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Riemann Surfaces

Solution

Problem 40

c) We reproduce a proof by Ludwig Fürst with a slightly di�erent notation:
Choose local coordinates z and w = zk. Obvserve that dw = kzk−1dz and ϕj(w) =
e2πij/kw1/k w.l.o.g.. Let ω =

∑
l∈Z clz

l dz. Then

Tr(ω) =
∑
l∈Z

k∑
j=1

cl
(
e2πij/kw1/k

)l dw

k (e2πij/kw1/k)
k−1 =

∑
l∈Z

k∑
j=1

cl
k
·e2πij(l−k+1)/kw(l−k+1)/k dw.

If l−k+1
k
∈ Z⇔ l+1

k
∈ Z, then e2πij(l−k+1)/k = 1 for all j and we get

k∑
j=1

cl
k
· e2πij(l−k+1)/kw(l−k+1)/k =

k∑
j=1

cl
k
· w(l−k+1)/k = cl · w(l−k+1)/k.

If l−k+1
k

/∈ Z, then by the geometric sum formula
∑k

j=1 e
2πij(l−k+1)/k = e2πij(l−k+1)k/k−1

e2πi(l−k+1)/k−1 = 0.
Hence we get

k∑
j=1

cl
k
· e2πij(l−k+1)/kw(l−k+1)/k = 0.

Putting both results together we get for l − k + 1 = mk ⇔ l = (m+ 1)k − 1

Tr(ω) =
∑
m∈Z

c(m+1)k−1w
m dw.

a) Follows from part c) since m < 0⇒ (m+ 1)k − 1 < 0.

b) Follows from part c) for the m = −1 coe�cient c(−1+1)k−1 = c−1.
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