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Exercise 1. Show that every homomorphism 71 (St,1) — 71(S%, 1) can be realized as the induced
homomorphism ¢, of a map ¢ : St — S*.

Exercise 2. Let X and Y be topological spaces, and xg € X, yg € Y.

a) Show that the map [(vx,7y)] — ([vx], [7y]) defines an isomorphism between 71 (X x Y, (z9, yo))
and 7T1(X, 1‘0) X 7T1(Y, yo).

b) From the above isomorphism it follows that loops in X x {yo} and {z} XY represent commuting
elements of 71 (X x Y, (xg,y0)). Construct an explicit homotopy demonstrating this.

Exercise 3. Let X be a topological space, zg,x1 € X and « : I — X a path from xy to 1. Show
that the map

By i (X, 1) = m1(X, 20)

M = axyxa™

where a~!(t) = a(1 — t), is a well defined isomorphism.

Exercise 4. Show that there are no retractions r : X — A in the following cases:
a) X = R3, with A any subspace homeomorphic to S*,

b) X = D? x S! with A its boundary torus S! x S,

)
)

c) X = D?v D? with A its boundary S* v S1,

d) X a disk with two points on its boundary identified and A its boundary S Vv S,
) X

e =1[0,1] x [0,1}/(1,y) ~ (0,1 — y) the Mdbius band and A its boundary circle.

Hand in: during the lecture on Tuesday, November 6th.



