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Exercise 1. A topological space X is path connected if for any two points x, y ∈ X there exists

a continuous path γ : [0, 1]→ X such that γ(0) = x and γ(1) = y.

1. Show that a path connected topological space is connected.

2. Prove that the space Y =
{(
x, sin

(
1
x

))
⊂ R2|x > 0

}
∪ {(0, y) ⊂ R2| − 1 ≤ y ≤ 1} is connected

but not path connected.

3. Show that the image of a connected space under a continuous map is connected.

Exercise 2. Show that a map f : X → Y is continuous if and only if the preimage of any closed set

is closed.

Exercise 3. Give an explicit homeomorphism between the following pairs of spaces:

1. Rn and Sn \ {p} where p is any point on the sphere Sn.

2. Dn ×Dm and Dn+m where Dn = {x ∈ Rn| ‖ x ‖≤ 1}.

3. S1 and the quotient I/v of I = [0, 1] ⊂ R by the relation 0 v 1.

Exercise 4. Let A,B ⊂ X be closed subsets of a topological space X with A ∪ B = X. Show that

if f : A→ Y and g : B → Y are continuous maps such that f|A∩B = g|A∩B then the map

F : X → Y

F (x) =

{
f(x) if x ∈ A
g(x) if x ∈ B

is continuous.

Hand in: during the lecture on Monday, October 23rd.
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