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Exercise 1. For any group G, define the commutator subgroup G′ ⊆ G to be the subgroup generated

by the elements ghg−1h−1 for all g, h ∈ G. The abelianization of G is defined as Gab := G/G′.

Let X be a path-connected topological space and x0 ∈ X be a point. Show that the map

ϕ1 : π1(X,x0) −→ H1(X)

induces an isomorphism π1(X,x0)
ab ∼= H1(X).

Exercise 2. For an abelian group A set rkA = dimA⊗Q. Let X,Y be path connected topological

spaces s.t. rkH1(X) and rkH1(Y ) are finite and p : X −→ Y a covering map with finitely many

sheets. Using the previous exercise, show that there is an inequality rkH1(Y ) ≤ rkH1(X).

Exercise 3.

a) Let ϕ : (A•, d) −→ (B•, d
′) be a map of long exact sequences s.t. ϕn is an isomorphism whenever

3|n. Show that there is a long exact sequence of the form

... −→ An+2 −→ An+1 ⊕Bn+2 −→ Bn+1 −→ An−1 −→ ...

b) Let X be a topological space and U, V ⊆ X s.t. X = Ů ∪ V̊ . Show that for any sequence of

functors H̃n from pairs of topological spaces to abelian groups satisfying the Eilenberg-Steenrod

axioms there is a long exact sequence

... −→ H̃n(U ∩ V ) −→ H̃n(U)⊕ H̃n(V ) −→ H̃n(X) −→ H̃n−1(U ∩ V ) −→ ...

Exercise 4. Using the previous exercise and assuming the Eilenberg-Steenrod axioms for H•, com-

pute Hk(Sn) for all k and n.

Hand in: during the lecture on Tuesday, January 22nd.
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