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Abstract

We consider the asymptotic evolution of a relativistic spin—% particle. i.e. a particle
whose wavefunction satisfies the Dirac equation with external static potential. We prove
that the probability for the particle crossing a (detector) surface converges to the probabil-
ity, that the direction of the momentum of the particle lies within the solid angle defined
by the (detector) surface, as the distance of the surface goes to infinity. This generalizes
earlier non relativistic results, known as flux across surfaces theorems, to the relativistic

regime.

1 Introduction

In scattering experiments the scattered particles are measured at a macroscopic distance, but
the computations of scattering cross sections are based on the distribution of the wavefunction
in momentum space. Therefore a relationship between the crossing probability through a far
distant detector surface and the shape of the wavefunction in momentum space is needed.
This relationship is given by the flux-across-surfaces theorem, which - as a problem in
mathematical physics - has been formulated by Combes, Newton and Shtokhamer [3], see also
[5, 8]. For scattering states (material on scattering states for the Dirac equation is in [14])
the theorem asserts that the probability of crossing a far distant surface (physical interaction

with the detector is neglected) subtended by a solid angle is equal to the probability that the



scattered particle will, in the distant future, have a momentum, whose direction lies in that
same solid angle. Moreover, the probability, that the particle will cross the detector within a
certain area is given by the integral of the flux over that area and time. This has been proven

for Schrodinger evolutions in great generality, see for instance [15, 2, 1, 16, 12, 6].

We consider here wavefunctions 1; € L?(R?) & C* which satisfy the Dirac-equation (conve-

niently setting c =h = 1)

O <
i = —z;azaﬂm + b+ Bmpy = Hipy (1)
where
0 o 1 0
o = ' 0= 1=1,2,3 (2)
o 0 0 -1
o7 being the Pauli matrices:
1 0 0o 1 0 —i
g1 = ;092 = ;03 =
0o -1 1 0 i 0

1 the 2 x 2-unit matrix and 4 the 4-potential in the form

A::A0+A~a

with a := (a1, a9, a3) . In the following we will always denote solutions of the Dirac equation

by 1 and by 1y the ”time zero” wavefunction.

A is an external static four-potential, which satisfies condition A (see 3), which concerns
smoothness and is for the sake of simplicity taken stronger than needed:

Condition A: A(x) € O IME>0: | Ax) |< M{z)~ G4+ (3)

where (x) =| z | +1 and the norm | - | is defined as:



| B:= sup || Be|s
lello=1

where

1
@ lls:= (e, )2

with the inner product in spin space

() :Clels QT —C (o.x) = @i -

Often we have spinors depending on x, in that case we have || ¢ ||s (x).

The continuity equation involving the quantum flux of a relativistic spin % particle reads
OB =V ] (4)
at t¥t — Js

whereas the 4-flux is defined for any ¢ € L?(R3) @ C* by

1
with o =

[0 2

For notational convenience we sometimes omit the dependence on x. Furthermore we have

the usual L?-Norm on the space of 4—spinors given by

o= (/ ||<P||§d3fﬂ) .

We introduce the Fourier transform of ¢(x) as representation in the generalized basis (13) of

the free Hamiltonian ,i.e.

2
Ps(k) = /(%)_% (Pi(x), p(x))d’x Pk) = sibs(k). (6)

We denote by z the euclidian length of x.



We assume that asymptotic completeness holds, i.e. that the wave operators exist on the
spectral subspace H,. of the continuous positive spectrum (”scattering state”) of the Dirac-
Hamiltonian: Let 14, denote the wavefunction of the free asymptotic of a scattering state ¥

then

Jim [ 7 0 g — ey [|= 0.

Pout 18 given by the wave operator:

Q+ _ tliglo ethe—zHot w — Q+¢out )

The existence of the wave operators and asymptotic completeness has been proven for short

range potentials. See e.g. Thaller [14].

We remark (see Lemma 3.4(d))(41), that the Fourier transform iout,s(k) of Pout equals the
generalized Fourier transform ¢! of ¢ in the generalized eigen-basis of the Dirac hamiltonian

with potential.

In general, we do not have much information about scattering states. One can prove the flux
across surface theorem with conditions merely on the “out”-states, where the corresponding
properties of the scattering states are hidden in the mapping properties of the wave operators,
or, better, in the smoothness properties of the generalized eigenfunctions. On the other hand,
one would like to be sure, that such conditions are not too restrictive on the set of scattering

states.

We introduce the set G of functions iout, for which the flux across surfaces can naturally be

proven:

IMeR: || 3f(k) ||< M) for j =0,1,2; n € N

a9 6= { ©
Vk#£0: || KMID]f(k) ||s< M{(k)™ forn €N

where v = (71;72;73) is a multi-index with| v |< 2, D} := 9,19]20,? and 0y is the partial

derivative with respect to the radial coordinate k.



This set maps under the wave operator to a dense set in the set of scattering states. After
the theorem we shall give under more restrictive conditions more detailed information on the

set of scattering states for which the theorem holds.

The paper is organized as follows: In the next section we shall state the theorem. We shall
also give its formulation in covariant form, but we shall prove the theorem using the rest frame

of the dectector and the potential.

The following sections contain the proof of the theorem. We first prove the statement for
the free case (A = 0) and then for the case of nonzero potential. Both are done in section 3.
The proof relies almost entirely on the stationary phase method, which we need to adapt to
our purposes. The main lemma is lemma (3.1), whose lengthy technical proof is put in the

Appendix 4.1.

The difficulty we have to face and which makes this paper not a simple generalization of the
results in the Schrodinger situation is, that the time evolution with the Dirac hamiltonian is
not of a "nice” form for the stationary phase method to be easily applied to. The Schrodinger
case is easier. On the other hand, the expression for the flux needs no differentiability of the
wavefunction and one might be lead to believe, that to describe scattering in the relativistic
regime is simpler—in particular less restrictive theorems should result. One may even get the
idea, that asymptotic completeness and the flux across surfaces theorem become more or less
equivalent statements in the relativistic regime. But we are far from that. Nevertheless, that
we require smoothness and good decay on the potential may well be due to our method of

proof.

We also need information about the generalized eigenfunctions of the Dirac hamiltonian
with external potential, see Lemma 3.4, whose proof is also put into the Appendix 4.3. The

appendix, which in fact is almost half of the paper, contains other tedious technical details.

Acknowledgement: Very helpful discussions with Stefan Teufel are gratefully acknowledged.
We would also like to thank the referee for a very critical reading of the manuscript, which let

to a clear improvement of the paper.



2 The Theorem

The flux-across-surfaces theorem deals with the flux j integrated over a spherical surface at a

far distance and asserts that

1. the absolute value of the flux and the flux itself yield the same asymptotics, allowing to

interpret the flux integral as crossing probability [5, 4],

2. the crossing probability equals the probability for the momentum to lie within the cone

defined by the surface.

Theorem 2.1 Let ¢ be a scattering state with outgoing free asymptotic 121\0“, whose Fourier
transform ﬁout lies in G(cf. 7). Let R?dQ be the surface element at distance R with solid angle
differential dQ) and let n denote the outward normal of the surface element. Furthermore let S

be a subset of the unit sphere. Then for all t; € R:

R—o0 R—o0

. OC . 2 o . > . . 2

lim /S/tL J(R,H)dER*dQY = lim /S/tl J(R,t) - ndtR=dQ

— [ [ o). sl ®)
sJo

Observing that || Dout || (k) does not depend on time, we can choose a coordinate system
t' =t —t;, so that we may for definiteness always put t; = 0 in (8).
The conditions on ., can be translated into more detailed conditions on the scattering

states under more restrictive conditions on the potential: Let

Condition B | 0" A(x) |€ L*(R?) ¥n € {0,1,2...} IM|Ax)| < M{z)~° .
Then (for the proof see Appendix 4.4)

Lemma 2.2

{b\out(k) € g a4 ¢(X) € é (9)



where G is the space of functions 1 (x) € Hae with 23V ")(x) € L? for all j = 0,1,2; n € Ny,
where ¥:= —i Z?:l ).

2.1 Covariant form of the theorem

As we deal with a relativistic regime, it might be of interest to have also a covariant formulation

of the theorem. As (@Zaut, @OUQ is not conserved under Lorentz function we use

LI (k) = (K + m?) T dou (k) ,

of which it is known, that (=L, ¢LL) is a Lorentz-scalar (see for instance [9]). Then the

flux-across-surfaces theorem reads in a general and covariant way:

Theorem 2.3 Let the conditions of Theorem 2.1 be satisfied. Let

3
LOY = ToYo — Zl‘jyj

j=1
be the Minkowski scalar product. Then for any subspace Z C {z |z ox = m2} c R* and any

smooth scalar function n(z), nonequal to zero for all x:

lim ﬂwm%=/@%@ﬁ%@wr (10)
A—00 JZ(n) ~ z

where

ZN) ={y|eZ:y= @)z} CR!

and do is the invariant measure on Z, do the invariant measure on Z and n is the vector
orthogonal on Z with Lorentz length one.

This formulation may perhaps not be directly guessed, but once one understands its basics
like (19), this formulation becomes clear: The arbitrariness of the scalar function n follows

directly from (19), observing that

Jlim YOk = lim ¢(n(k)E).



Physically this is related to the fact, that (on big scales) it is possible to ”catch” any part
of the wave-function in different ways (for example by using a detector which is ”close” and
catches the wavefunction at an ”early” time or one uses a far detector at a later time-interval).

Let us explain how (8) follows from (10). We choose a set Z whose projection on the

t = O-subspace is a cone with angular distribution S:

Z:{E|%€S}H{E0E:m2}.

The invariant measure on the mass hyperboloid do = % we get for the right hand side
of (10)
[ @50, 3500 = [ [ G (09 T b (1)
z 0

For the left hand side of (10) we take:

=1 w0,

As both integrands in (10) are bounded, a small neighborhood of x = 0 can be neglected. For

constant A, Z represents a radial surface with arbitrary time ¢ > 0. So we have:

lim j(x)ondo = lim // F(R, t)dtR2dS) . (12)
A—o00 Z(A)7 R— s Jt,
3 The proof

3.1 Scattering into cones heuristics

The flux-across-surfaces theorem is based on an asymptotic connection between the shape of
the wavefunction in momentum space and in ordinary space. This is often referred to as the
scattering into cones theorem, which has been proven for non-relativistic particles by Dollard
[7]. For that one chooses a certain parameterization of R* and evaluates the wavefunction, as
the parameter of the parameterizations goes to infinity. In the non-relativistic case, it is easiest
to choose time as the parameter of the parameterization. In the relativistic case it is simplest

to have lorentz-invariant three-dimensional subspaces of the time-like part of R* as leaves of



the parametrization®

. This can easily be done, by choosing a lorentz-vector as argument of

¥, ie. a vector z with z oz = 22 —x-x = Am?. Set ¥(A\k) = ¥(x = Ak, t = \Wk2 +m?).

We denote the two different eigenstates of momentum k of the free Hamiltonian with positive

energy by ¢y, whereas the s labels the two different spins our electron may have. In the

standard representation these eigenstates can be written as:

where the sy, are:

Ej 0
811( = (QE}CE]C)_% 0 Si = (2EkEk)_% B 5
k}l k—
k+ —k1
where
ki:k‘giik’;g Ek:Ek+m Ek:\/k2+m2.

(For a detailed calculation of these spinors see ([14]))

The asymptotics result from a stationary phase analysis:

U(t = AW E?2 +m?2)Y(Xk,0)

2
— Ze—iHX\/ k2+m? /(27_‘_)_%90;/()\1()&3(1{/)(13]{/

s=1

P(Ak)

2
— Z e—iH)x\/ k2+m?2 /(27T)—%eik/~/\k8ii/ As (k/)d3k/ .

s=1

For convenience we define:

IWe only parameterize the time-like region, as for big time-scales the main part of our wavefunction will be

in this region.



2
P(K) =D s (K).
s=1

This leads to:

w()‘k) _ e—in\\/k2+m2 /(27r)—%eik/~)\k,$(k/)d3k/

- / (2m) 72 T AVRTEMIVETEE R G 1) @B (14)

In view of the stationary phase method, in the limit A — oo only a small neighborhood of the

stationary point of the phase function

hK') = (VE? + m2Vk2 + m2 — K - k)

will be relevant for the integral. The stationary point is given by:

Vk/h(ksmt) =0= kstat =k (15)

Without loss of generality we can set ko = k3 = 0. Near the stationary point the phase is to

second order:

2

i 2 2. /12 2 _ ¥ k)~ —i\(m2 m
INVE? +m2VE2 +m ) iA(m +2(k2+m2)

1
(k) = k)* + 5 (k5" + k57)

This in equation(14) leads to

YOk) ~ / (2m) =3 e A A W SR faen oy

and replacing 1} (k') by " (k) we obtain by integrating the gaussian

10



We shall state now the stationary phase result in a some what more general setting, to cover

also applications to the potential case considered later:

3.2 The stationary phase

Lemma 3.1 Let X be in G (see(7)) and let the “phase function” g be

)= R R4 a | K| =y K.
y

Let Kgiqr be the stationary point of the phase-function:

v!](kstat) =0.

Then there exist Cy € C,Ca,C3 € R s0, that for all x with || &x ||s<|| X |ls for j = 0,1,2
andy € R3:
(a) Fora=0

I [ e O = Cop (K)o < Can ™. (16)

For phase functions without stationary point C1 = 0, otherwise we can choose

P 5
Cl = (—27ri)%e_iﬂg(kstat) (kitat+m2)4 .

m

(b) Fora>0

n/‘”g HfWH<C%j?wnx<m»m+|a|w%nnmmnu+®u”-
(7)

For phase functions without stationary point C; = C3 =0
Moreover the C; are uniformly bounded for all x, a andy.

In our application in the case a # 0, ksqr Will be of order u~! so that the | C; |-term and

the Cs-term are of the same order.

11



This statement is a slight adaptation to our situation of a theorem of Hormander [10], and

its proof in the appendix 4.1.

3.3 Scattering into cones for a free particle

Applying Lemma 3.1 to (14) we choose:

W= /\\/m; a=0;y= Kk k') = (27T)7%7Z(k/)

VEZ +m?’ X
and calculate the stationary point kgtq::
k
stat —y = 0
V k?tat +m?2
k?mt = yz(kfmt + mz)
ym
kstar = T
I—y

obtaining

Corollary 3.2 (”Scattering into cones”) There exists a constant C < 0o so that for allk € R?

—iam? R k2
10D = T 9y g + 1< OX72.

Note, that this implies

) 3 ~ k2
Jim_sup((| VXU [l = [ bk 5 + 1) =0 (18)

For the flux-across-surfaces theorem we need the asymptotics of the relativistic quantum
flux (5) of the particle. Since all the a; are bounded matrices and ¢ € G, we obtain from (5)

and (18) for the flux:

12



- . 2
Jim sup | Ai(A) = (909, ard(0) (- +1) [= 0. (19)

Next observe (see the appendix 4.2), that:

~ ~ k PR
k), k)) = —— ,(k 20
(500) 0(00) = s (0(0), () (20)
Thus we get the uniform bound:
Corollary 3.3
Ve >0 JAeR:
sup | A§(Mk) — (1(k), ¢ (k) W +m?|<e. (21)
Kk

Observe, that after a long time of propagation, the flux at x = Ak will always be parallel to k.

So in the limit ¢ — oo it will always point away from the origin of the coordinate system.

3.4 Flux across surfaces for a free particle

Theorem 2.1 reads in this case

Jim // j(R,t) - ndtR%dQ — // k) k?dkd =0 (22)

and

Jim / / i(R,t)dtR*dQ) — / / k) k?dkdQ =0 . (23)

In the following, we will prove (22) by inserting the longtime asymptotic (21) for j and showing,
that the integral of the error we get by this approximation tends to zero in the limit R — oo.

Now, the long time asymptotic of j is parallel to the normal n of the radial surface. Therefore

13



the longtime asymptotic of j is equal to the longtime asymptotic of j - n. More detailed, one
sees that using the approximation (21) for j in (22) and (23), the bound on the error terms in
(22) and (23) arising from (21) are equal.

So the proof of (23) is essentially the same as for (22) and we shall concentrate only on
showing (22).

The left side of (22) includes an integral over t, whereas the right hand side is integrated
over k. We therefore substitute for t in the first term, to get integration over k, too. Since A

plays the role of a time parameter it is natural to substitute:
with

But this substitution is only possible in the time-like region (¢ > R). So we first handle
the integral starting at ¢t = R, later we deal with the space-like part of the integral. Then,

substituting t by k, we obtain

/S/ROOJ(R,t)-ndtRQdQ - // Ny \/;kzdkdg
[3 /0 J‘<A<k>k,x(k>m> (k)RS

k% +m?

The integrand is now in the form that we can replace it by the asymptotic in (21).

It turns out however, that the error in the integrand will be ~ \/ﬁ which is not inte-
grable, therefore the replacement is not straight forward. We separate large momenta k > X
and small momenta k < X. In the following we choose X > m. Given X and Ry = A\ X

Ry Ry

< —_— = > = —.
E<X e 2 =Ak) 20 =3

Then by (21) for small momenta (kK < X < ¢ > Ry/1+ "X%)

14



Ve >0 JdRy € R VR > Ry

] X R R .
|/S/R\/1+mz (J(R,t) -ndtR —/ (W (k), ¥ (k))k?)dkd | (24)

j(AE, AWV EZ 4+ m?)  n——
| / / " \/k2 + m2
km?2e

— (¢ (k), (k) k>dkdS |

IN

where

X
X):=4n / —=dk
) o VEk%2+m?
Given X we can take e arbitrarily small, choosing R, large enough, so that the r.h.s. of (24)

goes to zero. Thus

lim lim / / j(R,t) - ndtR%dQ — / / k))k?dkdS |= 0 (25)
X—»ooR—>oo R\/1+m

For the large momenta note that by virtue of QZ eg:

lim / / (1h(k), (k) k2 dkd = 0 (26)

X —o00

and all it remains to show is that

‘I77,2

Ry/1+
lim lim / / j(R,t) -ndtR*dQ =0 (27)
X —o00 R—oo 0

where we also included the time integration outside the light cone, which we excluded in the

substitution.

We first estimate the part of the integral (27) that lies in the space-like region (more precisely:
€ [0, R]) then we estimate the time-like part near the light cone ( ¢ € [R, R\/1+ 25]). That

is, we first show that

15



R—o0

R
lim / / j(R,t) - ndtR?dQ =0 . (28)
0

That this holds is physically related to the fact, that a particle moves slower than light, so
for big time and space scales the main part of the wavefunction will be inside the light cone.
This follows from a straightforward application of the stationary phase method, outside of the

stationary point, choosing a special coordinate system, where the ki-coordinate is along the

direction x. Two partial integrations lead to:

locna) e = | [ ot =FEm gk,

=1 / (2m) Fe i)k |,

7% w 31/}/9// 3¢g//2 u)g/// d3
= xQ || 72 - g/3 + g/4 g ) ||s

where

g:=(VE2+m2n— k) f=0kf.

Since

g =l =2l = >0
vVkZ+m k*>+m

it follows:

I () o< (2m) 2 2 (29)

uniform in n < 1. Hence

R
Jim / / j(R,t) - ndtR*dS

< A4r hm/ Il ¥(x,t) ||2dtR2<—C' hm R3R4:0

16



It is left to prove that the second part of the integral in (27) goes to zero, i.e. that

X —00 R—o0

R\/1+j
Jim_ lim / / j(R,t) - ndtR?*dQ = 0.

The scalar norm of ¥ (x,t) is

” ’l/)(X t HS — ” / 2’/T —56—1\/k2+m t+lkx1/1d3k ”S

= || [m) te ETE G,

Applying Lemma 3.1 with

p=ta=0;y=r; x(k')=2r) 2K

we have by (16), that:

I / B D() B Oyt D) || < ot =2

As 12 is bounded, we have:

IMeR:Vt>R | (x,t) [ls=| /e*iEkt”k'xJ(k)dSk o< Mt 2 .

So

MR2

|/ j(R,t) - nR%dQ |< 47
S
So we can write:

17



Ry/1+23
|// (R, 1) - ndtR2dQ |
SJR
2 2

< 2MMRARTP - R (1+ 55) ") =2aM(1- (1+ 25)7) .

This term goes to zero as X — oo

3.5 The flux-across-surfaces theorem with potential
3.5.1 Generalized Eigenfunctions for the Dirac equation with potential

For the proof of the free flux-across-surfaces theorem we used the ¢}, as basis of the Hilbert

space. In the potential case we adopt a new basis for doing calculations.

Like in the free case, we again get four linear independent eigenfunctions for each k, two
of them have positive energy-eigenvalue E;ig = E, = Vk? + m2, two of them have negative

energy-eigenvalue E,iig = —FE). We denote by @j (x) the eigenfunctions with s € {1, 2}:

Eygi(x) = (Ho + A@r(x) - (32)

The corresponding Lipmann Schwinger equation reads:

Pi(x) = k() + (B — Ho) ™' AZg (%) - (33)

We replace the formal expression (Ey — Hg) ™! by the integral kernel Gﬁ:

(BEx — Ho)Gf (x —x') = 0(x—x) . (34)

The explicit form for G} (x — x’) can be found in [14]:

18



Thus:

Bo(x) = /44 )G (x — x) B (') (36)

For S;f, defined in (35), we have:

3 3
i 1 T B r
|05k | = |Eai(_Ek_Zajk;j—ﬁm+x IZO‘J’;”
= =
= Ek-i-Za] —|—Bm|

for j =0,1,2. For z > 1 we have

T
1< 1

211G

and for such x, observing, that 6‘,1Ek > 0 and k enters linearly in the second term, it follows,

that
| 918t 1<l aﬂ Ek—i—ZaJ (k+1)+ fm) |
j=1
Thus with
3

~ 1

St = E(EkJrZaj(kJr 1) + Bm) (37)
we have:

| 915 1<| 915} | (38)

for j=0,1,2, x > 1.
For the next steps we need some properties of the generalized eigenfunctions. We summarize

these properties in the following Lemma which is proven in the Appendix 4.3:

Lemma 3.4 Let 4 satisfy Condition A (3). Then there exist unique solutions ¢y (x) of (36)
for all k € R3, such that:

19



(a) For any k € R?, s = 1,2 the functions @;.(x) are Hélder continuous of degree 1 in x
(b) Any ¢y.(x) which is a solution of (36) automatically satisfies (32).

(¢) The functions

Ce(x) = Pi(x) — pi(x) (39)

are infinitely often continuously differentiable with respect to k, furthermore we have for

Jj € N and any multi-index v with | v |< 2 :

i) sup [l a¢g(x) [s< o0

x€R3
) sup || o Gix)

— || <
x€R3 k|$+1‘j71 o<t o0

S
) sup || kw_ngﬁ);1 |s< oo .
x€R3 ‘ r+1 |J

(d) The @5.(x) form a basis of the space of scattering states, i.e. for scattering states ¥(x,t):

2

V(1) = / (2m) 2 VEET G (x) our, s (K) Ak (40)
Gl = [ 27 F Gl ) (41)

where zZout’s(k) is the fourier transform of You = Q1.

3.5.2 Flux-across-surfaces for the Dirac-equation with potential

We prove now Theorem 2.1. As in the free case only the equality of the second and third
integral is shown. From the nature of the estimates in the proof it will become evident, that
essentially by the same argument as in the free case, the first equality can be established, and
we do not say anything more to that.

We again split our flux integral into two parts, one inside the light-cone (from R to co) and
one outside the light-cone (from 0 to R), where the main contribution comes from the times

t > R, i.e. we prove that

20



i) lim | / / i(R,t) - ndtR>d) — / / (Yout (K), Yout (K)Vk2dkdQ |= 0

R—o0
lim / / (R,t) - ndtR*dQ =0 (42)

R—oo

We start with i):

According to (40)

Y(x,t) :Z/(ZW 2 - k2+'m,2t~s( )woutS( )d &’k .

Setting
wout Z Sk’wout s k/

and using (36) with (39) we get:

vot) = [em e IR 0
5 Zk|x—x | ) , N
—/(27?) zem VR t/msﬁ(X—X')A(X')ezk'x APz out (k) d°k
zk\x x'|

_ Z/ 271' —5 —ivVEk2+m?2t | — |Sk+(X _ XI)A(X/)Ci(XI)d?’x/{[J\out,s(k)dgk

= Sp+51+5. (43)

S is the propagation of the free outgoing state. The free Flux-Across-Surfaces-Theorem yields

therefore:

R—o00

lim | / / (S0, So) - ndtR2d) — / / (out (K), Yout (K) ) E2dkdQ |= 0
sJR 570
Hence for (42)(i) it remains to show, that (using 5):

21



lim / /Oo(j(R, t) — (So, @Sp)) - ndt R*dS

R—oo Jg

2

o 2
= lim // (Y-S5, 8;) = (So,Sp)) - ndtR2dQ)
fimeoJs =0 =0
. 2 2
- lm / / (S 85) + (3 8, ) - mdtR2d = 0 .
R—oo Jg JR = =
By Schwartz-inequality we need only show:

o) 2
lim // W || S ||s dtR%2dQ =0 . 44
i [ ngy|w (44)

We first want to estimate || S; ||s. Recalling (43) we get by Fubinis theorem:

ik|x—x| ) , R
S, = / (27) 2 iVETEmMAL 7|6 lls,j(x—x')A(x’)e@k'x A3z hous (k) d2k
X —X
e . ~
// 271' _56_Z k2 m? tmslj(x — X/)A(X,)eﬂ(.x dgl‘/’(/}out(k)dgk

- / (2m)" %ﬁgl(x,x')zﬂ(x’)d?’x'

where

§1 (X7XI> _ /(27T)—5e—z\/k2+m t zk|x x \SJr( X/)eikx’d3‘,L,/,{[J\0ut (k)d3k . (45)

Next we use Lemma 3.1, setting:

p=ta=t""]x—x|;y=t"x; K =k x(K) = 2r) 5} (x - x)o(K) .

With regard to (38), the function

x(k) = (2m)E 50 ()
satisfies the properties we need in (17). Furthermore we observe that for the stationary point:
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kstat

V kgtut +m?2

Il
=

+a—vy

kstat = kgtat +m? (y - a’) .

So we can estimate kgzqp by:

kstar = /K2 +m2t 2 — | x — X' |) < \/kZ +m2at™! .

(46)

Hence by (17) we obtain for (45) that there exists M; < oo, bounding in particular

k2, + m?2X(Kiq1), which is bounded by the choice of @Zout € G and incorporating also the

constants C7 and Cs, uniformly in y and a so that:

IS 1l

IN

| M1 +x%)/f

Mit™ 2 Pi(X) —p—0 0.

That the function P; goes to zero in the limit x — co may be seen as follows:

For any function f(x) € L* with limsup,_, . | #3f(x) |< co we have:

. 1
Jg&m | /|X_X/|f(x’)d3x' |

1 .
< i [ ] fecox) |
. 1 ! 3./ 1 ! 3,/

= lim z( | —f(x—x')[d°z" + | —f(x—x')|d’")

e By RN\B(0,3) ¥

~ 1 2

< lim z(sup{| f(x) |}/ —d®2 + f/ | f(x—x) | d®2')

oo any B0.3) T * Jrns.5)

1 ~

< lim -2 sup{| f(X) |} + lim 2/ | f(x —x') | d®2’ < o0

r—00 8 i>z T—00 R3\ B(0,

2)

where B(a,r) means the ball with center a and radius r.
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Next we estimate || Sz ||s. According to (43) we can write it down as:

2 3 . 5 5 1k|x x| S Xl ~
-3 / (2m) 3 VI [ E St )+ DA S 515, ()%

Therefore we again use Lemma 3.1, setting:

/

2 g N
p=ta=t"(x—x|);y=0 K =k x(k)= %Z ‘: (% = X )Your s (K) -

With regard to (38) and Lemma 3.4(c) there exists a Ms < 0o, so that the function

X = (2m) 72 My S (K)
satisfies the properties we need in Lemma 3.1.

Since our phase function has no stationary point we get with (17):

1
150 122 Mot | [ @+ DA |= Mot~ Pafo) =0

Choosing (z'41) A(x’) for f in the most left side of (48), one can see, that z Py (x) is bounded, so

P; goes to zero in the limit x — co. Since Sy is the analogue of the freely evolving wavefunction,

we have by Corollary 3.2:

I So lls< Mot~ . (49)

We use the estimates (49), (47) and (49) in the right side of (44) and get, defining M :=

My + My + My:
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o) 2
lim // P ||s S; ||s)dtR?d
R%OOISR(II HII;;II) |

< Jim M?(Py(R) + Po(R))t 3dtR? < Jim 3M?*(Py(R) + P;(R)) =0
— 00 R — 00

and (44) is proved.

Like in the free case, (42 ii) follows directly from an analogous argument which used equation

(29), thus we prove (29) for the case at hand. Since in (42 ii) we need only estimates of the

wavefunction for times ¢ < x we have in view of (43), setting ¢ = nz with 0 < 7 <1 and using

Fubinis Theorem:

Y(x,nz) = / (2m) e iVETEmInstikx, (k) @Bk

7//efix/k2+m2n:r+ik\xfx'|+ik~x’ A(X')Sf:(x — X )Yous (k) Brd32

(2m)2 | x — X' |

(21)? | x —x'|

2 s >
_ Z / / efi\/mnm+ik|x7x’| A(Xl)Ck(X/>Sli_ (X B X/)wout,s (k) dBdeCC/
s=1

= Sp+S51+5;.

For Sy we have (29), for the other summands we define:

5 [l e VR 0 5 ) B
2
§2 = Z /(277)*%e*i\/k2+m2nm+ik|x7x"+ik-x/efik-xlcli(x/)sli- (X _ X/)qzout,s(k)dgk )
s=1

So we have for S;, j=1;2:

. AX)
SJ:—/SJ|X_X/|d3.’I}I

We can estimate the §j by two partial integrations. One can easily see, that the phase functions

of §j have no stationary point. This leads to:
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ISills =1l /(QW)%f”g(k)Xj(&X’,k)d3kz s

1 -3 _ix 1 X
= ol fent q<k>ak1<—,aklg—f>d3k I

i

3 3
= 2l e - B By,
9"

g/3
where
| x/
o) = BTy k x
Xl(X,X/,k) = S;(X X)'szout( )
2
xe(x,x', k) = Ze kx5 (x) St (x = X ) ot s (K)
s=1
g = Ong
Since
I T T T
T kx k2 + m?2 k' x T %2 + m2
k1 k
> —(1— —)>0
= W+m?)

¢" is bounded and due to Lemma 3.4 the x; are bounded, we can find Cy < oo with:

2
Cy
ZSJ§—2.

j=1

So x? Z?Zl S; is bounded (see 48) and the analogue of (29) is proved.
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4 Appendix

4.1 Proof of Lemma(3.1)

We consider for a family of phase functions g, which we should think of being indexed by

a>0y:

gk)=vVEk2+m2+alk|-y-k

the integral

I:= / e~ 1)y (k)d*k

where x € G (see7).

We shall find its asymptotic behavior as a function of . In major parts we will recall
the proof of theorem 7.7.5 in the book of Hérmander [10], which unfortunately is formulated
for compactly supported x and which moreover does not give uniformity over the family,
i.e. uniformity in a,y which we need. The compactness can easily be handled but for the
uniformity we must invoke the special form of the family of phase functions g and we shall give
the argument here.

The stationary points of the phase functions are given by:

kstat kstat

"(Ksta = +a —y=0
9 (Kstat) 2t m? Kearar y
kitat = (kgtat + mQ)(y - a)2
m(y —a
by = My —a)
1—(y—a)?
kstat H Yy - (50)

Since kg is a function of a and y, we sometimes use the phrase: uniform in kgt to express

uniformity in a and y. (I) For y > a+1 there is no stationary point and for y = a the stationary

point is at kgqr = 0.
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First we handle the family where y € [a + %; a + 1[. These phase-functions do exactly have

one stationary point bounded away from zero:

m(y — a) m

kstat = > —= ol
=g (51)

3

Later we will handle phase functions, where the stationary point is close to zero and phase-
functions without stationary point.

We choose a coordinate system, where the kj-direction is parallel to y. So the stationary
points will have the coordinates (kstqt,0,0). To estimate the integral, we separate from the
integral the contribution coming from near the stationary point. This part of integral includes
the leading term. Therefore we define a smooth function py_,,, which is one near the stationary
points and zero away from the stationary point. (We shall omit further on for ease of notation
the index ksiqt)-

More precisely we define the compact set Q by:

ks a
keQeak e [%,%Sm] Ako ks € [—1,1]

and choose

p(k) =1 vk € Q (52)

falling quickly off to zero outside of Q, lets say

pk) =0 vk ¢ Qe (53)

where Q. is some e-neighborhood of @ for some ¢ > 0. With the help of p we can split

X = X1 + X2 by defining:
X1 = px x2 == (1—p)x

I = [ em 909y, (k)dPk I = [em 190, (k)d*k .

This split has the following advantages:

The compactly supported x; includes the stationary point, so I; can be estimated the same
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way as in Hérmanders theorem, but with focus on the uniformity of the estimates. xo is zero
near the stationary point, so I, can be easily estimated by partial integrations. p has been
defined in such a way, that we may estimate the terms we get by the partial integrations

uniform in kgiqe.

We start with I3. We move the stationary point to the center of our coordinate system
setting k' := k — kgat, i.e. g(k) becomes g(k') = g(k’ + kgtqr). Slightly abusing notation we

simply write g(k’) for g. By Taylor’s formula we obtain a function f:

M + f(k') , (54)

where £ ,(leg,,) bounded.

Computing the second-order terms of g(k’) we find that only diagonal terms survive at

(kstat7 0, 0) and

(“),3;9(k’ = 0) = a]ig(k = kstat)

_ kj kj
= (8kj(\/ﬁ + a=r Y1) [k=k,ra0
B2 k2 4m? k2 — k2
= \/]€2j—23 ta—pg L) Ji=korar (55)
+m

so that

2 2
. +m 1
02 gk =0) = Fstar +a forj =2,3
J

3
/1.2 2 k
kstat +m stat

m2

gk =0) = ———. (56)

3
V k?tat +m?2

We define: 3 ) ) o
2= 0 ;g(k = 0)]

92(19, 9) = k’z

(57)

By this definition, go does only depend on the angular, not on the radial coordinate of k’.

Using (57) in (54), we may write
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g(K') = 9(0) + L K242(0,6) + F(K) (5%)

Furthermore for s € [0,1] set:

9o = 9(0) + LK?02(0,6) + 51 () (59)

and

I(s) = /e‘i“gs(k/)xl(k’)d?’k’ :

Note that g = g1, I; = I(1). By Taylor’s Formula there exits £ < 1 so that:

I = I(1) = 1(0) + 8,I(s) ¢ - (60)

We begin with 7(0), introducing spherical coordinates. With slight abuse of notation: (leaving

the notation for the functions unchanged)

1(0) = /e—iu(g(0)+%k'zgz(ﬁ79))xl(k/’79’g)k@dk/dQ .

Writing x1 = x(k' = 0) + X the integral splits into:

e OISR OO 9, 6)k>dk' dQ =: I} + 17 . (61)

100) = / e 9O+ k%92 (9.0) y (k! = 0)k"2dk’ Q2
-

The integral I{ is a gaussian integral, which includes the leading term:
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o= / e~ i(aO) 020,00 (1 = 0)k'2dR! dO)

/ o T EI= 300K ig(0) (17 02K

3
3 s _1
(2m) S 890 ([T 02, g0 = 0)) S x(lr)
j=1

For a = 0 the 6,%2 g(k’ = 0) terms can be easily calculated. We get:

J

8133.9(1{ = kstat)
p kj | B k%2 4+ m? — kf
RE e et VRt m2

k=Kkstat -

So we get:

3

| | 8£,g(k’ — 0) — mZ(kgtat +m2)2 — m2
J
j=1

9 5
V kgtat +m? V kgtat +m?

I} is the leading term of our integral. For a = 0 we get the desired value for C; (3.1).

For I? put:

o(K',9,0) == X(K',9,0)k"

which is bounded and smooth.

112 — /671’“(9(0)‘%%k,292(79,9))¢(k/’19’ a)klddkldQ )

One partial integration leads to:

L1302 k/ 19 9)]{:/3
s = pt “inik0a(0.0) g, AEL D ORT ) s
121 = e O gata,gy N
/ 12 / /
= u /eﬁu%k’ g2(9.0) O 0K, 9, O)k™ + 26(K', 0, 0O)K' ;) s -
92(1979)
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So another partial integration is possible:

. e O b (K, 0,0 k™ + 26(K, 9, )k
12 s = 2 /6 ingk gg(ﬂﬂ)al k )
45l w | b ( k(g2 (0, 0))2
12 'd(K 09,0k + 2¢0(K' 9,0
— /~L72 || /6*74#516 g2(19,9)ak/(ak ( (7 )( +)) (rb( ))dk/dQ ||s

,2 Op @ k , ¥ g)k/+2¢(k/ 19, ) ,
|| / O ( R VK'dS) ||, (64)

Jdk'd |,

IN

With our definition of Q, the support of the integrand increases and g2 (¥, 0) decreases poly-
nomially with kgq: (see (56) and (57)). While the support moves away from the center of our
coordinate system. But X = x — x(kstet) and its derivatives decay faster in kg than any
power, so we get a constant C uniform in kgzqr with:

I <pC.

For I it is left to estimate 05I(s) |¢:

DI (s) |e= / —ipf (k0,0 19RO (K 9, 0)K2dk dS) . (65)

By Taylor’s formula we can define:

F(K,9,0) == f(K,0,0)k' gk, 0,0) == k' O ge (K, 0,0)

and thus:

81 (s) |e= / —ipf (K, 0,0)e 9K 00 (1 9 0)k">dk' dSY . (66)

On Q. (see below (53), g is infinitely often differentiable. So these functions are well defined
and bounded on Q..

To estimate the integral by partial integrations we have to assure, that g has only one

stationary point, which is kst = 0 as one easily sees from (67).

32



By (59):

g = 9K = 0) 4 320a(0.6) + €)= €9+ (1= &) (98 =0+ JFm(0.0)) . (67

Looking at

1
8,%/95 == fai/g + (1 - 6)813/ §]€/292

we observe, that

dkg = 0% (\/k’2 — 2k kgiqr cos(V) + k2, +m2 + a\/k’2 — 2K kstar cos(V) + k2, —y - k')
O k" — Egpar cos(9) ta k' — kgpar cos(9) )
VE? = 2k kgtar cos(V) + k2ap +m2 /K2 — 2K kgpar cos(9) + k20
_ (1 = cos(¥9)?) kG +m? +a (1 = cos(9)?)kZas >0.

VEZ — 2 Kt COS(0) + Ky + 12 /K2 — 2 kegtar cOS(0) + K2y

And for k € Q., k; is positive, so the angular component ¥ €] — 7, [, we also have, that
on Q. also g is positive. Since £ € [0;1] it follows, that 02, g¢ is positive, so Ok ge is strictly
monotonous on (. and has only one stationary point. Recalling the definition of § (see 66) we

see, that g is bounded away from zero.

Now we can estimate the integral (66). By partial integration

FE',9,0)x1 (K, 0, 0)k"

sI _ 7i,ug§(k',19,0) , / Q)
D.1(s) |e /e % e dk'd
_ —ipge (K',9,0) , f(k/71979)X1(k/7?97 9) k/4 4f(kl71979)X1(k1a19a 9) k/3dk/dQ

/e O 5w, 0,0 e ) |
Setting

s f(k/71979)xl(k/,’(9,g) f(klvﬁve)m(k/,ﬂ,@)

! 0) := ’ ! 4
Y(k',9,0) == 0O h0.0) K + SH0.0) (68)
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Hence

DsI(s) |e= / e 9 (W00 (1! 9 0) KBk dS) .

This term is similar to (63). The only differences are, that we have zz instead of ¢ and g¢

instead of gg.

So with the same estimate as in (63) we get:

_ A b(K 0, 0K + 20K, 9,0
l0.1(s) e 2 | [ o AHEEBEL S D . (69)

This term again has uniform bound in kg;4¢, as its support moves away from the center of the

coordinate system. So we get a constant C uniform in kg with:

10s1(s) lells< p=2C .

Now we estimate I(2) (54). As this integral includes no stationary point, two partial inte-
grations are possible without any problem, but we have to assure, that we can estimate the
factors we get by these partial integrations uniform in kgtq¢- To be able to find an uniform

estimate, we estimate the areas of y separately.

So we again split our integral:

I2 _ / efiug(k)XZ(k)dSk + / eiiﬂg(k)XQ(k)dgk
koy < Estat k1>2kstat

2
+ / e~ 190y, (k)d3k + / e~ 190 vy (k)d*k
kleB;|k2|>1 k1€B;‘k2‘<1;|k§3|>1

= L+E+L+I

where B := [ksé‘“ i 2kstat)-

The integrals I3 and I3 we estimate by two partial integrations under the k;-integral. This

leads to:
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123 s

IN

-2 R xz2 (k) 3.
] el

— 2 2
sl DAL 22 St AN
ki< staf g g

_ 1 x2(k)
2, < 2/ O (=0 . Pk
|| 2 || 2 T H k(g/(k) k g/( )) ||

i)
_ M_2 H 3X2 +3X29 _3X29 ||é B3k (70)
k1 >2k gt g’
1 stat

where §(k) := 0, g(K); ¢/ (k) := dpg(k)

At first sight these estimates do not seem to be uniform in a and y. In fact

2 k2 k2
m +a2+3

VR rmr R

and

m2

VE+m?

are bounded on the area of integration. So it is left to show, that we can find functions h; with

9" (k) =

j=1;2, which do not depend on a and y and which is bounded away from zero on IR*\Q with

for all a, y, k.

For this we estimate ¢ for ky < Estet. As § > 0, it follows, that (see (61))

k k 1
| g(k) =y — == —a7 > 5.
VEk2 +m? k=2
For kq <Oandbyv1rtuey>a+%2 %
For k; > 0 we estimate, using that y — a — ——ketat__ —
VK20 tm?2
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k1 k1 k1

0] = v e TR 2T T
> y—a— kstat kstat N kl
B \/kftat +m? \/kf’tat +m?  VE+m?
Kstat Ky

V k2 +m? - Vk? +m?
Fstar VRZ +m? — k1 k240 + m?
VE2 +m? \/k.gtat +m?
k2t (k2 +m?) — k2 (k2,40 +m?)
(Ftar VI 507 4 b R, 10 ) RE 02 R m

Recalling k € [0; Xatat]

31.2 2
sttatm

(k;stat\/k:Q +m2 + ki/k2,, + m2) VE +m2\/k2,, +m?
2

3m

As kgpor > % (see 51) it follows:

. 3m?
(k) | ——h.
8 (VE? +m? + 2k1) \/k? + m?
For k1 > 2kgiat, g’ is positive. Therefore similar as before:
G| = ——— - yeos(d)
g Vk? +m? Y
k ks a ks a
tat tat Ya—y

> _
T VR4 m? \/kgtat +m? \/kgtat +m?
k kstat - k\/ kztat + m2 — kstat\/m

\/k2+m27\/k§tat+m2 - VE2 +m2 /K2, +m?
_ k2 (KZiar +m?) — k200 (K> +m?) pk>m? —: hy(k)
(2 m2) (R +m?) = (B2 g m2)?
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Note, that h; and hy do not depend on a and y.
We can use this estimate in (70). As g¢” and g have uniform bounds in a and y we get

uniform estimates for I3 and I3:

.. ..2 . ..
oL < _2/ gX2 | g X20® | oX2§ | sy
H 2 ||s = B ey < Eogar ” h%—’_ h% + h? ”8
_ X2 X29 X29 3
< 2 325 +3 +3222 |, 3k
S u /IR?’ H h% hz11 hglg ”s
i 12 AN/
130 < w2 [ s st s, v
k1>2kstat 2 2 2
= =~ 12 =~ I
< u‘z/ I 3%+3><2hg4 +3XZ§ s d3k .
k> 2 2 2

Hence

I s + (113 [ls< p=2C

with a constant C uniform in kg q;.

The integrals I3 and I3 can be estimated in a similar way, partial integration now be done

with k‘z and k‘3

L ok 1 for j = 1;2
VE24+m?2 k2 T V24 m?2 k J

which is uniformly bounded away from zero on the area of integration.

| O, 9(k) |=

So we have a uniform constant C with:

12 < M_QC )
and the lemma is proven for y € [a + %,a + 1].
(IT) Next we prove the Lemma for y < a + 1/2.

We again have to assure, that all estimates are uniform in @ and y. In the last section the

main difficulty we had to solve was, that ¢’ near the stationary point was increasing with kgzq¢
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(recall that limy_,q41 Kstar = 00).

So on the first view it seems to be simple to have uniform estimates for y < a + 1/2 just
by setting @ = R3. But we have to face a new problem, which is, that the stationary point
may be very close to zero. This is problematical in the differentiation of k£ appearing in our
estimates.

For a = 0 this problem does not appear and the lemma is also proven for y < % with a = 0.

As the divergence only appears for small kgio we can set kgor < % (For kgpar > % the
estimates can be done very closely to the ones of (I), setting Q = R?).

We solve the problem by first ”cutting out” the stationary point. We split our integral:

efiug(k)x(k)di%k +/ e*iug(k)x(k)d?)k =1+ 1.
R\ B(0,vFstar)

I= /
B(0,vVkstat)
As kgiar < %, the stationary point is inside the ball.
We estimate I, writing it in spherical coordinates ”centered” around the stationary point,

by one partial integration:

Il < f )e_i“g(k/)x(k’)k’2dk’d9 Is

B X/kIZ 2Xk/ Xg//kIQ
| 1 1/ , = AT )dkdQ |
B(0,Vkstar) 9 g g

IN

As x € G all these terms are bounded, we have

|| Il ||SS Mﬂ_l V kstat

‘We now estimate I.
The first idea is to estimate this integral by two partial integrations. But the integrand still

1 is not bounded. So this procedure

comes ”very close” to the stationary point, where (g’)
will not yield uniform bound in a and y.
The trick to get uniform bound is to redo the split (60), (61) of (I) into the integral for

a+%<y<a+1.
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Iy = I} + IT + 051(s) |s=

now using k = 0 as the center for our Taylor-expansion. So we get:

o= / ¢i(s' Ok +3a" 00K (0)do
IR*\B(0,vEsrar)
o= / ¢/ Ok+39"OF) (3 (k) — x(0))kdkd
IR>\B(0,vFzrar)
OI(s) |sme = / M3 f(K)e% (k) x (k) k2 dkdS)
IR*\B(0,v/Fzrar)
where
'0) = i it = 0
g(0) = WM—ZJCOS( ) [k=0=a — y cos(?)
2
1
" 0 _ 62 — mi =
g"(0) Y k2+m23 k=0 m
_ 1 _
flk) = (g(k) = g(0) = g'(0)k — 59" (0)k*)k ™"
1 ~
ge(k) = 9(0)+g’(0)k+§g”(0)k2+§f(k)- (71)

As by similar argument concerning (67) ge has only one stationary point Kyrar. One can easily

see, that

k
g'(0) + ¢"(0)k = a — ycos(VI) + P > a —ycos(V) +

Furthermore we have, that:

ge(k) = (1= &)(g'(0) + g"(0)k) + &' (k) -

It follows, that



Therefore at k = Esmt (where by definition gé (Esmt) = 0) the ¢’ has to be negative. It follows

(recalling, that ¢’ increases monotonously on the kj-axis), that

0 S kstat é kstat .

For the same reasons we have the zero point k¢ of ¢'(0) + ¢”(0)k (i.e. kgt = — 7))

0 S Estat S kstat .

As the second derivative of gg (kstat) is not equal to zero, we can define a function g, with:

0<M<Ge:=| k—Kgar | 7' ge . (72)

The integral I includes the leading term. It can be estimated like (62). The other terms

can be estimated again by partial integrations. For that we define:

G = (x(k) — x(0)k? =: & Go = fk)x(k)E® =: Cok®

where 21,2 are bounded C'*°-functions.

We now make two partial integrations in I? and three partial integrations in 9,1(s) to get

the estimates

_ 1 G1
I?|, < p? 0, 0 dkdQ ||,
I | im0 2 Gor T w2 Gy & grope VR I
—2 ¢ ¢19"(0)
S— ) - dkdQ ||
L LS e e T E P B TS R
_ 1 1, G
| 0.1() el < w72 [ O (= 00— 01 22)) dkd€2 |
IR\ B(0,vkstar) 9e 9e Ye
1 / /!
. (Lo — 2% |,
IR\ B(0,v%star) 9e 9e g
7" C/g” C g/// Cg//2
= M—Q ” 3 k(%_ 2/45 - 2/?? +3 2/§ )dde HS :
R\B(O,vEarar)  9¢ 9e 9¢ [op
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So we can define functions f;, j = 1;...;5 which are bounded, with:

12l < w2 . O (frai + foq?)dkdQ ||
R\ B(0,vEstar)
1 0uI(s) lomells < w720 | O(f303 + fads + foa3)dkdQ ||
IR\ B(0,vFstar)
where
q1: i q i
1= Q= .
|k*kstat | |k_kstat |

So it is only left to show, that dpq; and dyqs are bounded on R? \ B(0, Vkstqr). But this is

easy:

1 1 k2 kstar cos(?
8k:q1:ak _ ( stat tat ( ))

2 - 3N 3 k2
\/1 _ gkstar 205(19) + k.;;;t \/1 . 2kstat205(’l9) + k»%;t

for k > \/kstqr this term has obviously uniform bound.
The derivative of g2 can be estimated in the same way. We only have to replace Esmt by

kstat~

(ITI) For y > a + 1 we have no stationary point any more. So two partial integrations are

possible without any problem. We again choose k; parallel to y

A

_ 1 xa(k) _ X xg”
I s 7u2/WMﬂm%ﬂmWM%=u2H@%a—w)mfk
X/g// Xg//l 12

1 i
_ -2 X X9
= K /||gi/272g/3 g3 - g3 +3

X9
g/4

Is &k

(f" means O, f).

This integral still depends on kgiqt- To get an estimate uniform in kgpqr we use:
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It follows:

| I |l.< ;ﬂ/ | %5 +3%

4.2 Proof of equation(20)

Xg//2 Xg/// 5 R
+3 1 + B |s &’k =: p==C .

For each k we have two eigenstates for electrons. These two eigenstates span the two dimen-

sional spinor subspace for electrons. In the standard representation of the Dirac matrices these

2

two spinors“ are:

(=)

k1

k+

where

kiZinikg EkZEk+m EL=VEk?24+m?2.

If we now take any linear combination of these spinors sx = axs' (k) + b(k)si and compute

for example (sf, a1sK), we get (see(2)):

(sioarsk) = ((a"(K)s" +b*(k)si), o1 (a(k)sy + b(k)sp))
Eu 0 k1 k—
= (0" (k) o) | D | TN e | )
k1 k+ By, 0
k= —k1 0 —E

= (a®(k) + b*(K))2E}k: -

2The spinors here are not normalized!
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With the normalization factor

(stsk) = (%K) +b2(K))(E2 + k?) = (a®(k) + b2(K))(E? 4 2Em + m? + k?)

(a2(K) + b2(K)) (2B (B +m)) = (a2(k) + B2(K)) (2 By)

we get:

* kl *
(8> a15K) = W<Sk’sk> .

Analogously we get:

* k *
(81, Qsk) = \/ﬁ<skask> .

By linearity (20) follows.

4.3 Proof of Lemma 3.4

(a)

To begin with, we consider the integral

W= [ —1 Sa!
16) = [ e 6 (73)

for bounded, integrable || f ||s and j=1;2.

For j=1 it has been proven by Ikebe [11], that I is Holder continuous. We extend this to

j=2. Therefore we need to estimate:

I(x+h)—I(x—h)

for arbitrary h with 2 < 7 (We do not need to focus on h > 1, as I(x) is bounded). We split

1
4

the integral into:
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I(x+h)—I(x—h)=

1 1 /
- - d3 /
/B(XA/E)(X'Fh—X’P |X—h—x/‘2)f(x) x

1 1
+ / — f(xd3x
et sovi X T2 [x—h-w /)

1 1
+/ ( - )f(xl)dgx/ =L+L+1Is.
R3\ B(x,1

ylx+h-—x"2 [x—h-x[?

For I; we have:

1
nhm§2wMMﬂmmy/ o
z€R3 B(x,Vh)

| x —x' |2 v

So we can find a constant M < oo, so that

H Il(xa h) Hsg M\/E Vh € Rg .

For I, we have, using | vh — h [< 3V

1 1
L, = — flx —x"d32" |,
Il = [ R R e
X —h?—|x+hP| 5,
< sup{l £ s &
sopd  swmpovm ¥ +hEx —hP
4ha’
< wpnﬂxm>/ &
z€R3{ ) Bx1)\BO,VR) | X +h[?[x—h|?
8h
<

swﬂw@wg/‘ Sh
z€R3 B(x,1)\B(0,vh) T

So we can find a constant M < oo, so that

| Ia(x,h) [|< MVh vh € R? .

For I3 we have, using similar reasoning as above:
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8h
Il s [ T ) ' <8 [ 1) L '

Since f is absolutely integrable, we can find a constant M < oo, so that

| Is(x,h) [|< Mh Vh € R? . (78)

We use this estimate on (36), observing, that Gy multiplied by AZ; is essentially of the

form of the integrals in (73).Therfore:

I #(x +h) = Gi(x) [ls< MVR VheR?. (79)

Now we want to focus on integrals of the form (73) for j=2 where f(x) satisfies:

I f(x+h) = f(x) [ls< MV . (80)

We do a similar splitting as in (74). Now we have for I, using (80):

Ll < | O ) = SO B

B(x,vh) |x—x

1
| / — _MVhda | .
B

xRy | X =% |?

N

Thus with an appropriate M < oo

| I;(x,h) || < Mh Vh € R?. (81)

For I? we have:
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( 1 1
BO\BO,VE) | X +h[? [x' —h[?

[ X' ~h[?—|[x'+h|?
BON\BOVE | X —h[?[x' +h[?

10, = | )f(x = x )" ||

| flx=x)d’ |5 .

Since the fraction under this integral is point-symmetric to zero, we can estimate the integral

by:

|X,*h|2*‘xl+h|2 / / 3./
130 < 0 f | | (Fx— ) — flx + %))’ ||,
2 BO,N\BOVE) | X —h]2[x' +h|? ’
!/ _ h 2 _ / h 2
S | | |X : | - ‘,x + 2| |M@d3x/ ||S
BO\BOVE) | X —h[?[x +h]
2h 3 7 ! 2h 3,/
< 4] =5 | MV22/d* |<| 167 MV2 | | —— | d% ||, .
BO\B(OVR) T Vi '3
So we can find a M < oo with:
| I3(x,h) ||,< Mh Vh e R? . (82)

For I3 we do the same estimations as before.

Applying this to (36) we obtain the Holder continuity of degree 1 for ¢j.

(b)
Assume that @3 (x) satisfies (36) and is Holder continuous of degree 1. Inserting ¢j (x) in

the right hand side of (32) leads to:

HEG) = (o + A (200 [ 406 (x - X))

(Ex + A(x))pic(x) = (Ho + A(x)) /A(X’)GT (x = x)@p(x)d’a" .

For (32) this term has to be equal to E@;.(x). So we have to prove, that
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(Hy - By) / G (x — X) A F ()P’ = AX)F()

In other words we have to prove, that with f Holder continuous of degree 1:
(Hy — Ek)/Gz(x —xXf(xd*x = f(x).

G} can be written as [14]:

ikx

4z

G;(X) = (Ho + Ek) =: (Ho + Ek)GkKG

with

(Ho — Ey)(Ho + Ex)GEC = (A - KH)GEC =6

So for (83) we need to show, that:

(HO_Ek)(HO+Ek)/GkKG(X_X/)f(X/)de, = (A—kQ)/GkKG(X—X’)f(X’)d?’x' =f(x).

We define for € > 0 the following function G%:

GS(x) := GEY(x) for . > ¢ Gi(x) = GEC(x)(1 —ez7) forz < ¢ .
We denote
ikx

ikxe xeth®

Gi(x) = VGEC =

42 3

We split the right hand side of (85) into:

(A —K?) / (GEO(x - x') — Go(x)) f(x)d%' + (A — k2) / G (x) f ()
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By definition of GES (84) we have outside the Ball B(0,¢):

(A~ K)G5(x) = (&~ K)GE(x) = 0.

So for the first summand we have:

li [ (2 1) [(GEx—x) = Gl X)) ) .

— lm A / | (GEC ) = GLx I |,

e—0

= lim || v/ V(GEG(x —x') = G5.(x — X)) f(x)d32" ||

— lm ||V / (GG (x — X) = G (x — X)) [(x)d*a ||,

= V[ (TGRS X

< i [ TGO - G IR
As f is Holder continuous, the last term can be estimated by:
li | (2~ 1) [ (GO 6= x) - Gilx = X)) |,

<t [ IVGEO) GL)M |

<[ o (646) = G - 2%) =GRl =gz ) M | ' =0,

For the second summand, we use (89) and the mean value theorem
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hm A —k?) /GE x —x')f(x")d®2’

= lim(A — k2)/ G5 (x —x) f(x)d3a'
B(x,e)

e—0
= lim (A = k)G (x — X)) f(x)d3a
=0 JB(x,¢e)
= lim (A = k) (e *PrIGE (x — X)) f(x)dPa
e—0 B(x,e)
= lim (A — kQ)(e_ik‘x_xllGi(x — x)e* XNy £ (x)dB !
e—0 B(x,¢)
= lim . )(A + QikV)(e_ik‘x_x/lGi(x — X'))eik‘x_x/‘f(x')dgac’
X,€
= Eh_% o A(e—ikb{—x'\Gi(x _ x/))eik|x—x’\f(x/)d3m/
X,€
— gg% eiklexe‘f(xs) L( ) A(ef’ik}‘x—x"Gi(X _ X/))dsl'/
X,E

where x. € B(x,¢) using the positivity of

1—e== S (€2 + 2ze)e=7)
4’ (x — e)%4ma? (x — e)¥dmx

A(e*ik‘x*qui(x -x)) =2

Hence with Gauss’ theorem and (87)

hm A —k?) /GE (x —x) f(x)d3a'

= f(x)lim A(e‘ikl"_xllGZ(x —x'))d*s’
=0 JB(x,¢e)
= f(x)lim v(e—iklx—x/lgz(x —x')) - ndQ
=0 JoB(x,¢e)
= f(x)lim V(e i XIGEG (x —x')) -n|x —x' |2 dQ
e—0 OB(x,e)
_ !
= f(x)lim x—Xx n|x—x 2dQ = f(x)

e—0 aB(x,E) 47'(' ‘ x —x/ |3
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and (b) is proved.

We show now, that for any k € R? there exists a unique solution @ (x) of (36).

Using the definition of the (Z(x) (see 39) in (36) yields:

) = () - / AX)GY (x — XV (K)o (90)

where

vk(X) = —/A(X’)Glt(x — x')gpii(x’)d?’x' . (91)

It suffices to prove, that (90) has a unique solution for any k € R3. For the Schrodinger
Greens-function, this has already been proven by Ikebe [11]. We want to proceed in the same
way.

Let B be the Banach space of all continuous functions tending uniformly to zero as x — oo.
Due to (48) v(x) € B. Ikebe uses the Riesz-Schauder theory of completely continuous operators
in a Banach space [13]:

If T is a completely continuous operator in B, then for any given g € B the equation

[=g+Tf (92)

has a unique solution in B if f: Tf implies that f: 0.

Defining the integral operator T by:

Tfx) =~ [ ARG (x— %) Fx)

and using v for g, (92) is equivalent to (90). Note, that this operator is completely continuous
by the proof of Lemma 3.4(a) following a similar argumentation as in [11] Lemma 4.2. So it is

left to show, that the integral equation

Foo = - [ A6 x = x) s (93)
has the unique solution fz 0.
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Obviously f = 0 is a solution of (93). By virtue of (48) any solution of (93) has to be of

order z~!. Furthermore fsatisﬁes

(—A— K2+ Af=0 (94)

which can be shown by direct calculation.

Following Ikebe, f = 0 is the only solution of (93).

(c)
(c)i) follows directly from (48). For (c)ii) we need to work more. We exemplarily prove (c)ii)
for j=1,2.
Heuristically deriving (90) with respect to k will yield 9x¢. We denote the function we get

by this formal method by (;°. Then

(%) = Opvi(x) — /A(x’)@kGf{'(x —x)G(x)d3 — /A(x’)GI (x — x)@ (x)d3z . (95)

We will now show, that this integral equation has a unique solution. We define

p(X) = Fu(x) + / ACRGE (x — x)G (<) e’ (96)
G = ) -p (97)

s
so (), satisfies:

Gl == [ MGG b= xpl)s’ — [ ARG (= X))
Since
v'(x) == —/A(x’)GI(x —x')W (x)d*x" € B
this integral equation again has a unique solution, so does (96).
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We will now show, that ¢/ = 9;(.

We define the integral of ¢’

. k
G .0 (%) = G3x) + / ¢l o () lk (98)

Obviously 8kgﬁ = ¢ and Zg = (§. Using (90) and (96) in (98) leads to:

Gie(x) / CE 9. (%)
= w0~ [ A6 = x)G )+ [ " e ()
//,;4 )0k Gy (x — x) G (x d3x’+/41 )Gy (x — xS (X)) dPa' dk
= )~ [ AT x = X))
//A Vo G, (x — x') (% d3x’+/A x)Gs (X d3 e’ di!
~ [ [ A0 (G - %G )
= )~ [ ARG (x- XG0

So Eﬁ satisfies (90). As the solution is unique, it follows, that Eﬁ = ¢}, hence

O = G

By (48) Ef( and p(x) have uniform bound, so

sup || OGie(x) [ls< 00
x€eR

For the second derivative we have:

¢ ¢ p
or =0 0 .
Po 1 kx—|—1+ R

The proof of the existence and uniqueness of Bkg is the same as for 0y(*, furthermore 6;@8 is
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bounded uniformly in x.

For akm we have:
1002 = 0O — [ AG)OGE (x — )G ) E) .
1
— g @R — [ ARG (x— x)Gi ()
- [ A10GL x - x| (99)
Note, that
k
| RGE(x) =] a2 (%) + 2045 () + S () |< Mk + 5) (100)

+
Observing (100) and (35) 1‘

and 0i(j; are bounded uniformly in x, we have also, that

1 (G0 — [ AI0GL (x - X))

is uniformly bounded in x.

For the other summand we have get:

1
s | [ A00G x- X G |,
< e I a’;il /A(X’)(X*X')Ci(X')d?’I' s
/ MX—_X/) / S (I 30
< sup [ A(X)(x+1)(x,+1)(fﬂ + 1) (x")d*a’" ||
<

sup || [ AGx)M (2’ + 1)¢e(x)d’a" || < 0o

rcR3
This proves (c)ii).
(c)iii)
The proof of (¢)iii) is very similar to the proof of (¢)ii). The only difference is, that we get
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new functions p(x).

p(x) = KNT1DYu (x)) + / AENTIDY G (x — %) G (x)dBa

To have p(x) in B one only has to assure, that k'”'leﬂk is bounded for | v |< 2, which

follows by direct calculation.

(d)

For potentials satisfying Condition A (3) the scattering system (H, Hp) is asymptotically
complete (see [14]), i.e. for any scattering state ¢ there exists a free outgoing asymptotic tout
with:

tllglo ” 1/)(X, t) - wout(xvt) ”: 0. (101)

We write this, using the Fourier transform ﬁjut of Yout:

2
Jim 1100,0) =32 [ om0 Ok =0

‘We shall show that

lim | /(2W)’%@Zout,s(k) (Pr(x,t) = i(x. 1) Pk [|= 0. (102)

t—oo

With that:

2
Jim |06 t) = [ 07k x|

tin || e 000 = 3 [ 20 G (RIFOOEK) |
s=1

t—o0o

x-S / (21) ot s (O FL ()R = 0
s=1

which establishes (40). For (102) we consider
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/(27)7%{1}\0ut,s(k) ((ﬁﬂ(x, t) - (plsc(x7 t)) &’k
= /(27T)_%€iEkt’(Zout,s(k)CIi(X)dBk
= /(27T)_%eiEktzzJ\out,s(k)vli(X)d3k

- / (2m) 3B 04 (K) / ARG (x — X)Gi (¢ )P

= &i(x) +&(x) .

(103)

For the k-integration of & we introduce (91) and (35) and then use Lemma 3.1, setting:

p=tia=t""|x—x|;y=t""%; K =k (k)= (27) 20w (K) .

Furthermore we recall, that:

k
_ stat : +a— y
V kstat + m
k?tat
kstat

For & we set:

0

(kgtat + mQ)(y - a)2

CC/
= m(y — a)\/ kgtat +m? = m? \V kgtat +m?2.

p=tia=t""|x—x|[; y=0; K =k x(kK) = 2m) " 22K ) Dour,s (K) -

Hence by (17) we obtain for (103) that there exists M < oo uniform in y and a, such that:

I €1(x) 4+ &2(x) [Is

< Mt ® \/A(x’)Gi(x—x’)(l—i—m’)d:‘x’|

= Mt 3G(x). (104)

The integral G(x) is bounded and goes to zero in the limit x — oo (see 48). This we shall use
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in the following estimate. For (102) we need to control

1
Jim [ &1+ €= Jim ([ 16+ &%)t

We split this integral into three parts, which are time dependent by introducing for all € > 0:

pe(x) = lpet) , the indicator function of the set B(0,t)
pe(x) = Ip,)\B(.et)
pout(X) = Igs\p(o,)

thus splitting our integral into:

jm [la+eRer = Jm o666l e
+ lim /5s(x) & +& |3 d°a
t—oo
+tlinolo/pout(><) & +& | dx

=: I1 +.[2+IB . (105)

The last part of this integral is the part, that lies outside the light cone. For large times, all

wavefunctions which are solutions of the free or full Dirac equation will lie inside the light cone.

By virtue of (29):

I
o

tliglo || Pout (x)wout,s (X) H

lim || pous (%) / (27) ™ Pour,s (k) 0 (x) K |

t—oo

Il
o

or by (101):

3 o) [ 27) e 00O =0
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By (103) it follows, that:

B = Jimn | o) [ oo ) (B00) — k) &%k = 0.

Now we use (104) on:

4
L < M? Jim (sup{G(x)})2t_3?7r(5t)3 =&

=0 p<let

Since ¢ is arbitrary, I; = 0.

For I we have:

B o= | [5e0la+6Eds
= lim | M7 / t 3P () G(x)2dx |

< lim sup | G(x)* |=0

t—o0 z>et

and (40) is proved.

We first prove (41) for wavefunctions, where 1oy is in L' N L2. The general result can then

be obtained by density arguments.

Therefore we again use the unitarity of the time propagator:

/ (2m) 2 (@) vx))d’r = lim [ (2m) "2 (G (x), e p(x))d
= Jim e [ (2m)E G0, vl )z

t—oo

= Jim e [ em G v D)
t—oo B(0,R)
dlim P n) 0. v )
t—00 R3\B(0,R)

By asymptotical completeness (101) we obtain therefore
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/ (2m) HE ) )P = lim &P / (21) (B, Yot (5, 1)
B(0,R)

t—o0

+ lim eiEt/ (27r)7%<$f((x),77/10ut(x, t)>d317 .
R3\B(0,R)

t—oo

By the free scattering into cones theorem, the first integral of the right hand side goes to zero
because any freely evolving wavefunction leaves any bounded region. For the second integral

we write for all R > 0:

/ (2m) @), b)) = lim lim &P / (21) (G (), Yot (5, 1)
R3\B(0,R)

R—oo t—o0
R—oot—o0

+ lim lim eiEt/ (277)_%<<1i(x),’(/Jout(X,t)>d3$.
R3\ B(0,R)

Using Lemma 3.4(c)i), the second integral on the right hand side becomes:

3

| lim lim eiEt/ (277)_5<Cﬁ(x)7¢0ut(x,t)>d3x|
R3\ B(0,R)

R—oo t—0o0

IA

M < 3
lim — || lim eZEt/ 2m) " 2 Yous (X, t)d>x
i Wi e [ e x|

M
= hm e || / (271-)7%1/}out(xa O)dgx ||: 0 :
R3\B(0,R)

Therefore:
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Jen i@, v
= lim lim eiEt/ (2m)~
R—o0t—00 R3\B(0,R)

= lim lim eiEt/ (2m)~
R—oot—00 R3\B(0,R)

= lim lim eiEt/(277)7%<<Pi(x)ﬂ/)out(xvt)>d3x

R—o0 t—o00

(VoY

<90igc(x)7 /(/Jout (X, t))d?’x

(S

<9018c<x)7 wout (X, t)>d3£€

= lim [ (27) (G} (X), Yout (%, 0>z = our.s (K) .

R—o0

and (41) is proved.

4.4 Proof of Lemma 2.2

First we want to prove ”=-":

Let zzout(k) € G. According to (40) we have for any n € Ny:

H"1)(x)

2
> [n) G000
s=1

2
DN CORC =TT
s=1

Since {b\out<k) decays faster than any polynom, this term is bounded and in L? @ C* for all

n € Ny. As the potential A € C°, also

(H — A= pm)"(x) = V'(x)

is bounded and in L? ® C* for all n € Ny.

Furthermore we have, using (36) in (40):
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H"1)(x)

2
> [ Cr) 0B Do B
s=1
> 3 o~
= Z / (2m) 72 03 (%) Ef Yout,s (K)d°k
s=1

2
—Z/(% )~ 3 /A )G (x — X)GL (XN B hour, s (K)dPk =: I, + I .
s=1

I, is the Fourier transform of E,?@out,s(k). As E,’gﬂout’s(k) € g, I lies in G.

Next we write for Is:

R
L = _2/271' %/A Zkkﬂk(‘x X|_J)S ( ) ( )d?’xlE "/}out,s(k)dskdﬂ

x—x] "

- % zkx 3 9 Q
;//0 (27T /A F(k X, X )d T E wout,s(k)k dkd

where

, oS (x—x')
Fllex,x') 1= b= S XD o oy (106)

| x—x'|
We make now two partial integrations under the k-integral, which is possible by Fubinis theo-

rem:
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I

2
—Z/(zw *%/ /44 )e* Bk, x, x')dP2 Ef Koyt s (K)dkdS)
s=1

2
—Z%/(% *%/ /A )e*e o2 (F(k, x, x')d> 2’ Ep k> o, s (k) dld
—ZxQ / / / (2m) 72 A )€™ ORF (6, 5% X ) Bk out, o ()

+ 20, F (K, %, X) Ok (B k> Pout, s (k) ) dkdQd> '

2 oS
Y [ en Tt [ aet P k) G (B Do) dka
s=1

=: 13—|—[4.

For I, we can write, using the definition of F' (106) and (36)

3 1
Z/ (271) "2 Gy (%) 02 (B k> Yout, s (K )7z @'k
3 ~ 1
S [ IR (B a00) 5%
s=1

AS Yout € G, o2 (Egk2$0ut78(k))k—12 lies in L? and so does 2?9714 for n € No.

Under the k-integral in I3 one more partial integration is possible.

13:7_ / *%/A F(k,x,x)dx

where
F(k,x,x') 1= 85, (OFF (K, %, X') EL k> Pout, s (k) + 20, F (k, %, X )0 (Ef k2 our,s (K))) -
Due to Lemma 3.4 (c) 9@k (x” < Ma’. Furthermore we have, that

‘ 8keik(\x—x/\—m) |:| (l % —x' | _x)eik(\x—x’|—m) |S z ‘ eik(|x—x’|—r) | )
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It follows, that (remember the definition of F' (106))

33/3

Pl o< My O
I Fx0) o< Mo

So due to (48), with Condition B (9) on the potential, the integral

AX)F(k, x,x')d>z'

decays as fast as or faster than z7!, so z*I3 is bounded. It follows, that z2I3 lies in L? for
n € Np.

The proof, that 207+ € L? is similar as above, just with one partial integration less. It
follows, that ¢ € Gg.

It is left to prove ”<":

By Lemma 3.4(b) it follows, that

Ek{b\out,s(k) = H{ﬁout,s(k) :/(27T)7%<(ZIS<(X),H¢(X)>d3l‘

- / (2m)H (@), (Ho + Av(x)de

For v € QA, the right hand side is integrable, so Ek{p\out,s(k) is bounded. As A € C*°, this can

be repeated, so E,?zzout,s(k) is bounded for any n € N.

Since Ey = Vk? +m?2 > k, it follows, that
kn{b\out,s(k) < 00,

Equivalently we get:

BP0 Do a(k) = / (2m) (@158 (x), H™b(x))dx

BRI Dltgus s (k) = /(2ﬂ)_%<k‘”‘_1Dlﬁi(X)7H”¢(X)>d3$
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With (c) of Lemma 3.4 it follows, that for ¢ € é these terms are bounded for j = 1,2, n € Ny
and | v < 2. So zzout’s(k) €g.

References

[1] Amrein, W.O., Pearson, D.B.: Flux and scattering into cones for long range and singular

potentials, Journal of Physics A 30, 5361-5379 (1997).

[2] Amrein, W.O., Zuleta, J.L.: Flux and scattering into cones in potential scattering, Helv.

Phys. Acta 70, 1-15 (1997).

[3] Combes, J.-M., Newton, R.G. and Shtokhamer, R: Scattering into cones and flux across

surfaces, Phys. Rev. D 11, 366-372 (1975).

[4] Daumer, M., Diirr, D., Goldstein, S., Zanghi, N.: On the flux-across-surfaces theorem,

Letters in Mathematical Physics 38, 103-116 (1996).

[5] Daumer, M., Diirr, D., Goldstein, S., Zanghi, N.: On the quantum probability flux through
surfaces, J. Stat. Phys. 88, 967-977 (1997).

[6] Dell’Antonio, G. F., Panati, G: Zero-energy resonances and the flux-across surfaces theo-

rem, mp_arc preprint 01-402 (2001).

[7] Dollard, J.D.: Scattering into cones I, potential scattering, Comm. Math. Phys. 12, 193-203
(1969).

[8] Diirr, D., Goldstein, S., Teufel, S. and Zanghi, N.: Scattering theory from microscopic first
principles, Physica A 279, 416-431 (2000).

[9] Haag, R: Local Quantum Physics, Springer Verlag, Berlin (1992)

[10] Hormander, L: The Analysis of Linear Partial Differential Operatoers I, Springer Verlag,
Berlin (1983)

[11] Ikebe, T: Eigenfunction Expansions Associated with the Schroedinger Operators and their
Applications to Scattering Theory, Arch. Rat. Mech. Anal. 5, 1-34 (1960).

63



[12] Panati, G., Teta, A.: The flux-across-surfaces theorem for a point interaction Hamiltonian,
in “Stochastic Processes, Physics and Geometry: New Interplays I”, eds. Holden et al.,

Conference Proceedings of the Canadian Mathematical Society (2001).
[13] Riesz, F., von Sz.-Nagy, B.: Functional Analysis. New York: F. Ungar. Publ. Co. (1955).

[14] Teufel, S.: The flux-across-surfaces theorem and its implications for scattering theory,

Dissertation an der Ludwig-Maximilians-Universitat Miinchen (1999).

[15] Teufel, S., Diirr, D., Miinch-Berndl, K.: The flux-across-surfaces theorem for wavefunc-

tions without energy cutoffs, J. Math. Phys. 40, 1901-1922 (1999).

[16] Thaller, B.:The Dirac equation, Springer Verlag, Berlin (1992).

64



