THE GORDON-LEWIS PROPERTY IN VECTOR VALUED FUNCTION SPACES

SANTIAGO DÍAZ-MADRIGAL AND GEORG SCHLÜCHTERMANN

1. Introduction and Notations

A Banach space X has the Gordon-Lewis property if every absolutely summing operator defined on X factors through an L^1-space. This concept was introduced in connection with the solution of a conjecture posed by Grothendieck [GL]. This property is known to be shared by a number of important classes of Banach spaces such that C(K) and L^p(μ) (1 ≤ p ≤ ∞) or, more generally, Banach spaces whose biduals are isomorphic to complemented subspaces of Banach lattices. Several authors such as Cassaza, Nielsen or Reisner have analyzed different aspects of this property as well as some other related structures [CN1], [CN2], [R1], [R2]. Indeed, the vector-valued stability of this property has been studied in [R2], where it is proved that ℓ^p(X) (1 ≤ p < ∞) has the Gordon-Lewis property, whenever X has it (see also [CN1, Theorem 1.21], for another proof when p = 2). We mention that Reisner’s result does not pass over to the case p = ∞, because ℓ^∞ does not have an unconditional basis.

With entirely different techniques, we complete these previous results. Namely, we prove that if X has the Gordon-Lewis property, then so do L^p(μ, X) (1 ≤ p ≤ ∞) and C(K, X), where μ is an arbitrary (not necessarily purely atomic) finite measure and K is an arbitrary compact Hausdorff space.

Throughout this paper (Ω, Σ, μ) denotes a probability space, X a Banach space and L^p(μ, X) (resp. L^∞(μ, X)) the space of (classes of) of Bochner integrable (resp. essentially bounded and measurable) functions defined over Ω. Likewise, C(K, X) denotes the Banach spaces of all X- valued continuous functions defined on the compact Hausdorff set K.

In this paper, we are only concerned with two operator ideals: the p -summing operators and the 1-factorizable operators (see [DJT, Chapters 2 and 9]). The corresponding norms will be denoted by π_p and γ_1, respectively. So, a Banach space X has the Gordon-Lewis property if there is a constant c such that

γ_1(T ) ≤ cπ_1(T ),

for every 1-summing operator T from X to an arbitrary Banach space. We label the smallest of these constants as gl(X).

In general, we refer the reader to [Di] for Banach space theory, to [DU] for the theory of vector measures, to [DJT] for the theory of absolutely summing operators and to the survey of [H] for the theory of ultrapowers in Banach spaces.

1991 Mathematics Subject Classification. 46E40.

Key words and phrases. Bochner integrable functions, p-summing operators. The research of the first author has been partially supported by the DGICYT project n. PB94- 1460 and by La Consejería de Educación y Ciencia de la Junta de Andalucía. 1

2. Results

We state first two technical results which may have some interest in their own.

Proposition 2.1. Let X and Y be Banach spaces, (A_n) be a pairwise disjoint sequence of Σ-measurable subsets and T_n : X → Y (n ∈ N) be a sequence of 1-factorizable operators with sup {γ_1(T_n) : n ∈ N} < ∞. Then, the operator V : L^1(μ, X) → Y defined as

V (f) := ∞∑ n=1 T_n (∫ An fdμ ) ∈ Y, f ∈ L^1(μ, X), is also 1-factorizable and γ_1(V ) ≤ sup {γ_1(T_n) : n ∈ N} .

Proof. It is clear that V is a well-defined operator with ‖V ‖ ≤ sup {‖T_n‖ : n ∈ N} . Fix ε > 0. Since T_n is 1-factorizable, for each n ∈ N there exist a measure μ_n and two operators

S_n : X → L^1(μ_n), R_n : L^1(μ_n) → Y,

such that ‖S_n‖ ≤ 1, ‖R_n‖ ≤ γ_1(T_n) +ε and T_n = R_nS_n.

We denote by L the 1-sum of the spaces L^1(μ_n) (n ∈ N), by J_n the canonical injection of L^1(μ_n) into L and, by P_n the canonical projection from L into L^1(μ_n). Define the following two operators , S : L^1(μ, X) → L^1(μ, L), f −→ ∞∑ n=1 J_nS_n(f(·))χ_An (·).

R : L^1(μ, L) → Y, f → ∞∑ n=1 ∫ An R_nP_n(f(ω))dμ. Since the operators S_n are bounded, we see that S is a well-defined operator. Moreover, given f ∈ L^1(μ, X), we have ‖S(f)‖ = ∫ ‖ ‖ ‖ ‖ ∞∑ n=1 J_nS_n(f(ω))χ_An (ω) ‖ ‖ ‖ ‖ ‖ dμ ≤ ∞∑ n=1 ‖S_n‖ ∫ An ‖f(ω)‖ dμ ≤ ‖f‖_1 . That is, ‖S‖ ≤ 1.

On the other hand, since the operators R_n are bounded, the mapping R is also well-defined. Moreover, given f ∈ L^1(μ, L), we have ‖R(f)‖ ≤ ∞∑ n=1 ‖ ‖ ‖ ‖ ∫ An R_nP_n(f(ω))dμ ‖ ‖ ‖ ‖ ≤ ∞∑ n=1 ‖R_n‖ ∫ An ‖f(ω)‖ dμ

≤ ∞∑ n=1 (γ_1(T_n) + ε) ∫ An ‖f(ω)‖ dμ ≤ (sup{γ_1(T_n) : n ∈ N} + ε) ‖f‖_1 . That is, ‖R‖ ≤ sup{γ_1(T_n) : n ∈ N} + ε.

To show that V is 1-factorizable, it is enough to check that V = RS, since L^1(μ, L) is an L^1-space. So, take f ∈ L^1(μ, X) and compute. (RS)(f) = R [_∞ ∑ n=1 J_nS_n(f(·))χ_An (·) ]

= ∞∑ m=1 ∫ Am R_mP_m [_∞ ∑ n=1 J_nS_n(f(ω))χ_An (ω) ] dμ

= ∞∑ n=1 ∫ An R_nP_nJ_nS_n(f(ω))dμ = ∞∑ n=1 ∫ An T_n(f(ω))dμ

= ∞∑ n=1 T_n (∫ An f(ω)dμ ) = V (f). The above equality also implies that γ_1(T ) ≤ ‖R‖ ‖S‖ ≤ sup{γ_1(T_n) : n ∈ N} + ε. Since ε was arbitrary, we finally deduce that

γ_1(T ) ≤ sup{γ_1(T_n) : n ∈ N}.

Lemma 2.2. Let 1 ≤ p ≤ ∞. Let X be a Banach space with the Gordon-Lewis property. Suppose T : L_p(μ, X) −→ Y is 1−summing. Consider an infinite countable Σ^+ -partition π = {A_n : n ∈ N} and define the operators T_n : X −→ Y (n ∈ N) given by x → T_n(x) := T ( 1 μ(A_n) xχ_An ) . Let ϕ_π := ∑_∞ n=1 π_1(T_n)χ_An . Then ϕ_π ∈ L^q (μ) and ϕ_π allows the norm estimation ‖ϕ_π‖_q ≤ π_1(T ), where q ∈ [1, ∞] and conjugate to p.

Proof. We have to prove that ‖ ‖ ‖ ‖ ‖ ϕ_π := ∞∑ n=1 π_1(T_n)χ_An ‖ ‖ ‖ ‖ ‖_q ≤ π_1(T ).

We start with the case q = ∞. In this situation T : L^1(μ, X) → Y , so T_n = T Δ_n, where Δ_n : X → L^1(μ, X), x → 1 μ(A_n) xχ_An . Hence,

π_1(T_n) ≤ π_1(T ) ‖Δ_n‖ ≤ π_1(T ) and ‖ϕ_π‖_∞ ≤ sup {π_1(T_n) : n ∈ N} ≤ π_1(T ).

Now, let 1 ≤ q < ∞. Then, for some element (r_n) of the unit sphere of ℓ^p (1 < p ≤ ∞), we have ‖ϕ_π‖_q = (_∞ ∑ n=1 π_1(T_n)^qμ(A_n) )_{1/q} = ∞∑ n=1 π_1(T_n)r_nμ(A_n)^{1/q}.

In what follows, we use the agreement 0 = 1/∞. We define, for p ∈ (1, ∞],

f := ∞∑ n=1 r_n μ(A_n)^{1/p} χ_An. Then, ‖f‖^p = ∞∑ n=1 r^p_nμ(A_n)^{−1}μ(A_n) ≤ 1 (1 < p < ∞),

‖f‖_∞ = sup{r_n : n ∈ N} ≤ 1 (p = ∞) and, for 1 < p ≤ ∞ ∫ Ω fϕ_π dμ = ∞∑ n=1 r_nμ(A_n)^{−1/p}π_1(T_n)μ(A_n) = ∞∑ n=1 π_1(T_n)r_nμ(A_n)^{1/q} = ‖ϕ_π ‖_q .

Fix ε > 0. Applying that every T_n is 1-summing, there exists a finite collection x_1(n), . . . , x_mn(n) ∈ X (n ∈ N) such that

π_1(T_n) ≤ mn∑ j=1 ‖T_n(x_j(n))‖ + ε and (∗) sup mn∑ j=1 |⟨x_j(n), x^∗⟩| : ‖x^∗‖ ≤ 1, x^∗ ∈ X^∗ = 1.

Therefore, if we denote s_n = r_nμ(A_n)^{−1/p} ‖ϕ_π‖_q ≤ ∞∑ n=1 mn∑ j=1 ‖T_n(x_j(n))‖ r_nμ(A_n)^{1/q} + ε ∞∑ n=1 r_nμ(A_n)^{1/q}

≤ ∞∑ n=1 mn∑ j=1 ‖T_n(x_j(n))‖ s_nμ(A_n) + ε ‖(r_n)‖_p (_∞ ∑ n=1 μ(A_n) )_{1/q}

≤ ∞∑ n=1 mn∑ j=1 ‖T (s_nx_j(n)χ_An )‖ + ε Fix N ∈ N. Applying now that T is 1-summing and that L^q (μ, X^∗) is a norming subspace of L^p(μ, X)^∗ (1 < p ≤ ∞), we can find a function g in the closed unit ball of L^q (μ, X^∗) such that N∑ n=1 mn∑ j=1 ‖T (s_nx_j(n)χ_An )‖ ≤ π_1(T )(1 + ε) N∑ n=1 mn∑ j=1 |⟨s_nx_j(n)χ_An, g⟩|

≤ π_1(T )(1 + ε) N∑ n=1 mn∑ j=1 | | | | ⟨ x_j(n), ∫ An fgdμ ⟩| | |

Appealing to (∗), we can compute further. Denote

c_n = { ‖ ∫ An fgdμ‖^{−1}, if ∫ An fgdμ ≠ 0 0, if ∫ An fgdμ = 0 , n ∈ N. Then, N∑ n=1 mn∑ j=1 | | | | ⟨ x_j (n), ∫ An fgdμ ⟩| | | ≤ N∑ n=1 ‖ ∫ An fgdμ‖ mn∑ j=1 |⟨x_j(n), c_n ∫ An fgdμ⟩| (∗) ≤ N∑ n=1 ‖ ∫ An fgdμ‖ ≤ ∫ Ω |f| ‖g‖ dμ ≤ ‖f‖_p ≤ 1 Since N is arbitrary, we have

‖ϕ_π‖_q ≤ π_1(T )(1 + ε) + ε.

Finally, since ε is also arbitrary, we obtain ‖ϕ_π‖_q ≤ π_1(T ).

We are ready to prove the main result.

Theorem 2.3. Let 1 ≤ p ≤ ∞. A Banach space X has the Gordon-Lewis property if and only if L^p(μ, X) has it.

Proof. One implication is trivial, since X is isomorphic to a complemented subspace of L^p(μ, X). For the other implication, fix an operator T from L^p(μ, X) into a certain finite-dimensional Banach space Y, where p ∈ [1, ∞]. According to [R1, Proposition 3.3], we must find C > 0, depending only on L^p(μ, X), such that

γ_1(T ) ≤ Cπ_1(T ).

Our first step will show that, for every countable (finite or infinite) Σ^+-partition π of Ω, γ_1(T E_π ) ≤ gl(X)π_1(T ), where E_π : L^p(μ, X) → L^p(μ, X) denotes, as usual, the conditional expectation operator related to π.

Without lose of generality, we fix an infinite countable Σ^+ -partition π = {A_n :

n ∈ N} and consider the operators Tn : X −→ Y (n ∈ N) given by x → T_n(x) := T ( 1 μ(A_n) xχ_An ) . For the sake of clearness, we assume that T_n ≠ 0, for every n ∈ N. Define ϕ_π := ∑_∞ n=1 π_1(T_n)χ_An. We know by Lemma 2.2 that ϕ_π belongs to L^q(μ) and ‖ϕ_π‖_q ≤ π_1(T ), where q ∈ [1, ∞] is the conjugate exponent of p.

Next we consider the operator M_π : L^p(μ, X) −→ L^1(μ, X) given by f −→ ϕ_π · E_π (f). (the point indicates a pointwise multiplication). Then, if f ∈ L^p(μ, X), we have ‖M_π (f)‖ ≤ ∫ Ω |ϕ_π | ‖E_π (f)‖ dμ ≤ ‖ϕ_π‖_q‖f‖_p. That is, ‖M_π‖_1 ≤ ‖ϕ_π‖_q.

Since π_1(T_n) ≠ 0 and ‖T_n‖ ≤ π_1(T_n) (n ∈ N), the operator T_π : L^1(μ, X) −→ Y given by f −→ ∞∑ n=1 1 π_1(T_n) T_n (∫ An fdμ )

is well-defined and, moreover, T E_π = T_π M_π . To check this equality, we take f ∈ L^p(μ, X) and compute. T Eπ (f) = T (_∞ ∑ n=1 1 μ(A_n) ( ∫ An fdμ)χ_An ) = ∞∑ n=1 T_n( ∫ An fdμ)

= ∞∑ n=1 1 π_1(T_n) T_n (∫ An π_1(T_n)fdμ ) = T_π (_∞ ∑ n=1 π_1(T_n) 1 μ(A_n) ( ∫ An fdμ)χ_An )

= T_π (ϕ_π · E_π (f)) = T_π M_π (f)

Therefore,

γ_1(T E_π ) ≤ ‖ϕ_π‖_qγ_1(T_π )

Since X enjoys the Gordon-Lewis property,

γ_1(T_n) ≤ gl(X)π_1(T_n), n ∈ N.

Therefore, applying Proposition 2.1 to the operator T_π and using Lemma 2.2, we deduce

γ_1(T E_π ) ≤ ‖ϕ_π‖_q sup { γ_1 ( 1 π_1(T_n) T_n ) : n ∈ N }

≤ π_1(T ) sup { 1 π_1(T_n) gl(X)π_1 (T_n) : n ∈ N } = gl(X)π_1(T )

We end the proof of this theorem by means of an ultrafilter argument. Let U be an ultrafilter dominating the canonical order filter F defined on the set I of all countable (finite or infinite) Σ^+-partitions of Ω.

Fix ε > 0 and take an arbitrary π ∈ I. Then, by the first step, we can find a measure μ_π and two operators

S_π : L^p(μ, X) → L^1(μ_π) and R_π : L^1(μ_π) → Y

such that ‖S_π ‖ ≤ 1, ‖R_π‖ ≤ (1 + ε)gl(X)π_1(T ) and T E_π = R_πS_π .

At this point, we consider three operators related to the above ultrapower. The first operator is defined as J : L^p(μ, X) → (L^p(μ, X))_U , f → (E_π (f))_U The second operator is the ultrapower operator S := (S_π )_U which goes from (L^p(μ, X))_U into ( L^1(μ_π) ) U and the third operator is given by R : ( L^1(μ_π) ) U → Y, (f_π )_U → lim_U R_π(f_π ) ∈ Y.

We note that J and (S_π )_U are well-defined, since ‖E_π ‖ ≤ 1 and ‖S_π ‖ ≤ 1, for all π ∈ I. This also implies that ‖J‖ ≤ 1 and ‖S‖ ≤ 1.

The operator R is also well-defined, since the family of operators (R_π ) is norm bounded and Y is finite-dimensional. In fact, ‖R‖ ≤ lim_U ‖R_π‖ ≤ gl(X)π_1(T )(1 + ε). We want to show that T = SRJ. The proof of this equality requires the following fact:

lim_U ‖E_π (f) − f‖_p = 0, for every f ∈ L^p(μ, X) and every p ∈ [1, ∞].

Indeed, this limit is even zero under the order filter F. For p ∈ [1, ∞), this can be checked following the arguments given in [DU, Chapter III, Lemma 2.1]. In this case, the basic ingredients of the proof are that simple functions are dense in L^p(μ, X) and that conditional expectations are eventually constant on these simple functions. For p = ∞, it is also possible to follow the arguments given in [DU, Chapter III, Lemma 2.1], but this time we must bear in mind that countably valued μ-measurable functions are dense in L^∞(μ, X) [DU, Chapter II, Corollary 1.3] and that conditional expectations related to infinite countable partitions are eventually constant on this type of functions. Hence, if f ∈ L^p(μ, X)

(RSJ)(f) = (RS) [(E_π (f))_U ] = lim_U R_π(S_π (E_π (f)))

= lim_U (T E_π )(E_π (f)) = lim_U T (E_π (f)) = T (lim_U E_π (f)) = T (f)

Since ( L^1(μ_i) ) U is again a L^1 -space [H], we have a 1-factorization of T with γ_1(T ) ≤ ‖R‖ ‖S‖ ‖J‖ ≤ gl(X)π_1(T )(1 + ε). Therefore, we deduce that L^p(μ, X) has the Gordon-Lewis property and, since ε > 0 is arbitrary, that gl(L^p(μ, X)) = gl(X).

Reisner and Cassaza-Nielsen presented their results in the more general context of p-sums of Banach spaces. The following corollary shows that they can be deduced from our theorem.

Corollary 2.4. Let (X_n) be a sequence of Banach spaces verifying that sup_n gl(X_n) < ∞, then ( ⨁ n X_n)_p has the Gordon-Lewis property, for every 1 ≤ p ≤ ∞.

Proof. Take a 1-summing operator T from ( ⨁ n X_n)_1 into a Banach space Y. Define T_m the restriction of T to the subspace of ( ⨁ n X_n)_1 formed by those sequences vanishing all the components except perhaps the m-position. Clearly, every T_m is 1-factorizable with γ_1(T_m) ≤ gl(X_m )π_1(T ).

It is well known that T = ∑_∞ n=1 T_n in the operator norm. Therefore, a suitable application of Proposition 2.1 tells us that

γ_1(T ) ≤ sup{γ_1(T_m) : m ∈ N} ≤ sup{gl(X_m) : m ∈ N}π_1(T ).

That is, ( ⨁ n X_n)_1 has the Gordon-Lewis property.

Fix p ∈ [1, ∞]. Since ( ⨁ n X_n)_p is a complemented subspace of ℓ^p(( ⨁ n X_n)_1), a joint application of Theorem 2.2 and the first part of this proof yield that ( ⨁ n X_n)_p has the Gordon-Lewis property.

The vector-valued stability of the Gordon-Lewis property in C(K, X) will be established using Theorem 2.2. For the sake of completeness, we recall that L^1_{w∗}(μ, X^∗) denotes the Banach space (of equivalence classes) of w^∗-measurable functions f : Ω → X^∗ for which there is g ∈ L^1(μ) with ‖f(ω)‖ ≤ g(ω), μ-almost everywhere. The norm is the infimum of those ‖g‖_1 , where f runs through the corresponding equivalence class and two w^∗ -measurable functions f_1, f_2 are identified if, for each x ∈ X, we have that ⟨x, f_1(ω)⟩ = ⟨x, f_1(ω)⟩, μ -almost everywhere.

Corollary 2.5. A Banach space X has the Gordon-Lewis property if and only if C(K, X) has it.

Proof. Let T be a 1-summing operator from C(K, X) into a certain Banach space Y . Since T is weakly compact, so does the adjoint T^∗ : Y^∗ −→ rcabv(K, X^∗). As usual, rcabv(K, X^∗) denotes the Banach space of all regular countable additive Borel measures on K of bounded variation with values in X^∗, endowed with the variation norm. By [BL], we can find a positive Radon measure λ on K such that T^∗(y^∗) is λ-continuous, for all y^∗ ∈ Y^∗. Thus, we can truely consider T^∗ as an operator from Y^∗ into L^1_w� (λ, X^∗). We denote this operator by S and the canonical isometry from L^1_w� (λ, X^∗) into rcabv(K, X^∗) by J. Taking again adjoints, we obtain that T^{∗∗} = J^∗S^∗ is also 1-summing. It is well-known that J^∗ is indeed a 1-projection, so S^∗ is 1-summing. Since L^∞(μ, X) embeds isometrically into (L^1_w� (μ, X^∗))^∗ in the canonical way, the restriction of S^∗ to that subspace Z of (L^1_w� (μ, X^∗))^∗ is 1-summing and according to Theorem 2.2 is 1-factorizable. Denote by Π the canonical embedding of C(K, X) into its bidual. The composition J^∗Π clearly maps C(K, X) into Z. Hence, we deduce that T is 1-factorizable.

References

[BL] J. K. Brooks and P. W. Lewis, Linear operators and vector measures, Trans. Amer. Math.

Soc. 192 (1974), 139-162.

[CN1] P. G. Casazza and N. J. Nielsen, A gaussian average property of Banach spaces, Illinois J.

Math. 41 (1997), 559-576.

[CN2] P. G. Casazza and N. J. Nielsen, Embedding of Banach spaces into Banach lattices and the Gordon-Lewis property , preprint 1998.

[Di] J. Diestel, Sequences and Series in Banach Spaces, Graduate Texts in Math. 92, Springer- Verlag, New York (1984).

[DJT] J. Diestel, H. Jarchow, A. Tonge, Absolutely Summing Operators, Cambridge Studies in Adv. Math. 43, Cambridge Univ. Press, Cambridge (1995).

[DU] J. Diestel, J.J. Uhl, Vector Measures, Mathematical Surveys and Monographs 15, Amer.

Math. Soc., Providence, RI (1977).

[GL] Y. Gordon and D. R. Lewis, Absolutely summing operators and local unconditional structure, Acta Math. 133 (1974), 27-48.

[H] S. Heinrich, Ultraproducts in Banach space theory, J. Reine Angew. Math. 313 (1980) 72-104.

[R1] S. Reisner, On Banach spaces having the property G. L., Pacific J. Math. 83 (1979), 505- 521.

[R2] S. Reisner, Operators factoring through Banach lattices and ideal norms, Serdica Math. J.

21 (1995), 75-89.

E-mail address: madrigal@cica.es

Departamento de Matemática Aplicada II, Escuela Superior de Ingenieros, Universidad de Sevilla, Camino de los Descubrimientos 41092, Sevilla, Spain

E-mail address: schluech@rz.mathematik.uni-muenchen.de

Mathematisches Institut der Ludwig-Maximilians-Universität Theresienstraße 39D- 80333 München, Germany