Quotients of Bochner function spaces

Santiago Diaz^1, & Georg Schlüchtermann^2 1 Departamento de Matemática Aplicada II. Universidad de Sevilla Avda. Reina Mercedes s/n 41012-Sevilla, Spain 2 Mathematisches Institut der Universität München Theresienstr. 39, D - 80333 München, Germany

Abstract We study when c0 is contained as a quotient in Bochner function spaces Lp(μ,X). 1 Introduction

The analysis of the position of classical sequence spaces as copies, complemented copies or quotients of the underlying Bochner L_p−spaces has been standing in the center of interest. Important results in this field are due to J. Bourgain, G. Emmanuele, S. Kwapien, J. Mendoza and G. Pisier [B1, B2, B3, E, Kw, Me1, Me2, Pi]. Actually, the c_0-case is well understood [Me3, Theorem 9], except being “isomorphic to a quotient”. In fact, this question appears as Problem 4 in that recent survey of J. Mendoza [Me3]. In this paper, we provide a complete answer to this problem, showing the following result.

Theorem 1.1 Let (Ω,Σ,μ) be a finite measure space, X be a Banach space and 1 < p < ∞. Then,

1. If μ is purely atomic, then L_p(μ,X) has a quotient isomorphic to c_0 if and only if X has.

2. If μ is not purely atomic, then L_p(μ,X) has a quotient isomorphic to c_0 if and only if X contains a quotient isomorphic to c_0 or X contains a subspace isomorphic to ℓ_1.

We notice that there is no general relation between the two options given in statement 2: c_0 has no copy of ℓ_1 and ℓ_∞ has no c_0-quotient. On the other hand, it is known that every infinite dimensional L_1(μ)-space always has a complemented copy of ℓ_1, so the above problem is trivial for p = 1.

For the sake of clearness, we are going to comment some of the terminology and the notation used in the paper. We denote by L_1(μ) (resp. L_∞(μ)) the seminormed space of integrable (resp. μ-essentially bounded) scalar-valued functions defined on Ω and by L_1(μ) resp. L_∞(μ) the space of the equiva= lence classes. For 1 ≤ p < ∞, we consider the spaces [IT, VI.6]

L^{w∗}_p (μ,X^∗) := {f : Ω −→ X^∗; f is w^∗- measurable and ∫ Ω ‖f(ω)‖^pdμ(ω) < ∞},

where, as usual, w^∗−measurable means that ω ∈ Ω −→ ⟨x,f(ω)⟩ is measurable, for all x ∈ X, and ∫ Ω ‖f(ω)‖^pdμ(ω) := inf{ ∫ Ω g(ω)dμ(ω); g ∈ L_1(μ), ‖f(ω)‖^p ≤ g(ω) on Ω}.

If p^′ denotes the conjugate of p, then we define the following s= eminorm on L^{w∗}_p (μ,X^∗), ‖f‖_{p,∗} := sup {∫ Ω |⟨f(ω),g(ω)⟩|dμ(ω); g = n∑ i=1 x_iχ_{Ai} , x_i ∈ X, A_i ∈= Σ, ‖g‖_p′ ≤ 1 } .

When p = ∞, a similar procedure can be done and we consider the co= rresponding seminormed space, L^{w∗}_∞ (μ,X^∗) := { f : Ω −→ X^∗; f is w^∗-measurable and ‖f‖_{∞,∗} < ∞}, with ‖f‖_{∞,∗} := inf{K > 0; μ({ω ∈ Ω;|⟨x,f(ω)⟩| > K}), for all ‖x‖ ≤ 1}. Now, we define the quotients L^{w∗}_p (μ,X^∗) = L^{w∗}_p (μ,X^∗)/N_p(μ,X^∗) (1 ≤ p ≤ ∞), where N_p(μ,X^∗) = {f ∈ L^{w∗}_p (μ,X^∗);⟨x,f(ω)⟩ = 0 μ − a.e., for all x ∈ X}. According to [Din, p. 269, Theorem 5], for 1 ≤ p < ∞, every ϕ ∈ L_p(μ,X)^∗ defines a X^∗-valued vector measure of bounded variation with a w^∗−measurable density. Thus, the definition of the seminorm on L^{w∗}_p′ (μ,X^∗) shows that L_p(μ,X)^∗ and L^{w∗}_p′ (μ,X^∗) are isometrically isomorphic. As one can expect, the natural inclusion of L_p′ (μ,X^∗) into L^{w∗}_p′ (μ,X^∗) is an isometry and the canonical inclusion of L^{w∗}_p (μ,X^∗) into L^{w∗}_1 (μ,X^∗) is continuous.

It is worth mentioning that, for every equivalence class of L^{w∗}_p (μ,X^∗) (1 ≤ p ≤ ∞), we can choose a representative f, such that the associated norm function ‖f(·)‖ is also measurable (use [Din, p. 269,Theorems 5.1 and 5.2]). When X is separable, things are simpler and it is easy to see that each representative of the class has a norm measurable function.

At a certain point, we also have to use for our investigation w^∗-measurable operator-valued functions. A function U : Ω −→ L(X,Y^∗) is w^∗−measurable, whenever U (·)(x) is w^∗−measurable, for all x ∈ X. If, in addition, U (·)(x) belongs to L_p(μ,X^∗) (1 ≤ p ≤ ∞), then we define U : X −→ L^{w∗}_p (μ,Y^∗), x ∈ X −→ U(x) := U (·)(x). Moreover, if 1 ≤ p ≤ ∞ and T : X −→ L^{w∗}_p (μ,Y^∗) is a linear map, then we say that U : Ω −→ L(X,Y^∗) is a w^∗−measurable operator-valued density of T , if U is w^∗−measurable and U (·)(x) = T (x) in L^{w∗}_p (μ,Y^∗), for all x ∈ X.

Now, we explain one more notations. Let ρ be a lifting of L_∞(μ) and U : Ω −→ L(X,Y^∗) be a bounded map. Then,we write ρ(U ) = U, whenever ⟨y,U (·)(x)⟩ ∈ L_∞(μ) and ρ(⟨y,U (·)(x)⟩)(ω) = ⟨y,U (ω)x⟩, for all ω ∈ Ω, x ∈ X, y ∈ Y. The rest of terminology and notation are more standard and we refer the reader to [Di] and [Din].

2 Isomorphic quotients to c_0 in Bochner spaces

Before to deal with the proof of the theorem, we list some auxiliary results which we state separately, since they might be of independent interest. The first two results concerns with w^∗-measurable functions. The first one is a w^∗−analogon to [S3, Theorem 2.3], whose proof can be found in [S2, Theorem 3.10] (resp. [S1, Theorem 2.1.21]). The proof to the second can be seen in [S2, Theorem 2.5].

Theorem 2.1 Let U : Ω −→ CW (X,Y^∗) be a w^∗−measurable bounded operator, where CW (X,Y^∗) is the ideal of conditionally weakly compact operators.

Suppose that there exists a lifting ρ of L_∞(μ), such that ρ(U ) = U. Then, if 1 ≤ p < ∞, U : X −→ L^{w∗}_p (μ,Y^∗) is conditionally weakly compact. In particular, ∫ Ω U : X −→ Y^∗, x −→ ∫ Ω U (ω)(x)dμ(ω) is conditionally weakly compact.

Theorem 2.2 Assume that X^∗ has no copy of ℓ_∞ and let T : L_1([0,1]) −→ L^{w∗}_1 (μ,X^∗) be a bounded operator and ρ be a lifting of L_∞(μ). Then, the image of the closed unit ball of L_1([0,1]) under T is uniformly integrable if and only if, for every ϵ > 0, there is a w^∗-measurable function U_ϵ : Ω −→ L(L_1([0,1]),X^∗), such that ‖T − U_ϵ‖_{L(L1([0,1]),L}w^∗_{1 (μ,X}∗_{))} < ϵ, U_ϵ : L_1 −→ L^{w∗}_∞ (μ,X^∗), ρ(U_ϵ) = U_ϵ. The next result extends a well-known property of Bochner function spaces to the w^∗-measurable setting.

Theorem 2.3 Let (f_n) be a bounded sequence in L^{w∗}_p (μ,X^∗), 1 < p < ∞. Then, (f_n) is weakly Cauchy in L^{w∗}_p (μ,X^∗) if and only if (f_n) is weakly Cauchy in L^{w∗}_1 (μ,X^∗). Proof: In what follows, if A ∈ Σ, we denote by Σ^+(A) the collection of all measurable subsets of A with positive measure. On the other hand, given A ∈ Σ and G ∈ L^{w∗}_p (μ,X^∗)^∗, we define Gχ_A : L^{w∗}_p (μ,X^∗) −→ K, f −→ ⟨fχ_A,= G⟩. It is plain that Gχ_A ∈ L^{w∗}_p (μ,X^∗)^∗.

The only if part of the result is clear. For the converse we shall prove first the following fact (F):

Given G ∈ L^{w∗}_p (μ,X^∗)^∗ and ϵ > 0, there is Ω_ϵ ∈ Σ such that μ(Ω \ Ω_ϵ) < ϵ,Gχ_{Ωϵ} ∈ L^{w∗}_1 (μ,X^∗)^∗, and ‖Gχ_{Ω\Ωϵ} ‖ < ϵ in L^{w∗}_p (μ,X^∗)^∗. We will divide the proof of this fact in some steps. The first one is the following: (1) { There is A ∈ Σ^+(Ω) and n ∈ IN, such that, for all B ∈ Σ^+(A), we have that ‖Gχ_B‖ < nμ(B)^{1/p′} .

Suppose the contrary and fix n ∈ IN. Then, for all A ∈ Σ^+(Ω), there is B ∈ Σ^+(A) with ‖Gχ_B‖ ≥ nμ(B)^{1/p′} . Now, applying an exhaustion argument (see e.g. [DU, p.70, Lemma 4]), we can find a sequence of pairwise disjoint elements (B_j ) ⊂ Σ, ⋃ j∈IN Bj = Ω, such that for all j ∈ IN, ‖GχBj ‖ ≥ nμ(B)

1/p^′ . On the other

hand, given a countable Σ-partition (A_n) of Ω

T : L_p(μ,X) → ( ⊕L_p(A_n,X) = {f|_{An} ; f ∈ L_p(μ,X) ) p, f −→ (fχ_{An} ) is clearly an isometry. Thus, we have that

(2) T^{∗∗} : L^{w∗}_p′ (μ,X^∗)^∗ −→ ( ⊕)L^{w∗}_p′ (A_n,X^∗)^∗ ) p}, F −→ (F χ_{An} ) is also an isometry. Therefore, we must conclude that ‖G‖ ≥ nμ(Ω)^{1/p′} . Since n was arbitrary, we get a contradiction.

ZZZZZZZZZ I THINK THAT THE NEXT ARGUMENT/PARAGRAPH MUST BE EXPLAINED WITH MORE DETAILS ZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZ

With the result of the former step, we can find a sequence (C_n) ⊂ Σ^+(Ω), and an increasing sequence (M_n) ⊂ IR_+, such that for all n ∈ IN and for all B ∈ Σ^+(C_n), we have that ‖Gχ_B‖ < M_nμ(B)^{1/p′} and ⋃ n∈IN Cn = Ω. We can

achieve this by the following argument:

First observe that for disjoint sets A,Ã ∈ Σ^+(Ω) satisfying (1) with n,ñ ∈ IN repectively, the union A ∪ Ã ∈ Σ^+(Ω) fulfills (1) with max(n,ñ), by estimating with the help of (2). Now we find a set C_1 and an M_1 ∈ IN satisfying (1). According to the above argument the set can be chosen maximal up to measure zero. For an increasing sequence (M_n) ⊂ N, M_n ↑ ∞ we find by the above observation a sequence of maximal sets (C_n) each satisfying (1) with M_n accordingly. Since the sets are maximal we have ⋃ n∈IN Cn = Ω. The sequence is increasing because of the maximality of the sets. Thus, we can define a pairwise disjoint sequence by induction

A_1 := C_1, A_n := C_n \ ∪^{n−1}_{j=1} A_j.

Then, using the representation from T^{∗∗}, we deduce that lim m→∞ ‖Gχ⋃∞_{j=m Aj} ‖ = lim_{m→∞} ‖ ∞∑ j=m Gχ_{Aj} ‖ = 0.

Hence, lim_{n→∞} ‖Gχ_{Ω\Cn} ‖ = 0. Thus, for a given ϵ > 0, there is n ∈ IN, such that (3) for all B ∈ Σ^+(C_n),‖Gχ_B‖ < M_nμ(B)^{1/p′} and ‖Gχ_{Ω\Cn} ‖ < ϵ. We abbord the proof of the fact (F). Given ϵ > 0, we take the corresponding Ω_ϵ = C_n (for some n ∈ IN) shown in (3). Obviously, we only need to show that Gχ_{Ωϵ} ∈ L^{w∗}_1 (μ,X^∗)^∗. Then, take an (representative) element f of the closed unit ball of L^{w∗}_1 (μ,X^∗) such that ‖f(·)‖ is measurable. For m ∈ IN_0, k ∈ IN and 1 ≤ i ≤ k, we define

A_{m,i} := {ω ∈ Ω_ϵ; m + i − 1 k ≤ ‖f(ω)‖ < m + i k } ∈ Σ. Then, we can compute |Gχ_{Am,i} (f)| ≤ M_n(m + i k )‖χ_{Am,i} ‖_p‖χ_{Am,i} ‖_p′ = M_n(m + i k )μ(A_{m,i}) ≤ M_n(‖fχ_{Am,i} ‖_{1,∗} + 1 k μ(A_{m,i})). Since Ω_ϵ = ⋃ m∈IN0 ⋃_k i=1 A_{m,i} and the A_{m,i} are pairwise disjoint, we obtain

|Gχ_{Ωϵ} (f)| ≤ ∞∑ m=0 k∑ i==1 M_n(‖fχ_{Am,i} ‖_{1,∗} + 1 k μ(A_{m,i})) ≤ M_n(‖f‖_{1,∗} + 1 k μ(Ω_ϵ)).

Taking limit in k, we have |Gχ_{Ωϵ}(f)| ≤ M_n and, hence, Gχ_{Ωϵ} ∈ L^{w∗}_1 (μ,X^∗)^∗.

Now, we come back to the proof of the if implication. For this purpose, take a bounded sequence (f_n) in L^{w∗}_p (μ,X^∗) which is weakly Cauchy in L^{w∗}_1 (μ,X^∗). Suppose that G belongs to the closed unit ball of L^{w∗}_p (μ,X^∗)^∗ and take ϵ > 0. We may assume that ‖f_n‖_{p,∗} ≤ 1. According to the fact (F), there is a set Ω_ϵ ∈ Σ, such that Gχ_{Ωϵ} ∈ L^{w∗}_1 (μ,X^∗)^∗ and ‖Gχ_{Ω\Ωϵ} ‖ < ϵ 4 in L^{w∗}_p (μ,X^∗)^∗. Thus, (Gχ_{Ωϵ} (f_n)) is a Cauchy sequence in the scalar field and we find n_0 ∈ IN, such that for all n,m ≥ n_0 : ‖Gχ_{Ωϵ}(f_n − f_m)| <^ϵ_2 . Finally, for n,m ≥ n_0 we have |G(f_n − f_m)| ≤ |Gχ_{Ωϵ}(f_n − f_m)| + |Gχ_{Ω\Ωϵ}(f_n − f_m)| < ϵ 2 + ϵ 2 = ϵ. 2 Our next result is perphaps known, but we have not been able to find an explicit reference.

Lemma 2.4 Let X be a Banach space. Then X^∗ contains a subspace ismorphic to ℓ_1 if and only if X contains a subspace isomorphic to ℓ_1 or X has a quotient isomorphic to c_0.

Proof (⇐) One case is elementary and, for the other, apply [Di, Ch. XI, Exercise 2].

(⇒) Assume that X has no c_0-quotient and that X has no copy of ℓ_1. Let (x^∗_n) be a bounded sequence in X^∗. By [SCH, p.396, Th.1] (see also [B4]), we know that som= e disjoint convex combinations (y^∗_n) of (x^∗_n) are weak^∗-convergent. Now, applying [D1, Lemma] and Rosenthal’s ℓ_1-Theorem, we can extract from (y^∗_n) a weakly Cauchy subsequence. Therefore, we have shown that there is a regular method of summability, which produces a weakly Cauchy subsequence, when it is applied to (x^∗_n). According to [D2, Theorem 2], we deduce that X^∗ has no copy of ℓ_1 and we have a contradiction. 2

We finally pass to give the proof of Theorem 1.1.

Proof of Theorem 1.1: (1) This case follows from [D1, Lemma], having in mind the following well-known two facts: X is isomorphic to a complemented subspace of L_p(μ,X) and that, if (x^∗_n) is a sequence in ℓ_p′ (X^∗) ≡ ℓ_p(X)^∗ equivalent to the unit basis of ℓ_1, then there is k ∈ IN such that (x^∗_n(k))_n ⊂ X^∗ is also equivalent to the unit basis of ℓ_1.

(2)(⇐) We may assume that (Ω,Σ,μ) is not purely atomic. Therefore, L_1(μ) does not satisfy the Schur property and we can obtain a weakly null sequence (ϕ_k) ⊂ L_1(μ) such that ‖ϕ_k‖_1 > δ > 0, for all k ∈ IN. In fact, using [C, Lemma 4], we can find a subsequence (ϕ_{kn} )_n and a uniformly bounded, weakly null sequence (φ_n)_n in L_1(μ) such that ‖ϕ_{kn} − φ_n‖ ≤ δ/2, for all n ∈ IN.

Now, let (x^∗_n) ⊂ X^∗ be a sequence equivalent to the unit ℓ_1-basis and define f_n := φ_n ⊗ x^∗_n ∈ L_∞(μ,X^∗) ⊂ L_p′ (μ,X^∗). Using that there are real positive constans α and β such that α ≤ ‖φ_n‖_1 ≤ β, for all n ∈ IN, it is easy to see that (f_n) is equivalent to the unit ℓ_1-basis in L_1(μ,X^∗). Having in mind Rosenthal’s ℓ_1−theor= em and the canonical inclusion of L_p′ (μ,X^∗) into L_1(μ,X^∗), we deduce that (f_n) has a subsequence, which we still denote the same, equivalent to the unit basis of ℓ_1 in L_p′ (μ,X^∗) and, therefore, in L_p(μ,X)^∗ [DU, p. 97].

Since (φ_n) is weakly null in L_1(μ) and bounded in L_∞(μ), it is clear that ( ∫ Ω φ_nξdμ)_n is a null sequence, for every Σ-simple X-valued function ξ. In fact, a density argument shows that this also happens with every function in L_1(μ,X). Now, take g ∈ L_p(μ,X) and compute |⟨g,f_n⟩| = | ∫ Ω φ_n(ω)⟨g(ω),x^∗_n⟩dμ(ω)| = |⟨ ∫ Ω φ_n(ω)g(ω)dμ(ω),x^∗_n⟩| ≤ sup_{k∈IN}‖x^∗_k‖‖ ∫ Ω φ_n(ω)g(ω)dμ(ω)‖ → 0,

since (x^∗_n) is bounded.

To sum up, we have found a weak^∗-null sequence in L_p(μ,X)^∗ equivalent to the unit ℓ_1-basis. To end the proof, apply [D1, Lemma].

(2)(⇒) According to Lemma 2.4, it is enough to show that L_p(μ,X)^∗ has a copy of ℓ_1. Using again Lemma 2.4, assume that X^∗ has no ℓ_1-subspace but we have an isomorphic embedding T : ℓ_1 → L_p(μ,X)^∗. The canonical inclusion ı : L^{w∗}_p (μ,X^∗) → L^{w∗}_1 (μ,X^∗) is uniformly integrable, thus, the extension T̂ : L_1[0,1] −→ L^{w∗}_1 (μ,X^∗) of T is also uniformly integrable. Since X^∗ has no copy of ℓ_1, we also have that X^∗ has no copy of ℓ_∞.

Now, let ρ be a lifting of L_∞. Then, by Theorem 2.2, given ϵ > 0, there is a w^∗-measurable U : Ω −→ L(L_1,X^∗), such that U : L_1[0,1] −→ L^{w∗}_∞ (μ,X^∗), ‖T̂ − U ‖ < ϵ and ρ(U ) = U. Since X^∗ has no copy of ℓ_1, then L(L_1,X^∗) = CW (L_1,X^∗). Therefore, we can apply Theorem 2.1 to U and ρ and we obtain that U is conditionally weakly compact. Hence, T̂ is also conditionally weakly compact, since the ideal of conditionally weakly compact operators is closed. Finally, we can conclude using Theorem 2.3 that T is also weakly conditionally compact, which contradicts the Rosenthal dichotomy. 2 Actually we can not do better in Theorem 1.1.(2.) according to the next simple example.

Example 2.5 a) Let X be a non reflexive Grothendieck space. Then, as a well-known fact, c_0 is not a quotient. Since X^∗ is not reflexive but weakly sequentially complete, the Rosenthal ℓ_1−dichotomy prevails in conjunction with 1.1 that c_0 is a quotient of all L_p(μ,X) for a not purely atomic, finite and positive measure space (Ω,Σ,μ) and 1 < p < ∞.

a) If there is (we do not know) a Banach space X, such that c_0 ⊄ X, c_0 not a quotient of X and ℓ_1 ⊂ X^∗ (e.g. a non reflexive Grothendieck space not containing c_0), then we have the remarkable example of a Banach space X, such that i) c_0 ⊄ X, ii) c_0 ⊄ X as a quotient, iii) ℓ_1 ⊂ X^∗ and iv) c_0 ⊂ L_p(μ,X) as a quotient for all not purely atomic, finite and positive measure spaces (Ω,Σ,μ) and 1 < p < ∞.

Remark 2.6 Let us mention that the main result can be transferred into a more general setting: Let E be an order continuous Banach lattice with a weak unit, or equivalently, an ideal function having an order isometric representation L_∞(μ) → E → L_1(μ), with (Ω,Σ,μ) a probability space (cf. [LT, p.25,Th.1.b.14]). Then:

1. If μ is purely atomic, E(X) has a quotient isomorphic to c_0 if and only if E or X does.

2. If μ is not purely atomic, E(X) has a quotient isomorphic to c_0 if and only if E does or X^∗ contains a subspace isomorphic to ℓ_1.

We do not stress the details of the proofs, but we mention some basic ingredients neccessary for the proofs, since they run similar to the L_p−case.

Fact 1: E is reflexive or it contains a quotient isomorphic to c_0. Fact 2: There exists a continuous inclusion of E(X)^∗ into L^{w∗}_1 (μ,X^∗).

We can conclude

- for the purely atomic case of the Banach lattice E:

c_0 is a quotient of E(X) if and only if c_0 is a quotient of E or of X. - for the atomless case of the Banach lattice E:

- If X^∗ has a subspace isomorphic to ℓ_1, then c_0 is isomorphic to a quotient of E(X).

- Let E be reflexive. Then E(X)^∗ contains a copy of ℓ_1 if and only if X^∗ does.

References

[B1] J. Bourgain, An averaging result for c_0-sequences, Bull. Soc. Math. Belg.

Ser. B 30, (1978) 83-87.

[B2] J. Bourgain A note on the Lebesgue spaces of vector valued functions, Bull.

Soc. Math. Belg.. Ser. B 31, (1979) 45-47.

[B3] J. Bourgain An averaging result for ℓ_1-sequences and applications to weakly conditionally compacts sets in L_1(μ), Israel J. of Math. 32, (1979) 289-298.

[B4] J. Bourgain, La propriete de Radon-Nikodym, Publication des Math. de’l Universit 82 Pierre et Marie Curie, 36 (1979).

[C] P. Cembranos, The weak Banach-Saks property on L^p(μ,E) Math. Proc.

Camb. Phil. Soc. 115, (1994) 283-290.

[D1] S. Diaz, Grothendieck’s property in L^p(μ,X), Glasgow Math. J. 37, (1995) 379-382.

[D2] S. Diaz, Weak compactness in L^1(μ,X), Proc. Amer. Math. Soc. 124, (1996) 2685-2693.

[Di] J. Diestel, Sequences and Series in Banach spaces, Springer, Berlin/New York (1984).

[DU] J. Diestel and J. Uhl, Vector Measures, AMS Math. Survey 15 (1977). [Din] N. Dinculeanu, Vector Measures, VEB Deutscher Verlag der Wissenschaft, Berlin (1966).

[E] G. Emmanuele, Complemented copies of c_0 in L_p(μ,X), 1 ≤ p < ∞, Proc.

Amer. Math. Soc. 104, (1988) 785-786.

[IT] A. Ionescu-Tulcea and C. Ionescu-Tulcea, Topics in the Theory of Liftings, Springer, Berlin (1969).

[Kw] S. Kwapien, On Banach spaces containing c_0, Studia Math. 52, (1974) 187-188.

[LT] J. Lindenstraußand L. Tzafriri, Classical Banach spaces II, Springer, Berlin/New York (1977).

[Me1] J. Mendoza, Copies of ℓ_∞ in L^p(μ,X), Proc. Amer. Math. Soc. 109, (1990) 125-127.

[Me2] J. Mendoza, Complemented copies of ℓ_1 in L^p(μ,E), Math. Proc. Camb.

Phil. Soc. 111, (1992) 531-534.

[Me3] J. Mendoza, Copies of classical sequence spaces in vector-valued-function Banach spaces, in: Functions spaces-the second conference, Lecture Notes in Pure and Applied Mathematics 172, (Ed. by K. Jarosz), Marcel Dekker (1995) 311-320.

[Pi] G. Pisier, Une propriete de stabilité de la classe des espaces ne contenant pas ℓ_1, C. R. Acad. Sci. Paris Ser.A 285, (1978) 747-749.

[S1] G. Schlüchtermann, Properties of operator-valued functions and applications to Banach sapces and linear semigroups, Habilitation, München (1994).

[S2] G. Schlüchtermann, Hereditary properties for the duals of vector-valued L_pspaces, to appear in Rocky Mount. Math. J.

[S3] G. Schlüchtermann, On weakly compact operators, Math. Annalen 292, (1992) 263-266.

[SCH] T. Schlumprecht, On duals spaces with bounded sequences without weak^∗ convergent convex blocks, Proc. Amer. Math. Soc. 107, (1989) 395-408.