ℓ_1-basis. Choose (x_n)_{n∈IN} ⊂ B(X) such that for all n ∈ IN : f_n = U (x_n). We define

f_n : Ω −→ Y^∗, ω −→ U (ω)(x_n). Since U is bounded, f_n ∈ L^{w∗}_∞ (μ, Y^∗) and sup_{n∈IN} ‖f_n‖_∞ < ∞. By the result of M.Talagrand’s (see [22, p.720,Th.14]), there are subsets Ω_1, Ω_2 ∈ Σ of Ω and for n ∈ IN there is g_n ∈ co(f_n, f_{n+1}, ...), such that

i) μ(Ω_1 ∪ Ω_2) = μ(Ω), ii) ∀ω ∈ Ω_1 ∃j ∈ IN : (g^ρ_n(ω))_{n≥j} ∼ ℓ_1 − basis, iii) ∀ω ∈ Ω_2 : (g^ρ_n(ω))_{n∈IN} is a weak Cauchy sequence.

The assumption concerning U and Rosenthal’s dichotomy imply that Ω_1 = ∅. Thus (g^ρ_n) is a weak Cauchy sequence (see e.g. [22, p.720,Th.15]). But this contradicts the assumption that (f_n) is equivalent to the ℓ_1-basis. 2

Theorem 3.11 Let 1 < p < ∞. Then

a) ℓ_1 ⊂ L_p(μ, X) isomorphic ⇔ ℓ_1 ⊂ X isomorphic.

b) ℓ_1 ⊂ L^{w∗}_p (μ, X^∗) isomorphic ⇔ ℓ_1 ⊂ X^∗ isomorphic.

Proof: The proof to a) is omitted, since it runs in a parallel way to b). ⇒: We assume ℓ_1 ⊄ X^∗, but we have an isomorphic embedding T :

ℓ_1 → L^{w∗}_p (μ, X^∗). Since ℓ_1 ⊂ L_1 complemented, we may extend T to T̂ : L_1 −→ L^{w∗}_p (μ, X^∗). The embedding ı : L^{w∗}_p (μ, X^∗) → L^{w∗}_1 (μ, X^∗)

is uniformly integrable, thus T̂ : L_1 −→ L^{w∗}_1 (μ, X^∗) is uniformly integrable. Since ℓ_1 ⊄ X^∗, we also have ℓ_∞ ⊄ X^∗. Let ρ be a lifting of L_∞. Then by 2.6 for a given ϵ > 0, there is a w^∗-measurable U : Ω −→ L(L_1, X^∗), such that U : L_1 −→ L^{w∗}_∞ (μ, X^∗), ‖T̂ − U ‖ < ϵ and ρ(U ) = U. If we apply 3.10, we can demonstrate that U is conditionally weakly compact, since ℓ_1 ⊄ X^∗. Hence, T̂ is also conditionally weakly compact, since the ideal of conditionally weakly compact operators is closed. Finally, we can conclude using 3.9 that T is also weakly conditionally compact, which contradicts the Rosenthal dichotomy.

⇐: This implication is obvious, since X^∗ embeds isometrically in L^{w∗}_p (μ, X^∗). 2 References

[1] Batt,J.,Hiermeyer,W.: On compactness in L_p(μ, X) in the weak topology and in the topology σ(L_p(μ, X), L_q (μ, X^∗)), Math.Z. 182 (1983), p.409-432

[2] Bourgain,J.: Dunford-Pettis operators on L_1 and the Radon- Nikodým property, Isr.J.Math.,37(1980), p.34-47.

[3] Bourgin,R.: Geometric aspects of convex sets with the Radon- Nikodým Property, Springer Lecture Notes in Mathematics No. 993 (1983)

[4] Diestel,J.: Sequences and Series in Banach Spaces, Springer Berlin/New York (1984)

[5] Diestel,J.: Geometry of Banach spaces-selected topics, Springer Lecture Notes in Mathematics 485 (1975)

[6] Diestel,J.,Ruess,W.,Schachermayer,W.: Weak compactness in L_1(μ, X), PAMS 118 (1993), p.447-453

[7] Diestel,J.,Uhl,,J.: Vector Measures, AMS Math.Survey 15, (1977)

[8] Dinculeanu,N.: Vector Measures, VEB Deutscher Verlag der Wissenschaft, Berlin (1966)

[9] Girardi,M.: Dentability, Trees and Dunford-Pettis operators on L_1, Pac. J. Math. 148,1 (1991) p.59-79.

[10] Ionescu-Tulcea,A.,Ionescu-Tulcea,C.: Topics in the theory of liftings, Springer, Berlin (1969)

[11] Kalton,N.: Isomorphisms between L_p-Function Spaces when p < 1, J. Funct. Anal, 17 (1981) p.299–337.

[12] Kwapien,S.: On Banach spaces containing c_0, Stud.Math. 52 (1974), p.187-188

[13] Lacey,H.E.: The isometric theory of classical Banach spaces, Springer, Berlin(1974)

[14] Mendoza,J.: Copies of ℓ_∞ in L^p(μ, X), PAMS 109 (1990) p.125- 127 [15] Mendoza,J.: Complemented copies of ℓ_1 in L^p(μ, E), preprint

[16] Petrakis,M.,Uhl,J.J.: Differentiation in Banach spaces, Proceedings of the Analysis conference (Singapore 1986), North-Holland, New York, 1988.

[17] Pisier,G.: Une propriete de stabilite de la classe des espaces ne contenant pas ℓ_1, C.R.Acad.Sci. Paris, Ser.A 285 (1978) p.747- 749.

[18] Randrianantoanina,N,Saab,E.: The complete continuity property in Bochner function spaces, PAMS 117 (4), (1993), p.1109-1114

[19] Schlüchtermann,G.: Weak Compactness in L_∞(μ, X), J.Funct.

Anal., 125,2, (1994), p.379-388

[20] Schlüchtermann,G.: On weakly compact operators, Math. Ann.

292 (1992), p.263-266

[21] Schlüchtermann,G.: Renorming in the space of Bochner integrable functions L_1(μ, X), Manus. Math. 73 (1991), p.397-409

[22] Talagrand,M.: Weak Cauchy sequences in L^1(E), Amer.J.Math.

106 (1984), p.703-724

[23] Voigt,J.: The convex compactness property for the strong operator topology, Note di Math. XII (1992),p.259-269