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Exercise 1. Let α1 : A → G1 and α2 : A → G2 be injective group homomorphisms. Consider the

amalgamated product G = G1 ∗A G2 as the pushout of G1 and G2 over A with respect to α1 and α2:

A
α2 //

α1
��

G2

β2
��

G1
β1

// G

Show that the homomorphism β1 ◦ α1 = β2 ◦ α2 is injective.

Exercise 2.

a) Is the additive group Q finitely generated?

b) Is the symmetric group SX of an infinite set X finitely generated?

Exercise 3. Let S be a set and let F be the free group generated by S.

a) Prove that if S′ ⊂ F is a generating set of F , then |S′| ≥ |S|.

b) Conclude that all free generating sets of a free group have the same cardinality.

c) Show that the free group generated by two elements contains a subgroup that cannot be generated

by two elements.

Exercise 4. For n ∈ N we define

Gn :=

〈
a1, . . . , an, b1, . . . , bn|

n∏
i=1

[ai, bi]

〉
.

a) Prove that for all n,m ∈ N we have Gn ∼= Gm if and only if n = m.

b) For which n ∈ N is the group Gn Abelian?

You can hand in your solutions during the exercise classes.

1


