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CHAPTER 1

Introduction: Notions of space and categories

There is a big variety of notions of space in mathematics. For example, there
are Hilbert spaces, which are a special case of inner product spaces, Banach spaces,
which are a special case of normed spaces, metric spaces, topological spaces, mea-
sure spaces, manifolds and many more. Roughly speaking, an S-space, is a pair
S := (X;9), where X is a set, which is called the carrier set of S, and S is a
space-structure associated to X. Usually, S is a family of functions associated to
X and some fundamental sets in mathematics, like the set of real numbers R. If
a set X can be equipped with many different space-structures, then X is a very
“interesting” set. E.g., if n > 1, the set

R":={(z1,...,zn) |21 €R & ... & 2, € R}

of n-tuples of real numbers is the carrier set of a Hilbert space, and hence of a
Banach space, of a metric space, and of a topological space, but also of an n-
manifold, and of a measure space. All these space-structures, which often are
interconnected, shed a different light in the mathematical “nature” of R”. A central
tool in the study of S-spaces is the notion of an S-map. Roughly speaking, if
S :=(X;5) and T := (Y;T) are S-spaces, an S-map is a function f : X —» Y
that “preserves” the corresponding space-structures. Let C(S,T) be the set of all
S-maps from S to T. It is expected that the identity map idx on X, where

dy : X - X, zw—ux,

is an S-map. Moreover, if U := (Z;U) is an S-space, and if f : X — Y isin C(S,T)
and ¢ : Y — Z is in C(T,U), their composition

gof:X—=2, w—yg(f(x)),
is in C(S,U)
f g

X—Y —— 2.

gof
If F(X,Y) is the set of all functions from X to Y, and f,g € F(X,Y), then
f =9 Veex(f(z) = g(x)).

1



2 1. INTRODUCTION: NOTIONS OF SPACE AND CATEGORIES

By the definition of composition of functions we have that foidx = f, or that the
following diagram commutes

and that idy o f = f, or that the following diagram commutes
/ idy

X—Y ——Y

f
Note that the composition of functions is associative i.e., if
f g h
X Y Z W,

then ho(go f)=(hog)o f, or the following outer diagram commutes

(hog)of
T e
X / Y J Zg h w.
L
ho(go f)
If feC(S,T) and g € C(T,S) such that the following diagrams commute
idy
/_\
X / Y g X Y
\/ f
idx

i, go f =idx and f o g = idy, the corresponding S-spaces are considered to be
the “same” S-spaces. We call then f, or g, an S-isomorphism between S and T,
while the S-spaces S and T are called S-isomorphic. In this case we write S ~ T,
and we also write (f,g) : S ~ T to express that f and g “prove” & ~ T. It is easy
to see that if (f,g):S~T and (f,¢'): S~ T, then g =¢'.

REMARK 1.0.1. Let § := (X;S),T :=(Y;T), and U := (Z;U) be S-spaces.
(1) S~ S.
(i) f S~ T, then T ~S.
(i) f S =T and T ~ U, then S ~ U.

PRrOOF. Exercise. O
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An important theme in the study of S-spaces is the construction of new S-
spaces from given ones. A notion of an S-space is mathematically fruitful, if many
such constructions are possible. It is desirable to have a notion of S-subspace,
namely, if ¥ C X and S := (X;5) is an S-space, an S-space Sy := (Y;S)y) is
defined. Moreover, if S and T are S-spaces, their S-product S x T is also expected
to be defined. It is also useful to be able to “glue” together S-spaces, or to add
an S-structure on the set C(S,7T) of S-maps from S to 7. Usually, some specific
S-spaces have a special role among other S-spaces, and they can be used to classify
many other S-spaces. A “classification theorem” for S-spaces determines a large
class of S-spaces that are S-isomorphic to some distinguished S-space. E.g., in the
theory of linear spaces and linear maps, the linear space R™ has a very special role
among the so-called finite-dimensional linear spaces. Usually, the set of S-maps
from an S-space S to such a distinguished S-space provides information on the
original space S. The linear space of linear maps from a linear space V to R is such
an example.

The collection of all S-spaces and S-maps between them forms the category of
S-spaces. The study of categories of mathematical objects and abstract “maps”
between them is the subject matter of Category Theory (see e.g. [3]). The theory
of sets (see e.g., [10]), and the category theory are the most popular “dialects” in
the language of modern mathematics.

Noe that, although the actual constructions of new S-spaces from given ones
depend on the specific S-structure under study, their abstract properties are com-
mon to all categories of S-spaces. E.g., the product of two Hilbert spaces Hy x Hs is
a different mathematical object from the product of two topological spaces X} x Xs,
but the basic behaviour of the product H; x Hs in the category of Hilbert spaces is
the same to the basic behaviour of the product X; x X5 in the category of topologi-
cal spaces. As we say in category theory, both objects satisfy the universal property
of the products. According to it, if S X T := (X RY; S x T) is the product of the
S-spaces S and T, there are S-maps pry : X ®Y — X and pry : X®Y — Y such
that for every S-space U := (Z,U) and every S-maps f: Z - X and g: Z = Y,
there is a unique S-map h : Z — X ® Y such that the following inner diagrams

commute
A
/ h M
®

X<7er X Y4>pry Y

ie., f =pry oh and g = pry o h. Quite often, but not always, the set X ® Y is
the set-theoretic product X x Y of the sets X and Y i.e., the set

XxY ={(z,y)|lze X &yeY}
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DEFINITION 1.0.2 (Eilenberg, Mac Lane (1945)). A category C is a structure
Cop,C1,dom, cod, 0,1), where

1) Cp is the collection of the objects of C,
i1) C1 is the collection of the arrows of C,

1i1) For every f in Cy, dom(f), the domain of f, and cod(f), the codomain of f,
are objects in Cy, and we write f : A — B, where A = dom(f) and B = cod(f),

(iv) If f: A— B and g: B — C are arrows of C i.e., dom(g) = cod(f), there is an
arrow go f : A — C, which is called the composite of f and g,

o~ o~~~

(v) For every A in Cp, there is an arrow 14 : A — A, the identity arrow of A,
such that the following conditions are satisfied:

(a)If f: A— B,then foly=f=1po f.
OIff:A—-B,g:B—Candh:C — D, then ho(go f)=(hog)o f.

If A, B are in Cy, we denote by Homg (A, B), or simply by Hom(A, B), if C' is clear
from the context, the collection of arrows f in Cy with dom(f) = A and cod(f) = B.

The objects of a category are not necessarily sets. E.g., in the next chapter we
will study certain properties of the category of (real) linear spaces Ling, or simpler
Lin, that has as objects the (real) linear spaces, which are sets equipped with a
linear structure. The arrows of Lin are certain functions between the carrier sets
of the corresponding linear spaces, which are called linear maps.

ExampLE 1.0.3. If X is not equipped with some S-structure, or, equivalently,
if it is equipped with the empty structure, the corresponding category of S-spaces is
the category of sets Set. Its objects are sets, and its arrows are functions between
sets. If A is a set, then 14 := id 4, and the composition of arrows is the composition
of functions.

Next we give an example of a category the arrows of which are not functions.

ExXAMPLE 1.0.4. The category Rel has objects sets, and an arrow f: A — B
is any subset of A x B i.e., any binary relation on A, B. If A is a set, let

14:={(a,d) e Ax Ala=d},
while, if RC Ax Band S C B x C, let
SoR:={(a,c) € AxC|Fpep((a,b) € R & (b,c) € 5)}.

DEFINITION 1.0.5. A partially ordered set, or a poset, is a pair (I, <), where [
is a set, and =< C I x [ satisfying the following conditions:

(i) Vier (i <4).
(ii) Vijer(i 2 j & j2i=i=j).
(iii) Vijper (i 2 j & j 2 k=1 =<k).
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If (J, <) is any poset, a function m : I — J is called monotone, if
Viwer(i 24" = m(i) <m(i)).
Clearly, (R, <) is a poset, which is linearly ordered i.e., Vo per (a <bVvb< a).

EXAMPLE 1.0.6. The category Pos has objects posets and an arrow m : [ — J
is any monotone function. If (I, <) is a poset, we have 14 :=id4, and o in Pos is
the composition of functions.

Categories can be used to describe various physical phenomena (see [8], [9]). If
we consider a physical system of some type A (e.g., an electron), and if an operation
(e.g., a measurement) is performed on it, which results in a system of some type
B, this situation can be described by an arrow f: A — B. An operation g on the
system that follows f can be described by the arrow g : B — C, and g o f denotes
the consecutive application of f and g. The trivial operation of “no operation” on
a system of type A is denoted by 1 4. For many non-trivial applications of category
theory to mathematical physics see [21].

Next we define the right notion of “map” between categories.

DEFINITION 1.0.7. Let C and D be categories. A covariant functor, or simply
a functor from C to D is a pair F' = (Fy, Fy), where:
(i) Fo maps an object A of C to an object Fy(A) of D,
(#9) Fy maps an arrow f: A — B of C to an arrow Fy(f) : Fo(A) — Fy(B) of D,
such that the following conditions are satisfied:

(a) For every A in Cy we have that F1(14) = 15,4
Fo(A)

1p,(a) < >F1(1A)

Fo(A).

OIff:A— Bandg: B — C, then Fi(go f) = Fi(g) o F1(f) i.e., the following
diagram commutes

0(A) M Fy(B) L@’ Fo(O),

\_/

Fi(gof)

where for simplicity we use the same symbol for the operation of composition in
the categories C and D. In this case we write! F: C — D.

A contravariant functor from C to D is a pair F := (Fy, F}), where:

n the literature it is often written F(C) and F(f), instead of Fo(C) and F (f).
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(i) Fo maps an object A of C to an object Fy(A) of D,

(#') Fy maps an arrow f: A — B of C to an arrow Fi(f) : Fo(B) — Fo(A) of D,
such that the following conditions are satisfied:

(a) F1(14) = 1p,(a), for every A in Cy.

WMYIf f:A— Band g: B— C, then Fi(go f) = Fi(f) o Fi(g) i.e., the following

diagram commutes

0(C) M Fy(B) M 0(A),

\_/

Fi(go f)
In this case we write F': C°® — D.

ExamMpLE 1.0.8. If C is a category, the identity functor on C is the pair
Ide := (Id§,1d9) : € — C, where Id§(X) := X, for every X in Cp, and if
f:X =Y, then 1dC(f) := f.

EXAMPLE 1.0.9. The pair F := (Fy, F1) : Set — Rel, where Fy(X) := X, and
if f: X =Y, then Fi(f) :={(a,b) € Ax B| b= f(a)} := Gr(f), is a covariant
functor from Set to Rel.

EXAMPLE 1.0.10. The pair (Go,G1) : Set — Set, where Go(X) := F(X) :=
{¢: X =R}, and if f: X =Y, then G1(f) : F(Y) — F(X) is defined by

[GL(DO) =00 f

f
X——Y

1o\

R,

for every @ € F(Y), is a contravariant functor from Set to Set. If X is a set, then
[G1(1dx)])(¢) == ¢ oidx = ¢
and since ¢ € F(X) is arbitrary, we conclude that G1(idx) = idp(x) = idg,(x). If
f:X—=>Yandg:Y — Z, then G1(f) : F(Y) = F(X), G1(9) : F(Z) = F(Y) and
Gi(go f) : F(Z) = F(X). Moreover, if n € F(Z), we have that
[Gi(go Nl(n) :=ne(gef)

=mog)of

= [G1(f)l(neg)

= G1()([G1(9)](m)

= [G1(f) o G1(9)l(n).
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The next most important concept is that of a natural transformation.

DEFINITION 1.0.11. Let C, D be categories and F' := (Fy, Fy),G = (Go, G1)
functors from C to D. A natural transformation from F to G is a family of arrows
in D of the form

¢+ Fo(C) = Go(C)

for every C in Cy, and every f : C — C' in C, the following diagram commutes

By
Fo(C) ), Fo(C)

m\ jm,

Go(C) === Go(C).

We denote a natural transformation 7 from F to G by 7: F = G.

EXAMPLE 1.0.12. Let Idges := (Id§°*,1d$°") be the identity functor on Set
(Example 1.0.8), and let the functor H := (Hy, H1) : Set — Set, defined by

Ho(X) :=FF(X)) = {®:F(X) = R},
and if f: X =Y, then Hi(f) : FF(X)) — F(F(Y)) is defined by
[H1()](®) := D0 Gu(f)

wyygﬁﬂppo

@ocl(N ‘@

R,
where G is defined in the Example 1.0.10. Then the family of arrows in Set
x : X = F(F(X))

x(z) = 1,
() = ¢(),
for every x € X, ¢ € F(X), and X in Set, is a natural transformation from Idget
to H i.e., the following diagram commutes

X4>Y

o

F(F(X ))I?(]g FEQY
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ExAMPLE 1.0.13. If C, D are categories the functor category Fun(C, D) has
objects the functors from C to D, and if F,G : C — D, an arrow from F to G
is a natural transformation from F' to G. The identity arrow 1p : F' = F' is the
family of arrows (1r)c : Fo(C) — Fo(C), where (1r)c := 1p,(c), and the following
diagram trivially commutes

Fo(C) n) Fo(C)

1p, ) ‘ Jlmc')

Fo(C) —— Fo(C).
0(C) ) o(C")
If FG,H:C — D, 7: F = G and o: G = H, the composite arrow o o 7 is
defined by
(coT)c:i=0coTc: Fy(C) — Hp(C),
for every C in Cy, and, if f : C — C’, the required commutativity of the following
outer diagram

Fo(C) M Fo(C")

TC TC!
(0o7)c Go(C)mGO(C’) (007)cr

ac ac’

Hy(C) m Ho(C")

is shown by the commutativity of the inner diagrams as follows:
(go7)cr o Fi(f) := (0c 0 7cr) o Fi(f)
=0c 0 (TC/ OFl(f))
ocro (Gi(f)oTc)
((TC/ o Gl(f)) oTC
= (Hi(f)o0c) o Tc
=Hi(f)o (ac o Tc)
=Hy(f)o(ooT)c.
It is straightforward to show now that Fun(C, D) is indeed a category.



CHAPTER 2

Linear spaces and linear maps

In this chapter we study the basic properties of the linear spaces—also called
vector spaces—and of the linear maps between them. A linear space is a set en-
dowed with a linear structure, and a linear map between linear spaces is a function
between their carrier sets that preserves their linear structure. Both, the inner
product spaces and the normed spaces, are linear spaces with some extra topo-
logical structure. Hence, the linear spaces are instrumental in the mathematical
description of physical reality. The linear structure of R? is a fundamental com-
ponent of the geometric representation of the classical physical world. Throughout
these lecture notes, when we write R, we mean that n > 1.

2.1. Linear spaces and linear subspaces

DEFINITION 2.1.1. A linear space, or a wvector space, over R is a structure
V= (X;+4,0,:), where X is a set, 0 € X, and +, - are functions

+: X x X=X, oRx X = X

(x,y)b—>x—|—y, (CL,.T)’—)(I'.’L‘,
such that the following conditions are satisfied:

LS1) Voyzex((z+y) +2 =2+ (y+2)).
LS,) JLex(a:—i—OzO—i—a:za:).
LS3) rEXEyEX($+y:0)~
S4) Vayex(z+y=y+x).
5)
)
)

-

LSs myeraeR(a'($+y):a'l‘—|—a-y).
LSe) VoexVaper((a+b) -z =a-x+b-x).
LS7) VaexVaper((ab) -z =a- (b- z)).

LSs) Iex(l-x:x).

For simplicity, we may write ax instead of a - z. The triple (+,0,-) is called the
signature of the linear space V. If, instead of R, we consider any field! F, the

(
(
(
(
(
(
(
(

A field is a structure (F; +,0,-,1), where Fisaset, 0,1 € F, + : FXxF - F,and - : FXF - F
such that together with (LS1) — (LS4) the following conditions are satisfied:

9
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corresponding structure is called a linear space over F. A linear space over R is
also called a real linear space, and a linear space over the field of complex numbers
C is called a complex linear space. If V is a linear space, the elements of X are
traditionally called wvectors. A linear space is called non-trivial, if it contains a
vector x such that z # 0. Unless stated otherwise, the linear spaces considered here
are going to be real. When the linear structure on X is clear from the context, we
use for simplicity X to denote the vector space V.

EXAMPLE 2.1.2. Let the structure R™ := (R™; +,0, ), where
R":={(z1,....,2p) |21 €ER & ... & x, € R},

(1, 2n) =1,y yn) 1 =01 & ... & Ty = Yn,
(@1, n) + (Y155 Yn) = (@1 + Y1, -, T+ Yn),s
0:=(0,...,0),
a-(x1,...,2,) = (az1,...,axy,).
Clearly, R™ a linear space over R, and, similarly, Q™ := (Q"; 4,0, -) is linear space
over Q, and C"™ := (C™; 4,0, ) is a linear space over C.
EXAMPLE 2.1.3. If X is a set, F(X) is the set of all functions f : X — R, and
if we define the functions f + g, 0" and a- f, where a € R, by
(f +9)(x) = f(z) + g(2),
GX(JU) =0,
(a- f)(z) :=af(x),
for every x € X, then F(X) := (F(X); +,6X, -) is a linear space over R.
The Example 2.1.3 shows that a mathematical object can be viewed as a vector,
although no immediate geometric intuition is associated with it. If
n:={0,1,...,n—1}

though, an element of R™ can be identified with a function f : n — R, and then
the Example 2.1.2 is a special case of the Example 2.1.3. If f,g € F(X) and a € R,

f<ge Voex (f(z) < gla)),

Vayzer(z- (y-2) = (z-y)-2).

Voyzer(z- (y+2)=z-y+z-2).

Vz’ye]y(a; cYy=y- x)

Voer(l- o =1).

Veer(z #0 = Fyer(z -y = 1)).

It is immediate to see that the rational numbers Q, the real numbers R and the complex numbers C
have a field structure. Actually, Q is a subfield of R and R is a subfield of C i.e., the field-signature

(4,0,+,1) of Q is inherited from the field-signature of R, which, in turn, can be inherited from
the field-signature of C.



2.1. LINEAR SPACES AND LINEAR SUBSPACES 11

fga:@f§5X©VwGX(f(m)§a))’

X(z) := a, for every z € X.

where @
REMARK 2.1.4. Let V := (X;4,0,-) be a linear space, a,b € R, and z,y, z,w €

X. The following hold:

() If z=wand x =y, then z+ 2z =w+y.

(ti) fx =yand a=0b, thena-z=b-y.

(#i1) Ifz—i—y—:c—l—Z—O then y = 2.

(iv) 0.z =

(

v) (=1) - £ = —x, where, because of case (iii), —z is the unique element y of X
in condition (LS3) such that z +y = 0.

(vi) If x 20 and a -« = 0, then a = 0.
PrOOF. Exercise. O

DEFINITION 2.1.5. Let V := (X;+,0,-) be a linear space, and Y C X such
that the following conditions are satisfied:
(i) Vyyey (y +y € Y)7
(1) 0 €Y,
(iii) VyeyVaer(a-y € Y).
Then the structure

V|Y = (K +\Y><Ya 0, '\RXY)7

where +)yy is the restriction of + to ¥ X Y and +gyy is the restrictions of -
to R x Y, is called a linear subspace of V, or, simpler, a subspace of V. We write
Vly 2V to denote that V}y is a linear subspace of V), although, for simplicity, we
refer to a linear subspace V|y mentioning only the set Y, and we write ¥ < X. We
denote by Sub(V) the set of all subspaces of V.

Clearly, {0} and X are linear subspaces of X.
EXAMPLE 2.1.6. If F*(X) is the set of all bounded functions in F(X) i.e.

={f €F(X) | Inu>oVaex (|f(z)| < M)},

then F*(X) is a linear subspace of F(X) (see Example 2.1.3). To see this let
f,9 € F(X) and My > 0,M, > 0, such that |f| < My and |g| < M,. Then
|f+g| < My+M, and |af] < (1+|a|) M, where My+ M, > 0 and (1+|a|)M; > 0.
Recall that |f| € F(X) is defined by |f|(x) := | f(z)]|, for every = € X.

7

ExaMPLE 2.1.7. If V := (X;+,0, ) is a linear space, n > 1, and z1,...,2, €
X, the set

{x1,...,zn}) ::{al-x1+...+an-xn|a1 ceR& ... &anGR}
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is a linear subspace of V. We call an element

n
E a;x; >=a1+x1+...+apx,

i=1
of ({z1,...,2,}) a linear combination of x1,...,2,, and the space ({z1,...,2,})
the linear span of x1,...,x,. We may write (z1,...,x,) instead of ({z1,...,2,}).

If e; := (1,0), e := (0,1), and (z,y) € R?, we get R? = (eq, e), since
(x,y) :=2(1,0) + y(0,1) := zey + yea.

PROPOSITION 2.1.8. Let V := (X;4,0,) be a linear space, Y C X, and let
UV =<X.
@) IfU+V ={ut+v|ueU&veV}, thenU+V < X.
(@) fUNV ={zeX|zecU&zeV}, thenUNV < X.
(#i1) If we define

(V):=({U=X|YCU}:={seX|Vyxx(Y CU=zcl)},

then (Y) is well-defined (i.e., the set {U = X | Y C Y} is non-empty) and it is the
least linear subspace of X that includes Y .

(iv) If Y # 0, then

i=1
PRroOF. Exercise. O

Since () C {0}, we have that (§) = {0}. The subspace U +V of X is called the
sum of U and V. By Proposition 2.1.8 the linear span (z1,...,z,) of z1,...,z, € X
is the least linear space containing z1,...,z,. If X = (Y'), we say that Y generates
the linear space V (or X), and the elements of Y are called generators of V.

2.2. Finite-dimensional linear spaces

DEFINITION 2.2.1. Let V := (X;4,0,-) be a linear space, n > 1, and let
T1,...,T, € X. We say that the vectors x1,...,x, are linearly dependent, or that
their set {y1,...,¥yn} is a linearly dependent subset of X, if

Hal,...,anGR <3i6{1,4..,n} (ai 7é 0) & Zail'i = O) .
=1

We say that x1, ..., x, are linearly independent, if they are not linearly dependent.
A subset Y of X is called linearly dependent, if

13y, yney <{y1, ..., Yn} is linearly dependent)7
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while it is called linearly independent, if it is not a linearly dependent subset of X.

If z1,...,x, are linearly dependent, a1x1 + ...+ a,z, = 0, and a; # 0, then
—aq —QGi—1 —Gi41 —Qp
xTr; = 1+ ...+ Ti—1 + ZL’H_1+...+ In
a; a; Q; %)
i.e., z; is a linear combination of ay,...,a;—1, 041, .., ay.

REMARK 2.2.2. Let X be a linear space and Y, Z C X.

(i) If z1,...,2, € X, then 1, ..., x, are linearly independent if and only if

(#4) Y is linearly independent if and only if

Vo1V, yney ({yl7 <oy Ynt is linearly independent).

(#41) {0} and X are linearly dependent subsets of X.

(iv) If  # 0, then {z} is a linearly independent subset of X.

(v) The empty set () is a linearly independent subset of X.

(vi) If Y is linearly dependent and Y C Z, then Z is linearly dependent.
(vit) If Y is linearly independent and Z C Y, then Z is linearly independent.

ProoF. (i) and (ii) By negating the corresponding defining formulas. E.g., for
i) we use the Corollary 6.1.3 and the Lemma 6.1.1 in the Appendix.

(i
(iii) 1- 0 = 0, and {0} is a linearly dependent subset of X.
(iv) It follows immediately by Remark 2.1.4(vi).
(

v) If we suppose that @) is a linearly dependent subset of X i.e.,

J>130 . um <y1 €& ... &y, €0 & {y1,--.,yn} is linearly dependen‘c)7

it is immediate that we get a contradiction from it.
(vi) and (vii) are immediate to show. O

ExXAMPLE 2.2.3. The following n-vectors in R™

er :=(1,0,...,0), e2:=(0,1,0,...,0), ..., e, :=(0,...,0,1)
are linearly independent, since for every aq,...,a, € R we have that
n
Zaiei:Oﬁ(al,...,an)zOﬁal =...=a,=0.
=1

EXAMPLE 2.2.4. For every n > 1, the following n-vectors in F(R)

) =€l o) falt) i=e™

are linearly independent (Exercise).
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REMARK 2.2.5. Let V := (X;+,0,-) be a linear space, n > 1, and 1, ...,2, €
X linearly independent. If aq,...,ay,,b1,...,b, € R, then

Zaixi :Zbﬂ% = (a1 =0 & ... & an :bn)
=1 i=1

Moreover, x; # 0, for every i € {1,...,n}.

PRrOOF. It follows from the Definition 2.2.1 and the equivalence

n n n
Zaixi = szl‘z <~ Z(ai — b,‘).ri =0.
=1 =1 =1

If i € {1,...,n} such that x; = 0, then 0xzy + 0z;_1 + lz; + 0x; 41 + ... 4+ 0z, = O,
which by the hypothesis of linear independence is impossible?. O

DEFINITION 2.2.6. If V := (X; 4,0, -) is linear space, a subset B of X is called
a basis of V (or, for simplicity a basis of X), if B is linearly independent, and
(B) = X. If V has a finite basis B, it is called a finite-dimensional linear space,
while if it has an infinite basis, it is called infinite-dimensional.

Clearly, the subspace {0} has as a basis the empty set.

EXAMPLE 2.2.7. The set F,, := {ej,...,e,} of the linearly independent ele-
ments in R™ that were defined in the Example 2.2.3 is the standard basis of R".
Hence, R™ is finite-dimensional. It is easy to see that R™ has more than one bases.
E.g., B:={(1,1),(—1,2)} is another basis of R?.

EXAMPLE 2.2.8. Since the set £ := {€™ | n > 1} is a linearly independent
subset of F(R), the set E is a basis of the linear subspace (E) of F(R), and (E) is
infinite-dimensional.

COROLLARY 2.2.9. Let V := (X;+4,0,-) be a linear space, and x € X. If

B :={v1,...,v,} is a basis of V, there are unique ay,...,a, € R such that
n
r = Z a;U;.
i=1
PROOF. It follows by the definition of a basis and the Remark 2.2.5. O
These unique aq,...,a, € R are called the coordinates of x with respect to B.

DEFINITION 2.2.10. Let V := (X;4,0,-) be a linear space, {vi,...,v,} C
X and m < n. The set {vy,...v,,} is a mazimal subset of linearly independent
elements of X, if it is a linearly independent subset of X, and for every k € N,
such that m < k < n, the set {v1,...,0m,v;} is a linearly dependent subset of X.

2This also follows from the Remark 2.2.2(vii)
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THEOREM 2.2.11 (Finite basis-criterion I). Let V := (X;+,0,-) be a linear
space, n > 1, and {v1,...,v,} C X such that X = ({v1,...,0.}). If {v1,...,0:}
is a mazximal subset of linearly independent elements of X, where 1 < r < n, then
{v1,...,v:} is a basis of V.

PROOF. If r = n, then {v1,...,v,} is a linearly independent subset generating
X ie., it is a basis of V. If r < n, by the maximality of {v,...,v,} the sets
{’Ula e 7v’r’>v’r‘+1}7 {Uh e 7UT7UT+2}> ceey {vh cee ,’Ur7’0n}

are linearly dependent subsets of X. We show that
Vg1 € {1,y 00 }) & vpge € o1, .00 1) & oL & vy € {or, .. 00 )).

We show this only for v.y1, and for v,49,...,v, we proceed similarly. Since
{v1,...,Un,Vry1} is linearly dependent, there are ay,...,a,,a,+1 € R such that
a1v1 + ...+ @V + arp10r41 = 0,

and not all of them are equal to 0. If a,41 = 0, then ayv; + ... 4+ a,v, = 0,
hence a1 = ... = a, = a,4+1 = 0, which is a contradiction. Hence a,4+1 # 0, and
hence v,41 can be written as a linear combination of vy, ...,v,. Since an element
x of X is a linear combination of vy, ..., v, vp31,...,v, and v,41, ..., v, are linear
combinations of vq,...,v,, then z is a linear combination of v{,...,v,. O

Next we show that we can replace any number of elements of a finite basis by
an equal number of any linearly independent vectors.

LEMMA 2.2.12 (Exchange lemma (Steinitz)). Let n,m > 1, let {v1,...v,} be
a basis of the linear space V := (X;+,0,-), and let wy,...,w, € X be linearly
independent.

(1) If m < n, there are Umi1, ..., Uy € {V1,...v,} such that
{wiy .o s Wiy U 15+ - Un ) = X
(i) If m = n, then {w1,...,w,}) = X.
PROOF. (i) By the definition of a basis there are aq,...a, € R such that
wy =a1v1 + ...+ apv,.

Since by Remark 2.2.5 wy # 0, there is some a; # 0, where i € {1,...,n}. Without
loss of generality we can take ¢ = 1 (if a; = 0, we can re-enumerate the elements
of the set {v1,...v,} so that the first coefficient in the writing of w; as a linear
combination of the elements of the set {vy,...v,} is non-zero). Hence
N Zn: o N 1 zn: a;
a1V1 w1 2 a;V; U1 a1 w1 2 a1 Vi,
and consequently
U1 € <{w1,v2, . ,vn}>,
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and

<{w1,v27 ... ,vn}> = X.
By the inductive hypothesis, if 1 < r < m we get (possibly after a re-enumeration
of the set {v1,...v,})

<{w1, ey Wy Up g1y e e ,vn}> = X.
Hence,
Wyry1 =b1wy + ... + bpwy + Crp1Vp41 + ...+ Crup.
Not all the terms ¢,4+1,...,c, are equal to 0, since then w,4; would be a linear
combination of w1, ..., w,, something that contradicts the hypothesis of linear in-
dependence of the vectors wy,...,wy,. Without loss of generality, let c,.11 # 0,
hence

r n
Cry1Upp1 = Wypg1 — [ E biw; + E Cj’l)j] =
i=1 j=r+2
r n

1 bl Cj
VUp41 = — Wp41 — § w; — E — Yy,
Cr+1

Cr Cr
i=1 Tl j=rt2 "1

and consequently

Vri1 € <{w1, vy Wy Werg 1, Up g2,y - - ,vn}>,
and
<{w1, ey Wy, Wy 1, Vpa2y e ,vn}> = X.
After m-number of steps, we get ({w1, ..., W, Umi1,--.,Un}) = X.
(ii) It follows immediately by (i). O

THEOREM 2.2.13. Let 0 < n < m, and let {v1,...v,} be a basis of the linear
space V := (X;+,0,-). Ifwy,...,wy, € X, thenwy, ..., w,, are linearly dependent.

PROOF. Suppose that the vectors wy,...,w,, are linearly independent. Since
then the vectors wy, ..., w, are also linearly independent, by the Lemma 2.2.12(ii)
we have that wi,...,w, is a basis of X. By the hypothesis of linear indepen-
dence we have that w,; # 0, hence it is also a non-trivial linear combination
of wy,...,w,. By this contradiction we conclude that the vectors wy,...,w,, are
linearly dependent. O

COROLLARY 2.2.14. If By, Bs are finite bases of a linear space V := (X;+,0,-),
then By and By have the same number of elements.

PROOF. If V is a trivial linear space, then the two bases are equal to the
empty set, and |By| = |Bz| = 0, where |I| denotes the number of elements, or the
cardinality, of a set I. Let V be non-trivial, and let n,m > 1 such that |Bi| = n
and |Bg| = m. If n < m, then by the Theorem 2.2.13 we have that Bs is linearly
dependent, which is a contradiction. Hence n > m. Similarly we get m > n. ]

Because of the Corollary 2.2.14 the following concept is well-defined.
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DEFINITION 2.2.15. If n > 1 and {v1,...,v,} is a basis of a linear space V :=
(X;+4,0,:), we call V an n-dimensional space, and we write dim(X) := n. A trivial
linear space has dimension 0.

Clearly, dim(R™) := n.
COROLLARY 2.2.16. Let n > 1, and let vy, ..., v, be linearly independent ele-
ments of a linear space X .
(1) (Finite basis-criterion II) If their set M = {v1,...,v,} is a mazimal set of
linearly independent elements of X i.e., for every x € X we have that
TyV1y...,Un
are linearly dependent elements of X, then M is a basis of X.

(#) If dim(X) = n, and wy, ..., w, are linearly independent elements of X, then
B :={wy,...,w,} is a basis of X.

(i41) If Y is a subspace of X with dim(Y) = dim(X) =n, then Y = X.

() If dim(X) = n, 1 <r < n, and wy,...,w, are linearly independent elements
of X, then there are elements vyy1,...,v, of X such that the set
{'LUl, st )wTva"rl? st 7UTL}

is a basis of X.

PRrOOF. Exercise. O

Next we show that the existence of a basis of a linear space X implies the
existence of a basis of any subspace of X.

COROLLARY 2.2.17. Let V := (X;4,0,") be a linear space with dim(X) = n.
IfY X X, then Y has a basis and dim(Y) < dim(X).

Proor. If Y := {0}, then 0 is a basis of ¥ and dim(Y) = 0 < dim(X). If Y
is non-trivial, then either Y = X, or Y is a proper subspace of X. In the first case
what we want to show follows trivially. If Y is a proper, non-trivial subspace of X,
then there is some y; € Y such that y; # 0, and by the Remark 2.1.4(vi) M; := {y1}
is linearly independent. By the principle of the excluded middle®* (PEM), we have
that M, is either a maximal set of linearly independent elements of Y, hence by
the Corollary 2.2.16(i) it is also a basis of Y, and hence dim(Y) = 1, or there is
y2 € Y such that My := {y1,y2} is linearly independent. Proceeding similarly, we
can repeat the same argument at most (n — 1) number of times, in order to reach
the required conclusion. O

PROPOSITION 2.2.18. If X is a linear space, and Y, Z < X, such that*

Veex ey Izez(z =y + 2),

3See section 6.1 of the Appendix.
4The unfolding of a “unique existence”-formula Jizex @(x) is found in the section 6.1 of the
Appendix.
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we write X :=Y & Z. The following are equivalent:
) X=Yea_Z.
(1)) X=Y+Z and Y NZ = {0}.

PRrROOF. Exercise. O
PROPOSITION 2.2.19. Let X be a linear space, n € N, and dim(X) = n.

(1) If Y 2 X, there is some Z < X such that X =Y @& Z.
(19) If Y, Z < X such that X =Y @ Z, then dim(X) = dim(Y) 4+ dim(Z).

PrOOF. Exercise. O

Next we give a condition under which, a linearly independent subset of a linear
space X can be extended to a larger linearly independent subset of X.

LEMMA 2.2.20. LetY be a linearly independent subset of a linear space X, and
x0 € X. Ifxg ¢ (Y), then Y U{xo} is a linearly independent subset of X.

PRrOOF. Exercise. O

2.3. Existence of a basis

A trivial linear space has the empty set as a basis. In this section we show that
a non-trivial linear space has always a basis. The proof of this fact requires the use
of Zorn’s lemma (see section 6.2 of the Appendix).

DEFINITION 2.3.1. A subset C of a poset (I, <) (see Definition 1.0.5) is called
a chain in I, or a totally ordered subset of I, if

Vewec(cXd v ¢ <e).

A subset J of I is bounded in I, if there is ig € I such that VjeJ(j = 2'0). In this
case g is called a bound of J. An element ig of I is called maximal in I, if

Vier(io 2 i =i =1i).

A bound iy of I itself is called the mazimum element® of I. If the poset (I, <) is
clear from the context, we just say C is a chain, J is bounded, and iy is a maximal
element. As usual, for simplicity we say that I is a poset, and we do not write the
whole structure (I, <), when < is clear from the context.

5A maximum element ig is uniquely determined i.e., if jg is also bound of I, then jo = %o.
The maximum element is also a maximal element, while the converse is not generally the case.
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The powerset P(I) of a set I is the set of all subsets of I, and it is partially
ordered by the relation A C B, “the subset A is included in the subset B”,

ACB:&Vier(ic A=ic B).
An infinite, countable chain C' in P(X) can take the form
A CAC...CA,C...,
and

U An={iel|3s(ic 4}

n=1
is a bound of C. Clearly, X is the maximum element of P(X), and ) is the min-
imum element of P(X), where the notions of minimal and minimum are dual to
those of maximal and maximum.

Zorn’s lemma (ZL): If I is a non-empty® poset, such that every chain in I is
bounded, then I has a maximal element.

THEOREM 2.3.2 (ZL). A non-trivial linear space X has a basis.
ProoF. If we define the set
I(X):={Y C X |Y is linearly independent},

then () € I(X), hence I(X) is non-empty. If Y, Z € I(X), we define Y < Z := Y C
Z, which is a partial order on I(X). If C C I(X) is a chain in I(X), then

UC = {CL‘ eX | HAEC(«T S A)}

is a bound of C in P(X), and it is also a bound in I(X) i.e., |JC € I(X). To show
this, we use the Remark 2.2.2(ii). Let z1,...,2, € |JC, for some n > 1. By the
definition of |JC there are Y7,...,Y,, € C such that z; € Y1 & ... & z, € V,,.
Since C is a chain there is some i € {1,...,n} such that Y1 CY; & ... & Y, C V..
Hence, {x1,...,2,} CY;, and since Y; is linearly independent, {z1,...,z,} is also
linearly independent. Since the set {x1,...,2,} is an arbitrary finite subset of
JC, we conclude that |JC is in I(X). Since C is an arbitrary chain in I(X), the
hypothesis of ZL is satisfied. Hence, by ZL the poset I(X) has a maximal element
B. We show that B is a basis of X. Since B € I(X), it is a linearly independent
subset of X. It remains to show that B generates X. Let z € X, and suppose that
x ¢ (B). By the Lemma 2.2.20 we have that BU{x} is linearly independent, which
contradicts the hypothesis of maximality of B. Hence, x € (B). O

61¢ 1 = (0, then it is easy to show that the rule Efq (see section 6.1 of the Appendix) implies
that if every chain of @) is bounded, then () has a maximal element.
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Notice that the previous proof of existence of a basis is very “indirect”, as it
provides no method, or algorithm, to find, or construct a basis. One can show’ that
the Theorem 2.3.2 implies ZL, hence “the existence of a base of a linear space” and
ZL are equivalent (over ZF).

One can show similarly the following stronger version of Theorem 2.3.2. Note
that this version generalises the Corollary 2.2.16(iv), without using the hypothesis
of the existence of a (finite) basis, while if Y = (), it implies the Theorem 2.3.2.

THEOREM 2.3.3 (ZL). If Y is a linearly independent subset of a non-trivial
linear space X, there is a basis B of X, such that Y C B.

Proor. Exercise. O

2.4. Linear maps

DEFINITION 2.4.1. If X and Y are linear spaces, a function f : X — Y is called
linear, or a linear map, if it satisfies the following conditions:

(1) Yawrex (flz +2') = f(z) + f(2')).
(i1) VoexVaer (f(a ‘z)=a- f(:z:))

Moreover, we define the following sets:
LIX,)Y):={f:X =Y | fis linear},
LX) =L(X,X):={f:X — X | [ is linear},
X" :=L(X,R):={f: X — R f is linear}.

The elements of £(X) are called operators on X, or linear transformations on X,
while X* is called the dual space of X.

EXAMPLE 2.4.2. If X is a linear space with dim(X) = n, for some n > 1, and
B :={v1,...,v,} is a fixed basis of X, then the function fp : X — R", defined by

n
fe(x):=(a1,...,a,), x:Zaivi,
i=1
is a linear map. Moreover, if i € {1,...,n}, the function pr? : X — R, defined by

n
Prfg(x) = g, T = Zaivia
i=1

"For that see [6]. In [19] many statements from classical mathematics are shown to be
equivalent to the axiom of choice.
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X—R"

prN ‘Pri

R
is a linear map. If n > m > 1, the function g : R™ — R™ is linear, where
g1y ey Oy Qs - oy Q) 2= (A1, oy Q).
REMARK 2.4.3. The set £(X,Y") is equipped with the following linear structure
(f+9)(x) = flx) +g(z), zeX,
(a+f)xz)=a-f(x), a€cR, zeX,
0(z) := 0, r e X.
PRrOOF. If f,g € L(X,Y), then f 4+ g € L(X,Y), since if z,2’ € X, then
(f+9)(@+2') = fla+2a') + g(z +a')
= (f(2) + f(@") + (9(z) + g(="))
= (f(2) +9(x)) + (f(2") + g(a"))
= (f+9)@) + (f +9)(),
and if b € R, then
(f+9)(b-z) = f(ba)+g(b-z) = b f(2)+b-g(x) = b+ (f(2)+g(2)) = b-[(f+9) (z)].
IfaeR,and f € L(X,Y), then a- f € L(X,Y), since
(a-file+a'):=a-flx+a")=a-[flx) + f(z)] =a- f(z)+a- f(z)
= (a- f)(z) + (a- f)(@"),
and
(a-f)(bx) = a-f(b-z) =a-[b- f(z)] = (ab)- f(z) =b-[a- f(2)] == [(a- f)(2)].

That the function 0 : X — Y, 2+ 0, is in £(X,Y) is immediate to show. It is
trivial to show that £(X,Y) satisfies the conditions of a linear space. O

Clearly, X* is a subspace of F(X). The dimension of £(X,Y) for finite-
dimensional linear spaces X and Y is determined in the Theorem 2.4.17.
REMARK 2.4.4. Let X,Y, Z be linear spaces, f € L(X,Y) and g € L(Y, Z).
1) The composite function g o f is in £(X, Z).
i) idx € L(X).
i) f(0) = 0.

(
(
(
(iv) if x € X, then f(—z) = —f(x).
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(v)Ifn>1,a,...an, €R, and 21,...2, € X, then

f<§aizi> = éaif(zi).

PrROOF. Exercise. For the inductive proof of the case (vi), use the following
recursive definition of Y ; z;, where z1,...,2, € X and n > 1:

n T1 ,nm=1
O

By the previous remark the structure with objects the linear spaces and arrows
the linear maps is a category, which we call the category of (real) linear spaces Lin.
PROPOSITION 2.4.5. Letn > 1, X, Z be linear spaces, Y C X, and fo: Y — Z.

(1) If X = (Y, there is at most one linear map f : X — Z that extends fy i.e.,
f) = foly), for everyy € Y, or, in other words, the following diagram commutes

Jo

Y —Z

W\

X.

(i) If Y = {v1,...,vn} 48 a basis of X, there is a unique linear map f: X — Z

that extends fo, and hence, if g,h : X — Z are linear maps, we have that®
g‘y:h‘yig:h

(#i1) If 1 <m < n, dim(X) =n, and if Y = {v1,...,vn} is a linearly independent

subset of X, there is a linear map f : X — Z that extends fy.

PRrROOF. (i) If X is a trivial linear space, then Y = () or Y = X. In the first
case, fo is the empty set (as a set of pairs), and the only linear map that extends fo
is the constant zero linear map. If Y = X, the only extension of fy is fy itself. If X
is non-trivial, let f,g : X — Z be linear maps such that their restrictions fy, gy
to Y are equal to fy, i.e.,

Yyey (f(y) = foly) = 9(v)).

Ifze X, let a,...,a, € R and y1,...y, € Y such that x = Z;;laiyi. By the
Remark 2.4.4(v) we have that

fa) = f(}_jy> - 2_; asf (1) = gaig@i) - g<§_jy) — g(a).

8The restriction g|y of g is the function g|y : Y — Z, where g|y (y) := g(y), for every y € Y.
Clearly, if Y is a subspace of a linear space X and f € L(X, Z), then fy € L(Y, Z).
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(ii) If # € X, then z has a unique writing as = Y ", a;v;, for some ay,...,a, € R.
We define f : X — Z by

f(iaiw) = éaifo(vi).

It is easy to check that f is a linear map that extends fy. Since Y generates X, by
the case (i) we get that f is the unique extension of fy. Moreover, if g and h are
equal on the basis Y, then they are equal as functions from X to Z, since there is
a unique extension of the restriction gy of g to Y.

(iii) By the Corollary 2.2.16(iv) Y is extended to a finite basis B of X. We can
extend fj to a function f; : B — Z (e.g., f1 maps every element of B\'Y := {z €
X |z € B & x ¢ Y} to the zero element of Z). By the case (ii) we get a linear
extension f: X — Z of f;. Clearly, f is a linear extension of fj too. O

Next we show that a linear map preserves linear dependence, but not necessarily
linear independence. The latter holds if a linear map is injective. If it is a bijection
i.e., an injection and a surjection, it sends a basis of its domain to a basis of its
codomain.

LEMMA 2.4.6. Let X, Z be linear spaces, Y C X, f € L(X,Z), and x1,...,2, €
X.

(i) If x1,...x, are linearly dependent in X, then f(x1),..., f(x,) are linearly de-
pendent in Z.

(#3) If Y is a linearly dependent subset of X, then f(Y) := {f(y) |y € Y} is a
linearly dependent subset of Z.

(#i1) If x1, . ..z, are linearly independent in X, then there is a linear map g : X — Z
such that g(x1),...,9(x,) are linearly dependent in Z.

() If x1,...x, are linearly independent in X, and if f is an injection, then
f(x1),..., f(z,) are linearly independent in Z.

(v) If Y is a linearly independent subset of X, and if f is an injection, then f(Y)
s a linearly independent subset of Z.

(vi) If X ={Y), and if f is a surjection, then Z = (f(Y)).
(vit) If Y is a basis of X, and if f is a bijection, then f(Y) is a basis of Z.

PrOOF. (i) Let ay,...a, € R, where a; # 0, for some ¢ € {1,...,n} such that
o, aiz; = 0. Then what we want follows from the equalities

0= f(0)= f(gaﬂi) = gaif(l‘i)-

(ii) Tt follows immediately from the case (i).

(iii) For example, we can take g to be the zero map.
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(iv) By the injectivity of f, if a1,...,a, € R, we have that

=1 =1
=4 zn: a;x; =0
=1

Sar=...=a, =0.

(v) It follows immediately from the case (iv).

(vi) If X is trivial, then Y = ) or Y = X. In both cases what we want follows
immediately. Let X be non-trivial, and let z € Z. Then there is x € X such that
f(z)=2 Ifay,...,a, ERand y1,...,y, € Y such that x =Y | a;y;, then

2 = fa) = f(Z:y) =Yt < GO

(vii) By the case (v) we have that f(Y) is a linearly independent subset of Z, and
by the case (vi) we have that Z = (f(Y)). O

PROPOSITION 2.4.7. If X, Y are linear spaces, and f € L(X,Y), let
Ker(f):={z € X | f(z) =0},

In(f) :={y €V | Lex(f(z) =)}
(i) Ker(f) = X and In(f) <X Y.
(73) Kex(f) = {0} if and only if f is an injection.

ProOOF. Exercise. O

THEOREM 2.4.8. If X, Y are linear spaces, dim(X) = n, for some n > 1, and
feL(X,Y), then

dim(X) = dim (Ker(f)) + dim (Im(f)).

PROOF. By the Corollary 2.2.17 the subspace Ker(f) of X has a basis B =
{v1,...,vx}, for some k > 0, such that ¥ < n. By the Corollary 2.2.16(iii) there
are €g41,...,en, € X such that the set

B :={vy,..., 0k, €kt1,-.. €0}
is a basis of X. If y € Im(f), there is z € X and a1, ...,ak, bk11,...,b, € R with
y=f(x)

k n
= f<Zasz—|— Z bj€j>
i=1

j=k+1
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k n
=Za¢f(vi)+ > bif(ey)

j=k+1

=0+ > bifle;)
Jj=k+1

Z bjf(ej).

j=k+1

Hence, the set {f(ex+1,--., f(en)} generates Im(f), and it is also linearly indepen-
dent in Y, since the restriction fi((e,,,,....e,}) of f to the subspace ({€ex+1,...,en}) of

X is an injection, and then we use the Lemma 2.4.6(iv). To show that fife, . ....en}

is an injection, we suppose that there is € ({eg41,...,en}), such that f(z) = 0.
In this case there are aq,...,ag,bgt1,...,b, € R such that
k n
szaivi: Z bjej.
i=1 j=k+1

If z # 0, there is some 7 € {1,...,k} such that a; # 0, and some j € {k+1,...,n},
such that b; # 0. Hence e; is written as a linear combination of the elements

ULy vey Uky Chtly -5 €i1,€i41,---,€n Of B, which is a contradiction. Hence, z = 0.
The required equality dim(X) = dim (Ker(f)) + dim (Im(f)) follows immediately
from the fact that B is a basis of X. O

Notice that in the previous result the cases k = 0, and k = n i.e., f is an
injection, and f is the constant map 0, respectively, follow as special cases. A nice
consequence of the previous result is that there is no linear map from R? to R2,
which is an injection!

PROPOSITION 2.4.9. Let X,Y be linear spaces with dim(X) = n and dim(Y) =
m, for some n,m > 1. Let the following linear operations defined on X X Y:

() + (",y) = (z + 2",y + ),
a-(z,y):=(a-z,a-y),
0 := (0,0).
(1) X XY is a linear space, which we call the product linear space of X and Y.
(i) If {v1,..., v} is a basis of X and {w1,...,w,} is a basis of Y, then
{(111, 0),...,(vn,0),(0,wy),..., (O,wm)}
is a basis of X x Y, and dim(X xY) =n+m.
(#91) The projections pry : X XY — X andpry : X xY =Y, defined by
pry(z,y) =z & pry(z,y) =y,

are linear maps.
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(iv) X XY satisfies the universal property of products i.e., for every linear space
Z, and every linear map f : Z — X, and every linear map g : Z — Y there is a
unique linear map h : Z — X XY such that the following inner diagrams commute

N

Xe——XXY ——Y
Prx Pry

t.e., f=pryoh and g =pry oh.
Proor. Exercise. O

The “up to isomorphism”-uniqueness of X x Y is shown in the Appendix (sec-
tion 6.3). Next we show that the direct sum Y @ Z of the linear subspaces Y, Z of
a linear space X behaves in a way dual to the product. Notice that the arrows in
the next diagram are opposite to the arrows of the previous one.

PROPOSITION 2.4.10. Let X be a linear space, and Y, Z < X.
(i) The injections iny : Y - Y @ Z and ing : Z Y & Z, defined by

iny(y) =y+0=y & inZ(z) =042z =z,

are linear maps.

(i1) Y @ Z satisfies the universal property of coproducts i.e., for every linear space
W, and every linear map f:Y — W, and every linear map g : Z — W there is a
unique linear map h 1Y & Z — W such that the following inner diagrams commute

Y%Y@Z%Z

i.e., f=hoiny and g=hoing.

Proor. Exercise. O

COROLLARY 2.4.11. If X is a linear space, and n € N, such that dim(X) = n,
then if Y < X and Z X X, we have that

dim(Y) + dim(Z) = dim(Y + Z) + dim(Y N 2).
PRrROOF. Exercise [Hint: use the Proposition 2.4.9 and the Theorem 2.4.8]. O

Notice that the Proposition 2.2.19(ii) is a special case of the Corollary 2.4.11.
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COROLLARY 2.4.12. If X, Y are linear spaces, n € N, dim(X) = n = dim(Y"),
and f € L(X,Y), the following are equivalent:

(i) Kez(f) = {0}.
(i7) Im(f) =Y.
(#i1) f is a bijection i.e., f is an injection and a surjection.
Proor. Exercise. O

DEFINITION 2.4.13. If X, Y are linear spaces, an f € £(X,Y) is a linear iso-
morphism between XY, if thereis g: Y — X with fog=idy and go f =idx

idy
f /g_\
X Y X Y
\/ f

In this case, we write (f,g) : X ~ Y, or, simpler, f : X ~ Y, and we say that the
linear spaces X and Y are (linearly) isomorphic.

If (f,g): X ~Y,and (f,h) : X =~ Y, then g = h. Since f is also a bijection
(Exercise sheet 1, Exercise 1(i)), we write g := f~!. The following converse to the
Corollary 2.4.12 expresses the “invariance” of the finite dimension of a linear space
under an isomorphism.

REMARK 2.4.14. Let X,Y be linear spaces, and f € £(X,Y) a linear isomor-
phism.

() I (f,g9): X =Y, then g € L(V, X).
(79) If n € N, and dim(X) = n, then dim(Y) = n.
PROOF. Exercise. ]

If n > 1, then an n-dimensional linear space is isomorphic to R"™.

COROLLARY 2.4.15. If X is a linear space, and n > 1, then dim(X) = n if and
only if X is isomorphic to R™.

Proor. Exercise. O
Now we can determine the dimension of the dual of a finite-dimensional space.

COROLLARY 2.4.16. If X is a linear space, n € N, and dim(X) = n, then
dim(X*) = n.

PRrOOF. If X is trivial i.e., X := {0}, then X* := {f: {0} — R | f is linear}.
Hence, X* contains only the zero map, and dim(X) = dim(X*) = 0. If X is
non-trivial and B := {v1,...,v,} is a basis of X, let ep : X* — R" defined by

eB(f) = (f(vl)v DR f(vn))a
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for every f € X*. It is easy to see that ep is a linear map. Moreover, since

eB(f):O@(f(Ul)a7f(vn)):(0aao)<:>f(v1):0& &f(Un):O,

we have that f(z) = f(Z?_l aivi) =3 a;f(v;) =0, for every z € X, hence

f= o~ i.e., Ker(eg) = {0}, or ep is an injection. Next we show that ep is a
surjection. If (ai,...,a,) € R™, we define a function fy : {v1,...,v,} = R™ by
fo(v1) i==a1 & ... & fo(v,) := a,. By the Proposition 2.4.5(ii) there is a unique
linear extension f : X — R™ of fy. Moreover, eg(f) := (f(vl),...,f(vn)) =

(fo(’l)l),...,fo(l}n)) = (al,...,an). |:|

The previous corollary is a special case of the following theorem.

THEOREM 2.4.17. Let X,Y be linear spaces, m,n > 1, {v1,...,vm} a basis
of X, and {w1,...,wp} a basis of Y. If for every i € {1,...,m} and every j €
{1,...,n} the function f;; : X — Y is the unique linear extension of the function®

?j vy, o= Y

S () = brawj,
1 k=i
5’“"_{ 0 ,k+#1,

B:={fijlie{l,...om}&je{l,....n}}
is a basis of L(X,Y), and dim (E(X, Y)) = mn.

then the set

PRroOF. By the definition of f;; we have that

mon={37 12

for every k € {1,...,m}. First we show that (B) = L(X,Y). Let h € L(X,Y). If
ke {1,...,m}, there are ag,...,ar, € R such that

h(vy) = Z g W;.
j=1

We show that

h=> "> aifij= Y aijfi € (B).
i=1j=1 i=1,j=1

9The symbol §; is known as Kronecker’s delta.
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By the Proposition 2.4.5(ii) it suffices to show that the two functions, h and
> E?zl a;jfi; € L(X,Y), are equal on the given basis of X. If k € {1,...,m},
by the definition of the linear operations on £(X,Y’) we have that

< Z aijfij)(vk) = Z aijfij(vk)
i=1,j=1 i=1,j=1

m n

= Z aijdkiwj

i=1,j=1

n
= agjw;
j=1

= h(’l}k).
Next we show that the elements of B are linearly independent. If a;; € R, where
i€{l,...,m}and j € {1,...,n}, then

> aijfij:0:>vke{l,...,m}(( > aijfij)(vk):()>

i=1,j=1 i=1,j=1
< vke{l,...,m}( Z ai; fij (o) = 0>
i=1,j=1
< Vke{l,...,m}( Z a;ijOpiw;j = 0)
i=1,j=1
< Vke{l,...,m} (Z Ap;W; = 0)
j=1
S Vieq,my(ar = ... = app, =0)
S Viet,...myVjeq1,...ny (ai; =0).
Since the cardinality of B is mn, we conclude that dim (£(X,Y)) = mn. O

The basis of X* determined from the proof of the Theorem 2.4.17, if Y = R,
is equal to the basis of X* determined from the proof of the Corollary 2.4.16 i.e.,
the set {ez'(e1),...,ez'(em)}, where {e1,... e} is the standard basis of R™.
According to the proof of the Theorem 2.4.17, X* has as bases the m-functions
fit, -+ fm1, where f;; is the unique linear extension of f3 : {v1,....v,,} — R, and

1 k=i
fil(vk):{ 0 k#i ::5ki,

for every k € {1,...,m}. On the other hand, if f := ez'(e1),..., fm := e5'(em),
is the basis of X* determined by the proof of the Corollary 2.4.16, then

eB(fi) =€ <= (f(vl)a---af(vi—l)af(vi)vf(vi+l)a~'~7f(vn)) = (O,...,O,l,O,...,O)
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ie., fi(vg) =0k = fir(vk), and hence f; = fi1, for every i € {1,...,m}.

The set of operators £(X) of a linear space X is algebraically more interesting
than £(X,Y), since a “multiplication”, the composition of functions, is defined
between its elements.

DEFINITION 2.4.18. If X is a linear space, and T' € £(X), we define

no._ idX ,n:()
T‘_{TOTFl,n>Q

Eg,T3=ToToT

X X X X.

REMARK 2.4.19. If X is a linear space, and P € £(X), such that P2 = P, then
X = Ker(P) @ Im(P).
Proor. Exercise. O
REMARK 2.4.20. Let X be a linear space, T € £(X), with T? = idx, and let
1 1
P = §(idx +T) & Q= g(idX _T)'
(1) P+ Q =idx.
(i1) P?2 = P, and Q% = Q.
(iii) PQ = QP = 0.

PRrOOF. Exercise. O

2.5. Quotient spaces

A subspace Y of a linear space X generates a new linear space by “identifying”
the elements of Y. This identification is done by “quotienting” over Y with respect
to some appropriate equivalence relation.

REMARK 2.5.1. Let X be a linear space and Y < X. If z, 2’ € X, we define
z~ a2 (modY) &2’ —zeV.
Then the relation z ~ 2/(modY’) is an equivalence relation on X i.e., for every
z, 2, 2" € X the following conditions are satisfied:
(1)  ~ z(modY).
(i) If x ~ 2/(modY’), then &’ ~ x(modY").
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(#31) If & ~ 2’ (modY") and =’ ~ 2" (modY’), then z ~ z’'(modY").
Moreover, the relation z ~ z’'(modY’) is compatible with the operations of X i.e.,
(a) If z ~ 2'(modY’) and y ~ ¢/ (modY’), then = + y ~ =’ + ¢’ (modY).
() If  ~ 2’(modY’) and a € R, then a - x ~ a - z’'(modY).
PRrOOF. Exercise. t

DEFINITION 2.5.2. If z € X, the equivalence class [x]~ of x with respect to the
equivalence relation z ~ z/(modY’) is the set

[%] ~(mody) = {2’ € X | 2/ ~ z(modY)}
={r'eX |2 —z€Y)}
={7' € X |Jyey (¢' —z=y)}
={r' € X |Jyey (¢’ =2 +y)}

{z+y|lyeY}

=:x+Y.

The set of all these equivalence classes is denoted by X/Y i.e.,
XY ={z+Y |z € X},
and it is called the quotient space, or the factor space of X with respect to Y. If

z,2’ € X and a € R, and using for simplicity the same symbols to the symbols of
the signature of X, let

(@+Y)+ (' +Y):=(z+2")+Y,
a-(z+Y):=(a-z)+Y,
0:=0+Y =Y.
The canonical projection of X onto Y is the surjection
my: X =2 X/Y, xz—2z4Y, zelX.
By the above definitions we get z+Y =2'+Y & ¢ ~ 2/(modY) & 2 —2' € Y.

REMARK 2.5.3. Let X be a linear space and ¥ <X X. If 2 ~ 2/(modY) is
defined as above, then the quotient space V/Y := (X/Y;+,0,-) is a linear space,
the canonical projection 7y of X onto Y is a linear map, and this linear structure
on X/Y is the unique linear structure on X/Y that makes 7y a linear map.

PRrOOF. It is immediate to show that X/Y is a linear space. Next we show
that 7y is a linear map. If z,2’ € Y and a € R, we have that

ry(@+a)=(x+2)+Y =@+Y)+ (2 +Y) :=my(z) + 7y (a),
7wy (ax) = (ax) + Y = a(z +Y) := any ().
If (®,0,0) is a linear structure on X/Y that makes my a linear map, then

my(z+2)=ny(@) @y (@) (z+2)+Y =(z+Y)d (' +Y),
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my(a-z)=a@ny(x): S ar+Y =a0(z+Y)

i.e., the linear structure (®,0,®) on X/Y is the one given in the Definition 2.5.2.
O

The quotient space X/X is a trivial linear space, since
r ~2'(modX) & 2’ —z € X,

and hence any two elements of X are equivalent, or, the only equivalence class is
X itself ie., X/X = {X}. The quotient space X/{0} is isomorphic to X, since

z~ 2 (mod{0}) &2’ —ze{0}er —r=0&12" =z

and hence z + {0} = {z} € X/{0}. Consequently, the mapping e : X — X/{0},
defined by z — {x}, for every x € X, is a linear isomorphism. Next follows a more
interesting example of a quotient space.

EXAMPLE 2.5.4. If L is a line in R? that passes through the origin (0,0), then
it is easy to see that if (z,y) € R?, the equivalence class

(z,y)+ L

is the line that passes through (x,y) and it is parallel to L
A

or, in other words, (2’,y’) ~ (z,y)(modL) if and only if (2/,y’) is in the line
that passes through (z,y) and it is parallel to L. We can now give a geometrical
interpretation of the condition

(x,y) ~ (', y)(modL) & (u,w)~ (u',w’)(modL)
= (z,9) + (w,w) ~ (2',y') + (v, w") (modL).

e
If M= (z,y),M :=(2',y),N := (u,w), and N := (v/,w’), then OM' + ON’ is
in the line that passes from OM + ON and it is parallel to L. To see this, if L is
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represented by the equation y = ax, for some a € R, then

WHw)—+w) @ -y +w—-w)
(@ +u)—(z+u) (@ —2)+ W —u)
a(x’ —z) +a(u' — u)
(' —2)+ (v —u)
(¢ —x)+u —u)
=) + (o —w)

The following condition is interpreted similarly
(,y) ~ (¢',y)(modL) & AER = A(x,y) ~ A(a’,y’)(modL),
since
A =Xy Y-y
e/ — X\ 2 —x
The quotient space X/L is the set of all equivalence classes (x,y) + L, hence,
according to the above geometrical interpretation of (z,y) + L, it is the set of all

lines parallel to L. Each such line is determined from the point of its intersection
with the axis y'y, which is a real number a, )41, where

a.

Y= Qzy)+L
z—0
It is easy to see that the addition [(x,y) + L] + [(u, w) + L] on X/L corresponds to
the addition a(g, )41 + @(u,w)+z and the scalar multiplication b- [(2,y)+ L] on X/L
corresponds to the multiplication ba, 41, of reals. In other words, the mapping

e: X/L — R,

=0 Qgy)+L = Y — aX.

(.’E, y) + L~ A(z,y)+L>
is linear, and it is also a bijection. Hence, even without carrying out the exact
calculations, it is “geometrically” expected that X/L is linearly isomorphic to R.
Hence, in this case we have that

dim(R?) = dim(L) + dim(R?/L).
DEFINITION 2.5.5. Let X be a linear space, ¥ X X and zy,...,2, € X.
We say that z1,...,2, are linearly dependent (modY), if z1 +Y,..., 2, +Y are

linearly dependent in X/Y, and x1,...,x, are linearly independent (modY’), if
z1+Y,...,x, +Y are linearly independent in X/Y.

One can show that x1,...,x, are linearly dependent (modY’) if and only if
there are n > 1 and aq,...,a, € R such that a; # 0, for some i € {1,...,n}, and

Jyey ( Z ;i = y) )
i=1
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and hence, 21, ..., z, are linearly independent (modY’) if and only if for every n > 1
and every aj,...,a, € R
n
3y€Y<Z(lil‘i :y> a1 =...=a, =0.
i=1

THEOREM 2.5.6. Let X be a linear space and Y = X. If By is a basis of Y,
and B := By UC 1is a basis of X, where By NC =), then

C+Y :={c+Y |ceC}
is a basis of X/Y, and dim(X) = dim(Y") + dim(X/Y).

Proor. If Z := (C), then X = Y + Z. To see this let z € X, and let
bi,...,bym € By, c1,...,¢, € Cyand Ay, ..., A, 41, - - -, fin, € R such that

m n
Tr = Z)\ibi—FZujCj =y +z,
i=1 =1

m n
y::Z)\ibiEY & ZZ:Z/.L]‘CJ‘EZ.
i=1 j=1
Clearly, we have that © € Y + Z. Moreover, Y N Z = {0}, since, if there was z € X
such that xt #0 and z € Y N Z i.e.,

m n
Tr = Z/\lbl = Z/.LjCj,
i=1 j=1

for some Aq,..., Am, i1, .-+, o € R, then there would be some p1; # 0, and conse-
quently the vector c; could be written as a linear combination of the rest. Since
By N C = (), this is impossible. Hence, by the Proposition 2.2.19 we have that
X =Y & Z. Let the function

¢p:Z—=X]Y, z—z+Y, z€Z

Since ¢ is the restriction of the canonical projection my to the subspace Z of X, it
is also a linear map. First we show that ¢ is an injection. If z1, 29 € Z, then

where

Zl+Y:22+Y<:>(21722)GY@(Zl*ZQ)€YQZ<:>(2'1722):0<:>21:22.
Next we show that ¢ is a surjection. Let z +Y € X/Y. Since there are y € Y and
z € Z such that © = y + z, as we described above, we have that
d(2)=2+Y=04+)+(=+Y)=Ww+Y)+(z4+Y)=(y+2)+Y =2+ Z

Since C' is a basis of Z, by the Lemma 2.4.6(vii) we have that ¢(C) =C +Y is a
basis of X/Y. Now the equality dim(X) = dim(Y") + dim(X/Y) follows'°. O

08ince dim(X) = |B| = |By U C|, we use here the fact that |[By U C| = |By| + |C|, when
By NC = (). This fact about cardinalities of sets is trivial when the related sets are finite, and it
can also be shown in the general case.
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For the quotient space of the Example 2.5.4 we have that L := {(z,y) € R? |
y = ax}, for some a € R, B, := {(1,a)} is a basis of L and if C' := {(0,1)}, then
B UC is a basis of R?, B, NC =0, and {(0,1) + L} is a basis of R?/L.

If X is a finite dimensional space, and f : X — Y is linear, by the Theorem 2.4.8
we have that

dim(X) = dim(Kez(f)) + dim(Im(f)),
and by the previous theorem we also have that
dim(X) = dim(Ker(f)) + dim(X/Ker(f)).

Hence, if m = dim(Im(f)) = dim(X/Ker(f)), and since both these spaces are by
the Corollary 2.4.15 isomorphic to R™, we also have that X/Ker(f) ~ Im(f). Next
we show this fact for any linear space X.

THEOREM 2.5.7. If X|Y are linear spaces and f € L(X,Y), then
X/Ker(f) = Tn(f).
PRrROOF. Let the function ¢ : X/Ker(f) — Im(f), defined by
¢(z +Ker(f) := f(2),

for every x +ker(f) € X/Ker(f). First we show that ¢ is indeed a function and an
injection. If z + ker(f) and 2’ + ker(f) are in X/Ker(f), then

r+ker(f) =2 +ker(f) & (z—2') €eker(f) & f(xr —2') =0& f(z) = f(2').
Next we show that ¢ is linear:

o((z +ker(f)) + (2’ + ker(f )

o((z + ') —|—ker(f))

flz+2")

f@)+ f(a")

= ¢(z + Kex(f)) + (2’ + Ker(f)),

qS(a(x + ker(f))) = (b(ax + ker(f))
= f(ax)
=af(z)
= a¢p(x + Ker(f)).

Since ¢ is, trivially, a surjection, we have that ¢ is a linear isomorphism. O

From the previous theorem a linear map f : X — Y is written as the composi-
tion of an injection (¢) with a surjection (mger(s))
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f
X——Y

TKer(f) J %

X/Ker(f).

ProprosSITION 2.5.8. Let X be a linear space and Y, Z < X.
Y/ (YNZ)=(Y+2)/Z.
(W) IfX=Y®Z, thenY ~X/Z.
(#i1) If Z RY, then (X/2)/(Y/Z) =~ X/Y.

PRrROOF. (i) Let f:Y — (Y + Z)/Z defined by f(y) :=y+ Z, for every y € Y.
Since f is the composition of linear maps

7 T
Yy Y v4z 2 v +2)z,

where iy (y) := y = y + 0 is the linear injection of Y into Y + Z (see also Proposi-
tion 2.4.10(i)), or since f is the restriction of the linear map 7y to the subspace ¥’
of Y 4+ Z, we have that f is linear. If (y+2)+ Z € (Y + Z)/Z, then

fW)=y+2=Wy+2)+2=Wy+2)+E+2)=W+2)+72
i.e., f is a surjection. Since
yEKer(f) e flyy =0y+Z2=Z<yecZosyceYnZ,
we have that ker(f) =Y N Z. By the Theorem 2.5.7 we get
Y/Ker(f) ~In(f) Y/ (YNZ)= (Y +2)/Z.

(ii) If X =Y @ Z, then by the Proposition 2.2.19 we have that Y N Z = {0}, and
by the case (i) we get

Y ~Y/{0) =~ (Y +2)/Z=(Y&Z))Z=X]Z
(iii) Exercise. O

DEFINITION 2.5.9. If X, Y are finite-dimensional linear spaces, and f : X — Y
is linear, the rank of f is defined by

rank(f) := dim(Im(f)).
By the Theorems 2.5.7 and 2.5.6 we have that
rank(f) = dim(X/Ker(f)) = dim(X) — dim(Kez(f)),
hence f is an injection if and only if rank(f) = dim(X).
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2.6. The free linear space

In this section we study the construction of a free object in the category Lin.
The methods that we use and the results we prove here are found, in some disguise,
in many different contexts in mathematics.

DEFINITION 2.6.1. If X is a set, and f : X — R, the zero set [f = 0] of f is the
inverse image of {0} under f, and the cozero set [f # 0] of f is the complement'!
of f=01i.e.,

[f =0]:={z e X|f(x) =0} = f'({0}),
[f#0]:={ze X[ [f(x)#0} =X\ [f =0}
We denote by X the set of all real-valued functions on X that are non-zero for
only finitely many elements of X i.e.,

eX = {f eF(X)|[f #0] is finite}.
If f € eX, we also say that f is almost everywhere 0.
If f € eX, there are n € N and z1,...,z, € X such that

f@)#£0 ,ifze{z,...,zn}
f(x) =0 , otherwise.

The constant zero function 0\ on X is in £X , since [ﬁX # 0] =0, and 0 is trivially
a finite subset of X. If x € X, the function f, : X — R, defined by

R

for every y € X, is also in €X.

REMARK 2.6.2. Let f,g € F(X) and a € R.
@) [(f+g) #0] S [f #0]U[g # 0]
(iz) [(af) # 0] S [f # 0].

PRrROOF. (i) Let € X such that f(z) + g(x) # 0, and suppose that f(z) =
glx)=01ie,z € [f =0]N[g=0]. Then f(z)+ g(x) = 0, which is a contradiction,
hence z € X \ ([f = 0] N [g = 0]), and consequently'? we get = € [f # 0] U [g # 0].
(ii) If @ = 0, then [(af) #0] =0 C [f #0]. If a # 0, and x € X such that
af(x) # 0, then f(x) # 0. O

It is easy to find f,g € F(X) such that [(f +g) # 0] C [f # 0] U [g # 0].
Moreover, if a = 0, and [f # 0] # 0, we have that [(af) # 0] =0 C [f # 0], and if
@ #£0, then [(af) £ 0] = [f £ 0]

Hif y C X, its complement X \ Y is defined by X \Y :={z € X |z ¢ Y}.
121f ¥ and Z are subsets of a set X, then X \ (Y N Z) = (X \ Y)U (X \ Z). Interchanging N
and U, weget X\ (YUZ)=(X\Y)N(X\ Z).
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COROLLARY 2.6.3. If X is a given set, then X, equipped with the linear struc-
ture of F(X), is a linear subspace of F(X), which has as basis the set

Bx ={f. |z € X},
and the map ix : X — X, defined by x — f,, for every x € X, is an injection.
PROOF. If X = (), then 0 is the trivial linear space, since
ed:={f:0—=R|[f #0] is finite} = {0},

and By = (. The injectivity of i also follows trivially.

Let X be a non-empty set. If f,g € eX, then by the Remark 2.6.2(i) we have
that [(f + g) # 0] is a subset of the union of two finite sets. Since the union of
two finite sets is also finite, and since any subset of a finite set is again finite, we
conclude that [(f +g) # 0] is a finite subset of X, and hence f+ g € ¢X. Similarly,
by the Remark 2.6.2(ii) we have that if f € eX and a € R, then af € €X. Since

0" cex , we conclude that ¢X is a linear subspace of F(X).
Next we show that (Bx) =¢X. Let f € eX. If f = 0", then

f = Offﬂo = f(wo)fzov
where g € X. If [f #0] = {x1,...,2,}, for some z1,...,z, € X, then

n

F=> f@)fs € (Bx).
i=1
To show that Bx is linearly independent subset of ¢ X, let fs,,..., fz, € Bx and

ai,...,a, € Rsuch that a1fy, +... +anfz, = 0. Since for every k € {1,...,n}
we have that

(gaifmi)(flfk) — 0% (en) © ap = 0,

we get what we want. Finally, we suppose that z, ' € X such that f, = f,/. Since
1= fo(x) = for(x), we conclude that ' = . O

“Identifying” X with Bx, we can view £X as a linear space with X as a basis.
If X :=1:={0}, then

el:={f € F(1)|[f # 0] is finite} := F(1),

and F(1) has as many elements as the set R of real numbers (why?). We see that
€X can be much larger than X. It turns out that if X is already a linear space,
then the linear space X is very different from X.

DEFINITION 2.6.4. If X is a set, the linear space €X is called the free linear
space generated by X, or the free linear space over X.
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The fundamental property of €X is that any function h from X to a linear
space Y generates a linear map from X to Y that “extends” h. In the proof of
the following theorem we need to be careful, since €X is not necessarily a finite-
dimensional linear space, and we have proved the Proposition 2.4.5(ii) only for
finite-dimensional linear spaces.

THEOREM 2.6.5 (The universal property of the free linear space). If X is a
set, then for every linear space Y and every function h : X — Y there is a unique
linear map eh : €eX — Y such that “h factors through €¢X7 i.e., the following
diagram commutes'?

PROOF. Let f € €X, such that [f # 0] = {z1,...,2,}, for some n > 1. As we
have seen in the proof of the Corollary 2.6.3, f is written as follows:

=1

This writing of f is unique. To show this, let {y1,...,ym} C X such that

ijfyj =f= Zf(ml)fw
J=1 i=1

Since, for every I € {1,...,m}, we have that

fly) = (ijfyj)(yl) = ijfyj (y1) = bi,

the previous equalities are written as follows:

n

Y Wity =f =D f(@)fe
j=1 i=1
If ke {1,...,n}, then

(Z f(yj)fyj) (o) = Flex) & 3 Fluy)fy, (o) = Flan),

j=1 j=1

13An injection f : A — B is also denoted by f : A < B. We use such a “hook right arrow”
in a diagram to indicate that ix is an injection. A dashed arrow, like the arrow corresponding to
eh, in a diagram is used to denote the uniqueness of that arrow.
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which implies that z; = y; for some [ € {1,...,m}. Similarly we show that every
y; is equal to some x;, hence m = n and z; = y;, for every i € {1,...,n}. Let the
function h* : Bx — Y defined by

B (f2) = h(a).

By the uniqueness of the writing of some f as above as a linear combination of the
elements of By, the function A* has the following unique linear extension eh on
X, where

) = ) (X ) = X flaha.

Notice that if f = GX, the writing of f as f(zo) fz, is not unique, since, for example,
F(20) fog =0 = f(x1) fa,, for every zo, 1 € X. Since'

(eh) (GX) = (eh) (f(xO)fwo) = f(zo)h(wo) = Oh(z0) =
=0 =0h(z1) = f(z1)h(z1) = (eh) (f(z1) fz,),

we have though, that the formula of eh applies also on 0" and gives the expected
value 0. Since (¢h)(ix () := (¢h)(fs)) := h(z), we get the required commutativity
of the above diagram. O

Notice that the importance of eX lies exactly in its universal property. Al-
though F(X) is a linear space that can also be considered as “a space generated
by X7, there is no interesting connection between X and F(X). In the case of eX
instead, X “is” the basis of X, a fact crucial to the previous proof of the universal
property of eX. Next we show that ¢X is unique, up to isomorphism, in Lin i.e.,
if W is a linear space that satisfies the universal property of the free linear space
generated by X, then W is linearly isomorphic to € X.

THEOREM 2.6.6 (Uniqueness of the free linear space). Let W be a linear space
and jx : X — W an injection, such that for every linear space Y and every
function h : X — Y there is a unique linear map hy : W — Y such that the
following diagram commutes

X w

x|
N oy
Y.
Then W is linearly isomorphic to e X.
PROOF. If in the universal property for W we take Y := W and h := jx

H41f we write 0 = > [ (2;) fx,, the formula of eh gives similarly that (eh) (GX) =0.
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then explain why (jx)w = idw. Next we proceed as in the proof of the up to
isomorphism-uniqueness of the product (see the section 6.3 of the Appendix). O

PROPOSITION 2.6.7. Let XY, Z be sets, and h: X =Y, g:Y — Z functions.

(i) There is a unique linear map eh : eX — €Y such that the following diagram
commutes

h
X ——Y
X ---»¢Y.
3 ch 9

(i) The following lower outer diagram commutes

goh

/\

X Y Z

h g
ch €g

eX ---=¢eY ---—¢eZ

e(goh)

i.e., e(goh) =egoeh.

(#i1) If X is a set, let Eg(X) :=eX, and, if h: X — Y is a function from the set
X to the set Y, let Ey(h) == eh : eX — €Y s the linear map determined in the
case (i). Then the pair E := (Eg, E1) is a covariant functor from the category Set
to the category Lin.

Proor. Exercise. O

PROPOSITION 2.6.8. Let XY be linear spaces and h : X — Y a function.

(i) There is a unique linear map wx : €X — X such that tx oix =idx
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)
X > L ox

id\ i X

X.
(ii) Let the following subset of eX
N(X):= {f)\x-‘ruy Mo —pfylz,ye X &\ pe R}-
Then (N (X)) C Ker(mx).
(731) Ker(rx) C (N(X)).

(iv) The function h is a linear map if and only if 1y och =homx

h
X—Y

eX ----2¢Y.

eh

PrOOF. We describe only the steps to find the algorithm for the proof of the

case (iii). Since 0" e Ker(mx), we only want to show that for every n > 1, and for
every ri,...r, € X,

F =3 f@)fo, € Kex(nx) = f € (N(X)).
=1

(a) Show that fo € N(X), and show the case n = 1i.e., if f = f(21)fz, € Ker(mx),
then f € (N(X)).

(b) Show the case n = 2 i.e., if f = f(z1)fs, + f(22)fs, € Ker(nx), then f €
(N(X)).

(c) Show the case n = 3 i.e., if f = f(x1)fo, + f(22) fa, + [(23) f25 € Kex(mx), then
f e (N(X)).

(d) Show the case n =4 ie., if f = f(z1)fe, + f(22) [, + [(23) fus + f(xa) fa, €
Ker(mx), then f € (N(X)).

The algorithm for the general case is either evident in the proof of this case, or, if
not, it should be clear in the proof of the case n = 5. O

2.7. Convex sets

In this section we study the notion of a convex set in a linear space, proving
some very first results in the theory of convex sets. The area of “Convex Analysis”
is very broad, and we refer to [14] for further reading.
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If M, N € R", the linear segment [M, M + N] between M and M + N
A
M+ N

Y

is the following set
[M,M + N]:={M+tN |t e[0,1]}.
Ift:=0, then M +0N = M, and if t := 1, then M +1N = M + N. If, for example,
S is the middle point of the segment, then
M+ (M+ N N 1

Since N = M + (N — M), we have that the linear segment [M, N| between M and
N is the following set:

[M,N] = [M,M + (N — M)]
={M+t(N-M)|te[0,1]}
={tN+(1-t)M |te[0,1]}
={sM+(1-s)N|se[0,1]}
={tiM +to2N | t1,t2 € [0,1] & t1 + 1t =1}
= {tiM +t2N | t1,t2 >0 &t + 1t = 1}.

S

The next definition is the generalisation of the description of [M, N] in R™.

DEFINITION 2.7.1. If X is a linear space and z,y € X, the linear segment [z, y]
between x and y is defined by

[z, y] = {tz+ (1 —t)y | t € [0,1]}.
Clearly, for every x,y € X we have that
[z,y] = [y, 2] & [z,2] ={z}.
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Moreover, if f: X — Y is a linear map, then f preserves linear segments i.e.,
f([z1,22]) == ({txl + (1 —t)xa |t €0, 1]})

= {f(te1 + (1 —t)zs) | t € [0,1]}
= {tf(x1) + (1 —t)f(x2) | t €[0,1]}
= [f(x1), f(22)].

If y1,y2 € Y, the inverse image f~!([y1,y2]) of the segment [y;,y2] in Y under
a linear map f need not be a linear segment (e.g., consider the constant 0 linear
map and the segment [0,0] = {0} in Y'). What we have in this case though, is that

z1,22 € [N (1, y2]) = (21, 22) € FH([y1, v2))

ie., f7([y1,y2]) is “closed under initial segments”, since f(z1), f(x2) € [y1,¥2],
and then f([z1,22]) = [f(z1), f(x2)] C [y1,y2].

DEFINITION 2.7.2. If X is a linear space, n > 1, and z1,...,z, € X, the conver
hull, or the convex span of z1,...,xz,, is defined by
n n
Conv(xy,...,oTn) = {thxl [ t1,...,tn >0 & Zti = 1} C{x1,. -, Tp).
i=1 i=1

A linear combination
n n
Zti(Ei, whereth...,thO & thzl
i=1 i=1

is called a convexr combination of 1, ..., x,, and t1,...,t, are called the barycentric
coordinates of x = Z?:l t;x;. A subset C of X is called conver in X, or, simply,
convez, if the linear segment between any two elements of C' is included in C| or, if
C is closed under linear segment i.e.,

vc,chC ([C; d] g C) .

Next we draw a convex set C, a non-convex set U in R?,

c U

and we also draw the convex hulls Conv(A4, B,C, D) and Conv(E, F,G, H) in R?,
which are the following figures ABC'D and EFGH with their interior.
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Conv(A, B,C,D) Conv(E,F,G,H)

E G

D C H

EXAMPLE 2.7.3. Any subspace Y of a linear space X is convex. Hence, X itself
is convex. There are many convex subsets of X that are not subspaces of X. E.g.,
if X is a non-trivial linear space, and x # 0, then {z} is convex in X. If z,y € X,
then [z,y] is convex in X. If C, D are convex sets in X, their intersection C'N D is
convex in X (why?).

C D

Similarly, the intersection of any family (Cj;);e; if convex sets in X is convex. The
empty set @) is trivially convex in X, since the defining property of a convex set is
trivially satisfied'®

Veaco(le,d] C0) & Vea(ceD & ded=[c,d C0).
The union of two convex sets, like A and B in R?, is not always a convex set.

A B

15Here we use the logical fact (P = 1) = (P = Q), where P,Q are formulas. For the
derivation of this formula we use the logical rules Efq and Modus Ponens.
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REMARK 2.7.4. Let X,Y be linear spaces, C,C’ C X, and D C Y.
(1) If C is convex in X, and D is convex in Y, then C' x D is convex in X x Y.
(i7) If C,C" are convex, then C +C' :={c+c' | ce C & ¢ € C'} is convex.

(#91) If C' is convex, and a € R, then aC :={a-c | ¢ € C} is convex.

PRroOF. Exercise. (]

Notice that Conv(z1) = {z1}, and Conv(x1,x2) = [x1, 23], while Conv(x1, o, 23)
is the triangle, with its interior, of x1, 3, z3 in X. Generally, more than one convex
combinations correspond to the same vector e.g.,

-3(0)+36)- 1) 56

PROPOSITION 2.7.5. If X is a linear space, n > 1, and x1,...,x, € X, their
convez hull Conv(xy,...,x,) is the least convex set in X that contains x1,...,%y.
Proor. First we show that Conv(xq,...,x,) is convex in X. Let
n n
.I‘:Ztiiﬁi, tl,...,thO & Zti:l’
i=1 i=1

n n
yzZsixi, S1,...,8, >0 & Zé‘z‘:l-
i=1

=1
If ¢ € 0, 1], then

trt (L—thy =1t tiw;+(1—1t)) sz
=1

i=1

n n
i=1 i=1

= Zn:[tti + (1 —t)s;]a;.

If a; :=tt; + (1 — t)s;, for every i € {1,...,n}, and if a,b € R, let
a A'b:=min{a,b},
then, since a > a A b and b > a A b, we have that
a; >t Ns)+ (L —=t)(tiNsi)=[t+ (1 =28)](ti Asi) =ti As; >0,
and

zn:ai:zn:tti-an:(l—t)Si:tzn:ti—f—(l—t)zn:si:t+(1—t):1.
1=1 1=1 =1 =1 1

i=
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Next, we show that if C is a convex set in X that contains z1,...,x,, then
Conv(x1,...,2,) C C. For that we prove inductively the following formula:

VnZl (thm’znex(l‘l ceC& ... &x,eC= COHV(.’L‘h. . ,:vn) - C))

If n = 1, we show that V., cx (xl € C = Conv(zy) C C), which we get immediately
from the equality Conv(z1) = {z1}. Next we suppose that
YVt aneX (3:1 eC& ... &x, € C= Conv(zry,...,z,) C C’),
and we show that
Vorraniex (@1 €C & ... & xpq1 € C = Conv(zy,...,2n41) C C).

Let x1,...,Zn,Tnt1 € X, such that x1 €e C & ... & 2, € C & x41 € C, and let

n+1 n+1
= tiw, .oty >0 & Y =1

i=1 i=1
If there is some ¢ € {1,...,n—+1}, such that t; = 0, then by the inductive hypothesis
on the n-elements z1,...,2;-1, %41, ...,Zn+1 of X we get

n+1
T = Z tjz; € C.
J=1#i

If t; #£0, for every i € {1,...,n+ 1}, then t,11 # 1, and hence

T = (1 - tn-i—l)c + lnt1Tn+1,

c:= 2t T+ + tn T
= 1 . P E— .
1- tn+1 1- tn+1 "
Since ;
— >0, ie{l,...,n},
r—— { }
and
t1 ty 1 1- tn+1
- 4+ = 4. otty) = —2— =1
1- tn+1 1- tn+1 1- tn+1 ( n) 1- tn+1
we get ¢ € Conv(xy,...,2,). By the inductive hypothesis on z1,...,z, we have
that ¢ € C, and hence, since C' is convex, we get x € C. O

As in the case of the linear span, the notion of the convex hull is generalised to an
arbitrary subset Y of a linear space X.

DEFINITION 2.7.6. If X is a linear space, and Y C X, the convezx hull Convx (Y),
or simpler Conv(Y), of Y in X is defined by

Conv(Y) := ﬂ{C CX|Y CC & C is convex}.

Clearly, Conv(Y) is the least convex set including Y. Moreover, since @) is
convex, Conv(()) =0 C {0} = (D).
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PROPOSITION 2.7.7. Let X be a linear space, and Y, Z C X.
(1) Y C Conv(Y).
(i) If Y C Z, then Conv(Y') C Conv(Z).
(#31) Conv(Conv(Y')) = Conv(Y).
(iv) Conv(Y N Z) C Conv(Y) N Conv(Z).
(v) Conv(Y) U Conv(Z) C Conv(Y U Z).
(vi) Y is convex if and only if Conv(Y) =Y.

Proor. Exercise. O

As in the case of linear span, the “top-down” definition of the convex hull of
any subset Y has an equivalent “bottom-up” description.

ProrosIiTION 2.7.8. If X is a linear space, and Y C X, then the convex hull
Conv(Y) of Y is equal to all convexr combinations of the elements of Y.

Proor. What we need to show amounts to the equality Conv(Y) Y, where
i=1
By the Proposition 2.7.5, and since trivially ¥ C Y, to show that Conv( ) C Y, it

suffices to show that Y is convex. Let

n
T=Y "ty Y- Un €Y &t 1y 20 & Y 1 =1,

x/zzsjyjlv ylla”'aym/ey & 81,...7Sm20 & ZSJ:l
— j=1
If ¢ € [0, 1], then
n m
te+ (L=t} =) (tti)yi+ ) (1-1)s;5, €Y,

i=1 j=1

since tt; > 0, and (1 —¢)s; > 0, and

zn:(tti) +§:(1 —1)s; :t<iti) +(1 —t)(isj> =tl+(1-t)1=1.
i=1 j=1

i=1 j=1

By the definition of Conv(Y'), to show the inclusion ¥ C Conv(Y'), it suffices to show
that if C' is convex in X, such that Y C C| then Y CC. Let & = Z?Zl tiy; € Y,
for some n > 1,¢1,...,t, > 0, such that Z?zl t; =1, and y1,...,y, € Y. Hence,
x € Conv(yy,...,yn). Since {y1,...,yn} C Y C C, by Proposition 2.7.5 we get
x € Conv(y1,...,yn) C C. O
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REMARK 2.7.9. Let X,Y be linear spaces, f € L(X,Y), C C X, D CY, and
7 = X.

(i) If D is convex in Y, then f~1(D) := {x € X | f(x) € D} is convex in X.
(#) If C' is convex in X, then f(C) := {f(z) | x € C} is convex in Y.
(791) If C'is convex in X, then C' + Z :={c+ Z | c € C} is convex in X/Z.
(i) If n > 1, and z1,...,z, € X, then
f(Conv(z1,...,2,)) = Conv(f(z1),..., f(zn)).
Proor. Exercise. g

COROLLARY 2.7.10. If X is a linear space, f,g € X* := L(X,R), and a € R,
then the following sets

vV VvV IA A

Q Q@ @ & & & 9

are conver i X.

PRroOOF. Exercise. O

2.8. Carathéodory’s theorem

If y1,92,y3 € R and « € Conv(yi, y2,ys3), it is easy to see that x is in the convex
hull of at most two elements of {y1,y2,ys}. If @ € {y1,¥2,93}, then it is in the
convex hull of one of them, while if = ¢ {y1,y2, y3}, and supposing, without loss of
generality, that y; < yo < y3, then the hypothesis x € Conv(yi,y2,y3) implies that
x € [y1,ys3), and hence x € [y1,y2] = Conv(y1,y2), or = € [y2,y3] = Conv(ya, ys3).

——O

W Y2 Y3
Similarly, if y1,%2,%3,94 € R? and x € Conv(y1,%2,¥3,%4), it is easy to see
that = is in the convex hull of at most three elements of {y1,y2,ys,ya}. If x €
{y1, Y2, Y3, ya}, then it is in the convex hull of one of them, while if x is in the line
segment between two of them, it is in the convex hull of two of them. In any other

case, we can find a triangle with vertices in {y1,y2,ys,y4} in the interior of which
x belongs to.
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Y2

U1 Ys

Ya

Carathéodory’s theorem is a generalisation of these intuitive remarks. Accord-
ing to it, if Y C R™, and = € Conv(Y'), we can find at most (n + 1)-elements in Y’
such that z is in their convex hull.

THEOREM 2.8.1 (Carathéodory). If Y C R™, then for every x € Conv(Y') there
is m € N such that 1 < m < n+ 1, and there are y1,...,Yym € Y, such that
x € Conv(Y1, .-\ Ym)-

PROOF. If 2 € Conv(Y'), then by the Proposition 2.7.8 there is k > 1, and there
are yi,...,yr €Y, such that

k k
e= ty, t,..o k>0 & Y =1
=1

i=1
If k£ < n+1, we have nothing to prove. Suppose next that k > n+1 < k—1 > n, and
suppose also that t; >0 & ... & tx > 0, since if t; = 0, for some ¢ € {1,...,k}, we
can write immediately x as a convex combination of £ — 1 elements of Y. Actually,
our strategy is to prove that there are k — 1 elements of Y, such that x can be
written as a convex combination of them. By repeating the same argument at most
k — (n+ 1) number of times, we reach the required conclusion. To find these k — 1
elements of Y, we work as follows. Since by the Theorem 2.2.13 the k —1 > n
number of vectors in R™

(W1 —yr)s- - (Yr—1 — Y)

are linearly dependent, there are aq,...,ar_1 € R, such that
k—1
> a(y; —uk) =0,
j=1
and a; # 0, for some j € {1,...,k —1}. If we define
k—1
ap = — Z aj,
j=1

then

k k
Zaizo & Zaiyi:(),
i=1 i=1
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since
k k—1
Zaiyi = Z a;y; + arYr
i=1 j=1
k—1 k—1
=D ay;+ <— aj)yk
j=1 j=1
k—1 k—1
=Dy = D asu
j=1 j=1
k-1
= a;(y; — w)
j=1
=0.

We claim that there is some i € {1,...,k} such that a; > 0. If there is some j €
{1,...,k—1}, such that a; > 0, we are done. If a; <0, for every j € {1,...,k—1},
and since in this case there is some j € {1,...,k — 1} with a; < 0, then a; > 0.
Hence, by our justified claim, and our hypothesis that each t; > 0, there is some
le{l,...,k} such that

ay ag ap 1
max{tl,...,tk}tl:M>O,
where M := 2—" We show that « € Conv(y1, ..., Y—1,Yit1s---,Yk). If
Sj::tj—Ma]‘7 jE{l,...J—l,l-‘rl,...,k},
then, for every j € {1,...,1—1,14+1,...,k}, we have that
Yol e, <ty =8 =t — Ma; >0
i, =M Sty j j i =Y

and since Ele a;y; = 0, we have that Z?Zl’j# a;y; = —(aiy1), and hence

k k
Z S5Y; = Z (tj—Maj)yj
j=1,j#l j=1,3#1
k k
= Dty —M Y ay;
J=1,5# J=1,5#
k
14
= Z tiy; — Py [ = (@)
J=1#l !

k
==§£:tﬁﬁ
i=1
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=2x.

. k k
Since >, a; = 0, we have that };_, ;, a; = —a;, and hence

k

k
Z S5 1= Z (tj—Maj)

J=1.5#1 J=1.j#1

k k
=D t-M Y q
j=1.#l =1,
k

= > tj—(%[—al]

=1,

k
-y
i=1

=1

i.e., x was written as a convex combination of k — 1 elements of Y.

By Carathéodory’s theorem, an element z of Conv(Y'), where Y C R™ can be

written as
n+1

‘T:Ztiyh t17"’tn+1207 ylu"'7yn+1€Y7
=1

since, even if the number m in the formulation of Carathéodory’s theorem is smaller
than n 4 1, one can consider in the above convex combination any elements of Y

multiplied by 0’s.

If Y is the union of a number of convex sets in R"™, which is smaller than the
dimension n of R™, then, according to the next corollary of Carathéodory’s theorem,
we can find a convex combination for the elements of Conv(Y) even smaller from

the one determined by Carathéodory’s theorem.

COROLLARY 2.82. If1 < k < n, and C1,...,Cy are convex subsets of R™,

then for every
k
T € Conv( U CZ-)
i=1
there is m < k, and there are y1,...,Ym € Ule C;, such that
x € Conv(Y1, ..., Ym)-

HiNT: The case k = 1 is trivial, since by the convexity of C7 we have that

1

T € Conv( U C,») = Conv(C}) = Cy = = € Conv(zx) = {z}.

i=1
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It is helpful to work next with two convex sets Cj,Cs in R?, and to show that
for every x € Conv(C; U Cs) there are at most two elements y,y’ € C; U Cy such
that € Conv(y,y’). The proof of the general case uses the trick of the case of
R? and the method of proof of Carathéodory’s theorem. Namely, we suppose that
the determined by Carathéodory’s theorem convex combination of x with at most
m < n—+ 1 number of elements from Ule C; is larger than k, and we find a convex
combination of x from m — 1 number of vectors from Ule C;. The rest is an
exercise. U






CHAPTER 3

Matrices

3.1. The linear space of matrices

DEFINITION 3.1.1. If m,n > 1, an array of real numbers

a1 [P QA1n
A= ;1 N Qin =: [aij}.
Am1 .- Qmn

is called a matriz of m-rows and n-columns. If 1 < i < m, the i-th row of A is the
array

A; = [aﬂ am] = [a;]; (€ R™),
and we also write A as a column of its rows
Ay
A= |
Am

The row-rank of A is defined by
rRank(A) := dim ((A1,..., 4n))

and it is the maximum number of linearly independent rows of A. If 1 < j < n,
the j-th column of A is the array

a1
A= | = el (€R™),
A
and we also write A as a row of its columns
A=]A".. A"].
The column-rank of A is defined by
cRank(A) := dim ((4',..., A™)),

55
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and it is the maximum number of linearly independent columns of A. The set of
m x n-matrices is denoted by M,, ,(R), while the set of square matrices M, ,,(R)
is also denoted by M, (R). If [a;;], [bij] € My n(R), and A € R, we define

[aij] = [bij] & Yieqr,...m}Vieq1,...n} (@i = bij).
[ai;] + [bi;] == [as; + bij],
A+ lag] = [Aaij],
0. == [0],
and if m = n, we denote 0, by 0,, or, if n is clear from the context, by 0.

If m = n = 2, the above definitions take the form
c d d
a b n a b| _ la+d b+V
c d d d| |e+d d+d|’
a b Aa b
AL d]:[Ac )\d]’ ACR,

0 0
-

REMARK 3.1.2. M,, ,(R) is a linear space of dimension mn.

I /
{a b} :[(01’ b]@a:a’&b:b’&c:c’&d:d',

PRrROOF. The fact that M,, ,(R) is a linear space is immediate from the Defini-
tion 3.1.1. To determine the dimension of M,, ,(R), we associate to an m x n-matrix

ai QA1n
A= a1 Qin
aAml1 - Qmn
the following element of R™"
(allv-"7a'1na"'aaih'"7ain7"'aa7n17'-- ;a’mn)-
E.g., to the 2 x 2-matrix
a b
c d
we associate the 4-tuple
(a,b,c,d).

It is easy to see that this mapping e : M,, ,(R) — R™” is a linear isomorphism,
hence by the Remark 2.4.14(ii) we get dim (M, ,,(R)) = dim(R™") = mn. O
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DEFINITION 3.1.3. Let the mapping * : M, ,(R) = M, (R), defined by

[ai;] = [ai;]"
where
b= bl

[ai;] bji = aij-

The matrix [a;;]" is called the transpose of [a;;], and it has columns the rows of
[a;;] and rows the columns of [a;;]. If A € M,(R) with A® = A, we say that A is
symmetric, and we denote their set by Sym, (R). A diagonal matrix in M, (R) has

the form
A1 A0 .00
Ag 0 X ... O
=1. . =:Diag(Aq,
An 0 0 ... M\
We denote by I, the unit matrix in M, (R), defined by
1
1
I = . =: [6i;],
1
where!
P 1 ,ifi=yj
Yl 0 if £ g
E.g., if we consider the 2 x 3-matrix
210
A= [1 3 5} ’
then its transpose A! is the following 3 x 2-matrix
2 1]
At= 11 3.
0 5]
An example of a symmetric matrix is the following:
31 2]
A= 1 5 4| =A"
-2 4 -8]

REMARK 3.1.4. Let A, B € M, ,(R) , C € M,(R), and a € R.

(i) (A+ B)t = A + B
(i) (a+ B)t =a- Bt

IThe symbol §; is known as Kronecker’s delta.

).
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(iii) (A")" = A
(#4i) C + C*? is symmetric.
PROOF. Exercise. (]

Next we define the multiplication between matrices, an operation which, as
we shall see later, is related to the composition of linear maps. To define the
multiplication AB the number of columns of A has to be the number of rows of B!

DEFINITION 3.1.5. If A := [a;;] € My, »(R) and B := [bjz] € M, ;(R), their
product AB € My, ;(R) is defined by

AB = [aij”bjk] = [Cik]a

Cik 1= Zaijbjka
j=1
forevery 1 <i<mand 1 <k <[ If Ae M,(R), let

n .__ In 7n:O
A'{AA“l,n>O

A matrix A € M, (R) is invertible, if there is B € M,,(R) such that AB = BA = I,,.
We denote by Inv,(R) the set of invertible matrices in M, (R).

E.g., if

3 4
A::E ; ;} & B:=|—-1 2],
2 1
then
3 4]
2 1 5 15 15
AB:{ } 1o { ]
1 3 2 2 1) 4 12
It is not always true that AB = BA. E.g
3 2 _6 7
0 1 0 5]’
and
2 —-1{(3 2| |6 -3
0 5|0 1 |0 5|
If a,b € R, and
1 a 1 b
e I
then
1 a+d
)
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b o o] =

Notice that, in contrast to what happens in R, there are non-zero square ma-
trices that are not invertible, like the matrix

1 1
1 1|
PROPOSITION 3.1.6. Let A € M, ,(R), B,C € M,,;(R), and D € M; 4(R).
1) AI, = A and I,,A = A.

(
(15) A(B+C)=AB+ AC.

(731) If a € R, then A(a- B) = a- (AB).
(

(

Hence

) A(BD) = (AB)D
v) The multiplication BtAt is well-defined, and (AB)! = BtA!.

ProoF. Exercise. O

COROLLARY 3.1.7. Let A, B,C € M,(R).

(i) If AB=BA =1, = AC = CA, then B = C. We denote the unique matriz B
such that AB = BA =1,, by A~', and we call it the inverse of A.

(i4) It = I,.
(iii) If A is invertible, then (A=1)t = (A?)~1

Proor. (i) C =1I,C = (AB)C = (BA)C = B(AC) = BI,, = B.
(i) [d;5]" := [dij], where d;; := §;;, and what we want follows from the obvious
equality 5ij = 5ji
(iii) By the Proposition 3.1.6(v) and the case (ii) we have that I,, = I} = (AA~!)t =
(A~1)A! and I, = Il = (A71A) = AY(A~1)E. Since I, = (AY)~ 14t — At(AH Y
by the case (i) we get (A71)! = (A%)~! 0

One can show that if A, B € M, (R), then
AB=1,= BA=1,,

hence we do not need to check both equalities in order to show that a matrix A is
invertible. Note that this is the case only when the product AB is equal to I,,. If
A, B € M, (R) are invertible, then AB is also invertible and (AB)~! = B~1A~Y
since

(AB)(B™*A ™YY = A[B(B™'A™ Y] = A[(BB Y)A™'| = A[I,A7'] = AA™! =
DEFINITION 3.1.8. If A := [a;;] € M, (R), the trace Tr(A) is defined by

i=1
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It is immediate to see that Tr(A') = Tr(A), and Tr(1,,) = n.

REMARK 3.1.9. Let A, B,C € M,(R) and X € R.
(i) Tr(A+ B) = Tr(A) + Tr(B).
(73) Tr(AA) = ATr(A).
(#i1) Tr(AB) = Tr(BA).
(iv) If B is invertible, then Tr(B~!AB) = Tr(A).
(v) Tr(A(B + C)) = Tr(AB) + Tr(AC).
(vi) Tr((AA)B) = ATx(AB).
(vii) There are no matrices A, B € M,,(R) such that
AB - BA=1,.
(viii) If A € M, (R) such that for every B € M,(R), we have that Tr(AB) = 0
then A = 0,,.
PRrROOF. Exercise. ]
PROPOSITION 3.1.10. (i) The set of symmetric matrices Sym,, (R) is a linear
subspace of M, (R).
(#9) If A € Sym,(R), then Tr(AA) >0
(133) If A € Sym,(R) and A # 0, then Tr(AA) >0
Proor. Exercise. g

As we shall explain later, because of the above properties, the function (4, B) +—
Tr(AB) is an inner product on Sym, (R).

3.2. The linear map of a matrix

Matrices can be used to represent linear maps. Let’s see the following charac-
teristic example. If § € R, let the matrix

cosf) —sind
R(9) := {sin@ cos 9]
Let the map Ry : R? — R? defined by

Rate.y) = 7(0) |7

~_|cosf —sinf| |z
" |sinf  cosf| |y
- |:COS 6 —sin 9} {7’ cos gb}

sin @ cos@| |rsing
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sin € cos ¢ + cos 0 cos ¢

|:COS 0 cos ¢ — sin @ sin ﬂ

=[],

A (r cos ¢, 7sin @)

(cos(0 + ¢),sin(0 + ¢))

(cos ¢, sin @)

>
>

where r := (/22 +92. Hence, Ry is the anti-clockwise #-rotation of the vector
(z,y). From the geometric interpretation of Ry we can infer that Ry is a linear
map. If 61,0, € R, it is easy to see that

R(61)R(02) = R(61 + 02).

From that we can infer that the matrix R(f) has an inverse, a fact which is also
expected from the geometric interpretation of Ry. The O-rotation Ry is the identity
map and R(0) = I, and if we consider the (—)-rotation, then Rg(R_p(z)) =
Ro(z) = x. From the geometric interpretation of Ry we expect that Ry preserves
the length of vectors in R? i.e.,

(Bo ()] = (. v)].
DEFINITION 3.2.1. If A := [a;;] € My, n(R), the linear map of A is the mapping
Ta:R™ = R™
Ta(z) := Az,

where we view an arbitrary element x := (z1,...,2,) € R as an n x 1-matrix, and
the output T4 (z) is an m x l-matrix that represents a vector in R™.
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If we unfold the above definition, we have that

Ta(r)1
Ta(z) = :
TA(:E)m
a1 . A1n I
Am1 .-+ OGmn Tn
n n n
= (Zaljajj, ceey Zaijxj, ey Zamjxj>
j=1 j=1 j=1
= (:vlan, ... ,xlaml) + ...+ (:cnaln, S ,xnamn)
a1 ai; A1n
= —&—a:J +...+x,
Am1 Qmj Amn

=z A + . A+, A
If {e1,...,e,} is the standard basis of R", and j € {1,...,n}, then
Ta(ej) =0A" + ...+ 04T + 147 4 047 + .. 404" = A7,
and hence, for every ¢ € {1,...,m}, we have that
Ta(ej)i = aij.
From the linear structure of M, (R) we get T4 € L(R™,R™), since
TA(X4Y)=AX+Y)=AX + AY :=Ta X + T4Y,
Ta(AX) = AMX) = AMAX) := ATy X.

Using the Proposition 3.1.6 we can show the following.

PROPOSITION 3.2.2. If A, B € M,, ,(R), and a € R, the following hold:
(1) If Ta = 0, then A = 0.
(i1) Taxp =Ta + Tp.
(iii) Toos = aTa.
(i) If Ty = Tg, then A= B.
(v) Ty, =idg, and Ty, =0.
(

Ui) If Ce Mn,l(R)y then Tyc =Ty 0T

Rl TC R"” TA R™

\_/’

Tac
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(vii) If m =n and A is invertible, then Ta is invertible and Ty* = Ty-1.
(viii) The map T : My, n(R) — L(R™,R™), defined by A — Ty, is linear.

ProOOF. Exercise. O

PROPOSITION 3.2.3. If A € M,(R) and A',..., A™ are the columns of A, then

A is invertible if and only if the vectors AL, ..., A" are linearly independent in R™.
PrOOF. Exercise. [Hint: use the fact that if z := (z1,...,2,) € R", then
Ta(z) =2 At + ...+ 2,A"] O

It is not a surprise now that the matrix
1 1
1 1
is not invertible. Matrices can be related to the theory of linear equations.

PROPOSITION 3.2.4. If A := [a;5] € My n(R) and (z41,...,2,) € R", the fol-
lowing are equivalent.

(1) (x1,...,2,) is a solution of the following system of linear equations

a1121+ ...+ a1px, =0

am1%1 + ... + GmnTn = 0.
(i) (x1,...,2,) is a solution of the following equation in R™
v A+ 4+ 2, A" = 0,,.
(#i1) (z1,...,2n) is in Ker(T4).
PrOOF. The proof is immediate from the above unfolding of T'4. ]
The system of inhomogeneous equations

a11x1 + ...+ aipx, = by

Cm1T1 + ...+ ATy = by,

does not always have a solution. Take e.g., the system
3r+oy—z=1,
3+ 5y —z=2.

If there is one solution though, then all solutions are obtained from that solution
and the solutions of the corresponding homogeneous system.
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PROPOSITION 3.2.5. Let A := [a;;] € My n(R), b= (b1,...,by,) € R™, Sol the
set of solutions of the system of linear equations

Ax =b,
and Solq the set of solutions of the homogeneous system of linear equations
Ax = 0,,,
where in both systems x = (x1,...,x,) € R™. If xy € Sol, then

Sol = xg + Soly.
PrOOF. Exercise. O
COROLLARY 3.2.6. If A € M,, ,(R), then
Rank(T4) = cRank(A) & dim(Ker(T4)) = n — cRank(A).

PRroOOF. Exercise. O

3.3. The matrix of a linear map

So far we defined a linear map T4 : R™ — R™, given a matrix A € M, »,(R).
Next we define a matrix Ay € M, ,,(R), given a linecar map T : R” — R™. The
two constructions are inverse to each other.

THEOREM 3.3.1. Let n,m > 1. If T : R® — R™ is a linear map, there is a
unique matriz Ay € My, n(R) such that T =Ty, i.e., for every x € R"

T(x) =Tan(z) := Arx.
The matriz At is called the matrixz of the linear map T .

PrOOF. If B := {ej,...,e,} is the standard basis of R", then for every j €
{1,...,n} we write T'(e;) as a linear combination of the standard basis of R™ i.e.,

T(ej) = (T(ej)l, . ,T(ej)m).
The matrix A is formed by taking these m-tuples as its columns i.e., we define

T(61)1 T(en)l
Ar = T(él)i T(én)i =: [ai;] = [T(ea‘)i]
T(er)m .. Tl(en)m

By the Proposition 2.4.5, to show that the linear maps 7" and T4, are equal, it
suffices to show that they are equal on the elements of B. As we have shown
after the Definition 3.2.1, T)s(e;) is the j-column A7 of A. Hence, T, (e;) is the
j-column of Ap, which is exactly T'(e;) by the definition of Ap. The uniqueness
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of Ap follows from the Proposition 3.2.2(iv); if B € My, »,(R) such that T4, (z) :=

Arx =T(z) = Bz :=Tp(x), we get Ar = B. O
If T:R? — R? is a linear map with 7(0,1) := (a,c) and T(1,0) := (b,d) then
a b
e[t )

PROPOSITION 3.3.2. Let A : L(R",R™) — M,, »(R), defined by T — Ar.
(2) If T is the function defined in the Proposition 3.2.2(vii), then we have that
AoT =idw,, @ and T o A=idpgn rm)

idL(]Rn ’an

My n(R) —— LR™ R™) —2 M,, (R) —— L(R",R™).

\/

i, (R)
(i) If T € LR™,R™) and S € L(R™,R!), then Agor = AsAr.
(791) Aidgn = In and Ag, = 0,,.
(Z'U) If T,Ts € ,C(Rn Rm) then AT1+T2 = ATl + AT2.
(v) If A € R, then Ay = AAr.
(vi) If U € E(R”) is invertible, then Ay is invertible and A" = Ap-1.
Proor. Exercise. O

If X,Y are finite-dimensional linear spaces and f € £(X,Y), we can associate
to f a matrix in a canonical way. This matrix is going to be the matrix of the
linear map f. If X :=R"™ and Y := R™, the matrix of f is reduced to the matrix
determined by the Theorem 3.3.1. The Proposition 3.3.2 is also generalised.

DEFINITION 3.3.3. If Bx := {v1,...,v,} a basis of X, we denote by ep, the
isomorphism X ~ R" with respect to Bx i.e.,

n
egy : X 2 R" e, (z):=(x1,...,2,), x= ijvj7

eg,}( R” - X eg,}( (z1,...,2,)) = ijvj, (1,...,2,) € R™

If x € X, we use the following notation for the column of the coefficients of  with
respect to the basis Bx of X:

T

n
Tpx = | |, T = g 505,
J=1

Tn
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and hence we have that
epy () = Tpy.
We also denote by B,, :={ei,...,e,} the standard basis of R™.
THEOREM 3.3.4. Let X,Y be linear spaces, n,m > 1, Bx = {v1,...,0,} a
basis of X, By := {w1,...,wy} a basis of Y, and let f : X =Y be linear.

(i) There is a unique linear map fpy B, : R™ — R™ such that the following diagram
commutes

X Y
eg}( ] [ eBy
R --------- >R™

(ii) If f is an injection (surjection), then fp, B, is an injection (surjection).
(i4i) The matriz Apy p € My n(R) of feipy has as columns the coefficients of
f(v;) with respect to By i.e.,
Ay 5, = [f01)By - flun)sy],
and for every x € X we have that
f('r)BY = AfBXBy TBx-
(iv) The matriz Ag, . is the unique matriz in My, ,(R) that satisfies the second

equation of the case (i) i.e., if A € My, n(R) such that f(z)p, = Azp,, for every
r€X, then A= Ayf, .

(v) If X :=R", Y := R™, Bx := B, and By := By, then fp,B
Afp, s, = Af

PRrOOF. (i) We define the function

= [ and

m

I/BxBy =€By O[O 62;}(,
which is linear, as a composition of linear maps, and makes the above diagram
commutative. The uniqueness of fg, p, is immediate.
(ii) If f is an injection, then fgp, p, is an injection, as a composition of injections.
If z € R™, there is y € Y such that e, (y) = z, and if f is a surjection, there is

z € X such that f(x) =y, hence fp, B, (eBy(2)) =ep, (f(x)) = 2.
(iil) If (z1,...,2,) € R™, by definition we have that

Py (@10 20)) = e5 (f(z_;%])) . (ézjf(vj)>.

If e; :=(0,...,0,1,0,...,0) € By, then we get
fBx By (€5) = eny (f(v))) = f(vj)By,
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hence by the proof of the Theorem 3.3.1 we get

AfoBY = [fBXBY (el)Bm c foBY (en)Bm]
= [foxBy(e1) . [foxBy(en)]
= [f(vl)By f(vn)BY} :

x;v;, then by the previous equalities we get

f(@)By = eny (f(2))

cen(1(50m))

= fBxBy ((xl, .. ,:z:n))

T

FX>z=3"

j=1

= AfBXBY
Tn
= AfBXBYZ'BX'

(iv) If  := uj, for some j € {1,...,n}, then

0] [ay
f(uj)By = AUjBX =All| = aij — AJ,
0] Lam;
hence A = [A" ... A" =[f(v)By .- f(on)By] = Aps s, -

(v) In this case eg, = idgn, ep,, = idgm, and fg, B, =idgm o foidge = f

R" —————— R™

By the definition of A in the proof of the Theorem 3.3.1 we have that Ay, , =
[fle)B,, --- [flen)n.] = As. U

By the above uniqueness of A, . the matrix of f € £(X,Y') is defined.

DEFINITION 3.3.5. If XY are linear spaces, n,m > 1, Bx := {vy,...,v,} is
a basis of X, By := {w1,...,w,,} is a basis of Y, and f : X — Y is linear, the
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matriz of f with respect to Bx and By is the matrix Af, , € M ,(R), where
fBxBy =€By Ofoelg’i' IfT: X — X is linear, we use the notation Ts, := T5, By

X—X

—1
eBXI leBx

R? -~ --- $:4
Tp,
COROLLARY 3.3.6. Let X be a linear space, n > 1, Bx = {v1,...,v,} and
Cx :={wy,...,wy} are bases of X.

(i) If v € X, then zcy = Ajidx)p, oy TBx and

A(idx)BXcX = [(Ul)CX (Un)CX]

PRroor. Exercise. O

If dim(X) = n and dim(Y") = m, then by the Theorem 2.4.17 we have that
dim(£(X,Y)) = mn and by the Remark 3.1.2 we have that dim(M,, ,(R)) = mn.
Hence, by the Corollary 2.4.15 we get £(X,Y) ~ R™" ~ M,,,(R), hence L(X,Y) ~
M n(R). Next we provide a concrete isomorphism between these linear spaces.

PROPOSITION 3.3.7. Let X,Y be linear spaces, n,m > 1, Bx :={v1,...,v,} a
basis of X, By :={ws,...,wn} a basis of Y, and let f,g: X =Y be linear maps.
(1) A(f+g)BXBy = AfBXBy + AgBXBY'

(ZZ) If X € R, then A()‘f)BXBY = AAfBXBy .
(i4i) The function epyp, @ L(X,Y) = My n(R), defined by f — Af, ., for
every f € L(X,Y), is a linear isomorphism.
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Proor. Exercise. O

The function ep, p, also preserves the multiplication i.e., it sends the compo-
sition of linear maps to the product of the image-matrices.

ProrosiTiON 3.3.8. Let X,Y and Z be linear spaces, n,m,l > 1, Bx =
{v1,...,vn} a basis of X, By :={ws,...,wy} a basis of Y, Bz :={u1,...,u} a
basis of Z, and let f: X =Y and g:Y — Z be linear maps.

(1) (9o f)BxBy = 9By By © [Bx By i-€., the following lower outer diagram commutes

gof
S
X Y Z
6;}( I €BY <; } 6;31/ [GBZ
N ____ S R™ - - oo 1
“~_ IBxBy 9By Bz /j K
(go f)Bsz

(i) A(gof)BXBZ = AQBYBZ AfBXBy :
PRrOOF. (i) Using the commutativity of the above inner diagrams we get

(gof)Bsz ::eBZo(gof)oegi
1

=ep,ofgoidy o floeg,
=ep, olgo(ep, oepy)o floep,
= (eBz ©go egi) o (eBY o f Oe]_i’i)
= 9By By © [BxBy-
We have that Ay, , € Mim(R) and Ag, , € My, »(R), therefore their multi-

plication is well-defined and belongs in M ,(R). Moreover, A(gOf)BX 5, € M »(R).
By the Theorem 3.3.4(iii) we have that

A(gof)BXBZxBX = [g(f(x)]Bz = AgByBZf(x)BY = AE]ByBZAfBXByxBX’

and by the uniqueness in the Theorem 3.3.4(iv) Ayor) 5, 5, = Agny 5, Afsyny - U

COROLLARY 3.3.9. Let n > 1, let X be an n-dimensional linear space, and let
Bx and Cx be bases of X.

(i) (idx)Byx = (idx)coxBy © (idx)BxOx
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idy
idX idX
X X X
1
eéi I ecx ( >€CX [eBX
(idX)BXCX (idX)Cx Bx
R™ Tt PR - - R™.
(idX)BX

(1) Agax)p, = Alidx)oy sy Alidx) sy oy » and the matrices A

are inverse to each other.

idx)cy By’ A(idX)BXCX

ProOF. (i) It follows immediately from the Proposition 3.3.7(3i).
(ii) The required equality follows immediately from the Proposition 3.3.7(ii). Inter-
changing the bases Bx and Cx we get A(idx)cX = A(idX)BXC'X A(idx)chX. Since
by the Corollary 3.3.6(ii) we have that Agay),, = In = 4
A( and A(

idx) oy the matrices

idx)oy By idx)py oy Ar€ inverse to each other. O

COROLLARY 3.3.10. Let X,Y,Z and W be linear spaces, n,m,l,s > 1, Bx :=
{vi,...,v,} a basis of X, By :={wy,...,wy} a basis of Y, By :={uy,...,u} a
basis of Z, By = {p1,...,ps} a basis of W, and let f : X =Y, g9:Y — Z, and
h:Z — W be linear maps.

(Z) (hogof)BxBW = thBw ©dBy By © fBXBY

hogof
me
—1 1
eB}(] ; €By ( }SBY €By ( }eBZ leBw
By By hp, B
,,,,,,,,,, S R™ - oo Lo T RS
~o 9By By 'R 7

(”) A(hogof)BXBW = AhBZBW AgByBZ AfBXBY .

ProOOF. Exercise. O

THEOREM 3.3.11. If n > 1, X is an n-dimensional linear space, Bx and Cx
are bases of X, and T : X — X is a linear map, then there exists an invertible
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matriz B € M, (R) such that
Ar,

c

_ -1
. =B Ar, B.
PRrROOF. By the Corollary 3.3.10 we have that

T
idx T idx
X X X X
—1 ~1
65)1( ] eBX C }eBX eBX C }eBX [ecx
(idX)CX Bx (idX)BXCX
RTL ,,,,,,,,,, > Rn ,,,,,,,,,, > Rn ,,,,,,,,,, > Rn
. \ Ts, -
Tcy

Tey = (idx)Bxox © Tpy © (idx)oxBx and ATCX = A(idx)BXcX ATBX A(idX)CXBX :
By the Corollary 3.3.9(ii) Agia ) and A are inverse to each other. [

CxBx idx)Bycx

DEFINITION 3.3.12. If n > 1, X is an n-dimensional linear space, and T': X —
X is a linear map, we say that a basis Bx := {v1,...,v,} of X diagonalises T, if
Ary, = [T(v1)By ---T(vn)Bx] € Mn(R) is a diagonal matrix. We say that 7" is
diagonalisable, if there exists some basis C'x of X such that C'x diagonalises T. A
matrix A € M,(R) is called a diagonalisable matriz, if the linear map T4 of A is
diagonalisable.

THEOREM 3.3.13. If n > 1, X is an n-dimensional linear space, Bx is a basis
of X, and T : X — X is a linear map, then T 1is diagonalisable if and only if
there exists some invertible matriz B € M, (R) such that B*IATBX B is a diagonal
matriz.

Proor. Exercise. O

DEFINITION 3.3.14. If A, A’ € M, (R), we say that A and A’ are similar, in
symbols A ~ A’  if there is some invertible matrix B € M, (R) such that A’ =
B71AB.

REMARK 3.3.15. The relation A ~ A’ is an equivalence relation on M, (R).

Proor. Exercise. O






CHAPTER 4

Inner product spaces

4.1. The Euclidean inner product space and the Minkowski spacetime

DEFINITION 4.1.1. Let X be a linear space. A bilinear map on X is a function
)+ X X X — R such that for every z,y,z € X and A € R the following hold:

(-
(1) (x+y,2) = (x,2) + (y, 2) (left additivity).

(1) (z,y + 2z) = (z,y) + (x, z) (right additivity).

(#i1) (\x,y) = Mz, y) (left homogeneity).

(iv) (x, A\y) = Ma,y) (right homogeneity).

An inner product on X is a symmetric bilinear map i.e., for every x,y € X

(v) {29) = {y,) (symmetry),

and the pair (X, (-,-)) is called an inner product space. We call an inner product

(a) non-degenerate, if
Voex (VZEX(@, z) = 0) == 0),

(b) positive, if Vpex ((z, x)
(c) negative, if Vyex ((z, z)
(¢) positive definite, if
Voex (z # 0= (z,2) > 0),
(d) negative definite, if
Veex (z#0= (z,z) <0),
(e) indefinite, if it is neither positive definite nor negative definite.

If (-,-) is an inner product on X the quadratic form Q.. associated with (-,-) is
the function Q. .y : X — R, defined by

Q. (x) == (z,z),
for every x € X. If the inner product (-, ) is clear from the context, we write Q(z)
instead of Q(...y(x). An element x of X is called

(o) lightlike, or null, if Q(x) := (x,z) =0,

73
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(8) timelike, if Q(z) := (x,x) < 0,
(v) spacelike, if Q(x) := (z,z) >0,
(0) wnit, if Q(x) := (x,x) € {1,—1}.
E.g., if C([0,1]) is the linear space of all continuous, real-valued functions on
the compact interval [0, 1], the function

(f.9) = (f. ) = / F(Hg(t)dt,

for every f,g € C([0,1]) is a non-degenerate, positive, inner product on C(]0, 1]).
As we have already seen in the Remark 3.1.9, the function

(A, B) — Tr(AB)

is a non degenerate, indefinite inner product on M, (R), and a positive definite
inner product on Sym, (R).

REMARK 4.1.2. Let (X, (-,-)) be an inner product space.
(1) Left additivity and left homogeneity imply right additivity and right homogene-
ity, and vice versa.
(#3) If z € X, then (0,z) = 0.
(#7) If (-, -) is positive definite, then (-,-) is positive, and non-degenerate.
(iv) If (-, -) is positive, then —(-,-), where — (-, -}(z,y) := —(z,y), for every z,y € X,
is a negative inner product on X.
(v) For every z,y € X we have that

(x,y) = i(<x+y,x+y>— (x—y,z—y)).

(vi) If ((-,-)) is an inner product on X such that Q. .y(z) = Q. .))(z), for every
x € X, then ((z,y)) = (x,y), for every z,y € X.

PRrROOF. Exercise. (]
DEFINITION 4.1.3. If x = (21,...,2,) and y = (y1,...,Yn) are in R™, their
FEuclidean inner product is defined by
n
(2,y) = Zl"zyz =Tyt T Tl
i=1

If n = 1, the Euclidean inner product on R is the product on R. The quadratic
form of the Euclidean inner product on R" is given by

n n
Q(z) := (x,x) :=Zajixi 2233? =234 ...+ a2
i=1 i=1

The Euclidean inner product is a positive definite inner product on R™, with 0 as
the only lightlike vector, and with no timelike vectors.
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DEFINITION 4.1.4. If n > 2, x = (21,...,Zp-1,8) and y = (y1,...,Yn—1,t) are
in R™, their Minkowski inner product, or their Lorentz inner product, is defined by
n—1
(x,y) := Z Ty — St =x1Yy1 + ... + Tp_1Yn_1 — St.
i=1

The pair My := (R*, (-,-)), where (-,-) is the Minkowski inner product on R*, is
called the Minkowski spacetime. We call the pair Mz := (R3, (-,-)), where (-,-)
is the Minkowski inner product on R3, the Minkowski planetime, and the pair
My = (R?, (-, -)), where (-, ) is the Minkowski inner product on R?, the Minkowski
linetime.

The quadratic forms of the Minkowski inner product on R” and R* are

Q(ml, e ,xn_l,s)) = {(x1,...,&Tpn-1,8),(T1,-..,Tn-1,5))

n—1
— 2 2_ 2 2 2
= E ;i —s =r{+...+x,_1—5,
i=1

3
Q((z1,22,23,5)) = ((21, 22,23, 5), (21, T2, T3, 8)) 1= Zw?—sz = o+ +a3 -5
i=1

The Minkowski spacetime is regarded in [18], p. 1, as “the appropriate arena
within which to formulate those laws of physics that do not refer specifically to grav-
itational phenomena”’. A non-zero vector z in R”, equipped with the Minkowski
inner product, where z := (z1,...,z,—1,0) is spacelike,

Q((x1,...,2n-1,0)) =i +...+22_, —0>0,
while if 2 := (0,...,0, s), then z is timelike, since
Q((0,...,0,5)) =0 +...+ 0> = s* < 0.
Moreover, there are non-zero vectors in R* that are lightlike e.g.,
Q((1,1,0,v2)) =124+ 12+ 02 — V2" =0.
If we consider the Minkowski linetime, the lightlike vectors form the lines t = x

and t = —z, the timelike vectors are within the cone at the origin (0, 0) formed by
these two lines, and the spacelike vectors are outside the cone.

1See [18] for an elaborated study of the mathematical properties of the Minkowski spacetime.
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Q<0

Q>0 Q>0

Q<0

If we consider the Minkowski planetime, then one can show that its lightlike vectors
(x,y,t) € R3 form a cone at the origin (0,0,0) with equation

2?42 — 12 =0,

its timelike vectors are inside this cone, and its spacelike vectors are outside this
cone. Next we draw the upper lightcone at the origin (0,0, 0).

PROPOSITION 4.1.5. The Minkowski inner product is an indefinite and non-
degenerate inner product on R™.

PRrOOF. Exercise. O
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DEFINITION 4.1.6. A subset C' of a linear space X is called a cone, if
VoecVaso(Az € O).
If (,-,-) is an inner product on X, and xzo € X, the light cone C(xg) at xg is the set
Clzo) :={zr € X | Q& — x0) =0}

Z

The light cone C(0) of all lightlike vectors in X is a cone in X; if Q(x) = 0, for
some x € X, then Q(\z) = \2Q(x) = 0. In the case of the Euclidean inner product
C(0) = {0}, and the set of all timelike vectors “inside” C(0) is empty. Generally,
the light cone of a non-zero vector is not a cone in X; e.g., if a € R and a # 0, then
C(a) ={beR| (b—a)? =0} = {a}, which is not a cone in R.

DEFINITION 4.1.7. If X is a linear space, a norm on X is a mapping ||.|| : X —
R such that for every z,y € X and A € R the following hold:
(@) ||z|| > 0 (positivity).
(i1) ||z|| = 0 = x = 0 (definiteness).
(i74) ||z + y|| < ||z|| + ||ly|| (triangle inequality).
() [[Azl] = [Al[]]].

If ||.]| is & norm on X, the pair (X, ||.||) is called a normed space.
Notice that
| =l = [I(=Dz[| = [ = L[| = L[| = ||2[]-
If 2 = 0, then ||0]| = 0, since
[|0]] = 110+ o[} = [o[[|o[| = O[|0]] = 0.

Moreover, if x = 0, or y = 0, or y = Az, for some A > 0, then the equality holds in
the triangle inequality ||z + y|| < ||=]| + ||y]].

DEFINITION 4.1.8. If z € R", the Fuclidean norm |x| of x is defined by

n 3
|z| := (me) = \/x%—l—xg—k...—kx,% =/ (z,x).

i=1

Geometrically, if z € R™, then |z| is the length of the vector x.
PROPOSITION 4.1.9 (Inequality of Cauchy). If z,y € R™, then

[(z,y)] < [yl
The equality holds if and only if x,y are linearly dependent.
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PRrROOF. By definition we need to show

n 1 n 1
< (z)(zy)
=1 =1

which is equivalent to

n n n n
B—A:foZy?foiyz TiYj
i=1  j=1 i=1 j=1
1 n n 1 n n n n
=3 z; Z 2+22I52y3 Zﬂﬂiyizxjyj
i=1  j=1 i=1 j=1
"1
= Y 5 (@dy} + afu? - 2myiayy)
i,j=1
n
1
= Z 5(%‘%‘ —fiji)z
i,j=1
> 0.

If y = 0, then 0z + 1y = 0, hence z,0 are linearly dependent, and the equality
trivially holds. If y; # 0, for some j € {1,...,n}, then B A & x = )y, where
A= b . Clearly, z; = Ay;. If ¢ # j, then x; = )\yl e T yj =0& 2y, — 2y =
0. The last condition, for every 4,7 € {1,...,n} such that ¢ ;é Jj is equivalent to
B-A=0& B=A. d

The inequality of Cauchy is necessary to the proof that (R™,]|.|) is a normed
space; it is used in the proof of the triangle inequality for the Euclidean norm, while
the rest of the proof is easy. To understand the geometric meaning of the Euclidean
inner product we first see that a vector x € R”™ is orthogonal to a vector y € R™,
in symbols x Ly, if and only if (z,y) = 0. To explain this we work as follows. It is
easy to see geometrically? that

zly s |z —y|=|z+y,

since the diagonals of the parallelogram are equal only if = is perpendicular to y.

2The following figure also explains why |z + y| < |z| + |y|.
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A
r+vy

Y

‘We show that

lz—yl =z +y|l & (z,y) =0.
Since |z| > 0, we have that
2~y = e +yl & |z —y[* = |z +y?
S @-—yr—y =@+tyz+y)
& (2, 2) — 2(z,9) + (¥, ) = (z,2) + 2(z,y) + (v, y)
< W,y =0
< (z,y) = 0.

By the last two equivalences we get the required equivalence zly < (z,y) = 0.

79

COROLLARY 4.1.10 (Pythagoras theorem). If x,y € R", such that x Ly, then

|z +yl* = |z|* + |yI*.

PROOF. Since zly < (x,y) = 0, we have that
(z,2) + 2(z,y) + (y,y) = ‘$|2 + |y|2

lz+yl> = (z+y,z+y) =

By the inequality of Cauchy we have that if x,y # 0, then

IMM IMM |zlly
hence, there exists a unique angle 6 € [0, 7] such that
cosf = L’w,
|z [[yl

and we call 6 the angle between x and y. Clearly, if (z,y) = 0, then 6 = 7.
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ProPOSITION 4.1.11. If 2,y € R", and y # 0O, then the projection pr,(z) of x
on y is given by

A
x
)
Ay R
(2,y)
=\ & M= .
pr, () y )
PROOF. Since (x — Ay) Ly, and y # 0, we have that
& (2, y) = My,y) =0
(z,9)
S A= .
(y,9)

O

Because of the above characterisation of orthogonality in R™ through the Eu-
clidean inner product, we give the following definition.

DEFINITION 4.1.12. Let (X, {(-,-))) be an inner product space. If z,y € X,
then z,y are ({-,-))-orthogonal, or simpler, orthogonal, if {{x,y)) = 0, and we also
write zLy. If Y C X, its orthogonal complement Y is defined by

Yyt .= {ac €X| ‘V’yey(«xvy» = O)}

If € Y+, we also write x LY. It is immediate to show that Y is a linear subspace
of X, which is called the orthogonal space of Y.

A lightlike vector vy in the Minkowski timeline that lies on the line ¢t = z is
orthogonal to any lightlike vector v, that lies on the line { = —z with respect to the
FEuclidean inner product. These vectors though, are not orthogonal with respect to
the Minkowski product on R?. Actually, v; is orthogonal to any vector vs parallel
to it, and the same for vs. I.e., for lightlike vectors orthogonality means parallelism!
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U3

V2 U1

PROPOSITION 4.1.13. Let z,y € R* such that x and y are lightlike with respect
to the Minkowski product (-,-) on R*. Then x and y are (-,-)-orthogonal if and only
if x,y are linearly dependent.

Proor. Exercise. O

It is not a coincidence that the inequality of Cauchy is not satisfied by the
Minkowski inner product, as we can find (Exercise) timelike vectors u,w in the
Minkowski spacetime satisfying

2

(u, w)* > (u, u){w, w).

DEFINITION 4.1.14. Let (X, ({-,-))) be an inner product space. A basis B :=
{v1,...,v,} of X is called orthogonal, if
Vi,je{l,...,n} (Z Fj= <<'Uiavj>> = 0)7
and it is called orthonormal, if it is orthogonal and Q(v;) € {—1,0,1}, for every
ie{l,...,n}.
Clearly, the standard basis B,, of R™ is orthonormal.

DEFINITION 4.1.15. If (X, ({-,-))) is an inner product space, a linear map 7T :
X — X is called an orthogonal transformation, or an inner product preserving
linear map, if for every z,y € X it satisfies

(T(x), T(y))) = {(z,))-
PROPOSITION 4.1.16. Let (X, {{-,-))) be a finite-dimensional, non-degenerate,
inner product space and let T : X — X be an orthogonal transformation.
(i) T preserves orthogonality i.e., v 1Ly < T(z)LT(y), for every z,y € X.
(#3) T s an isomorphism.
(791) For every x € X, we have that Q(T(x)) = Q(z).
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(iv) If S : X — X is a linear map such that Q(S(z)) = Q(z), for every x € X,
then S is an orthogonal transformation.

(v) If Bx := {v1,...,v,} is an orthonormal basis of X, then its image T(Bx) :=
{T(v1),...,T(v,)} under T is an orthonormal basis of X.

(vi) Suppose that X has an orthonormal basis, and let S : X — X be a linear map
such that for every orthonormal basis Bx := {v1,...,v,} of X its image S(Bx)
under S is an orthonormal basis of X, and for every i € {1,...,n}, we have that
Q(S(vi)) = Q(v;). Then S is an orthogonal transformation.

PRrOOF. Exercise. O

The existence of orthogonal and orthonormal bases of an inner product space
is studied next.

4.2. Existence of an orthogonal basis, the positive definite case

Throughout this section ({-,-)) is a positive definite inner product on a linear
space X. The properties of (X, ({-,))) generalise the properties of R™ equipped
with the Euclidean norm, if we use the following definitions, motivated by their
geometric interpretation in the case of R™. Namely, we define

wly & ((z,y)) =0

pry () == A @y, Ay(a) = igzii

where y # 0. Since ({z,z)) > 0, the norm induced by the positive definite inner
product {{-,-)) on X is given by

Il == V/{(z, z)),

for every x € X. We need to show the generalisation of the inequality of Cauchy,
in order to prove that ||z|| is a norm on X.

PROPOSITION 4.2.1. Let (X, ({-,))) be a positive definite, inner product space,
T, Y, X1, ..., Zn € X, and let || - || be the norm on X induced by ((-,-)).
(i) (Pythagoras) If x Ly, then ||z + y|[* = [|z|]* + [ly|[*.
(17) (Generalised Pythagoras) If x; Lx;, for every i,j € {1,...,n} such that i # j,
then

|21+ aal? = 2|+ ]

ii) (Parallelogram law) ||z + y||> + ||z — yl|* = 2(||=|]* + [|y[|?)-
iv) (Polarisation identity) ((z,v)) := 1 (||z + y|[* — ||z — y|[*).
v) If A € R, then ||Az|| = A||z]].
vi) ||z]| =0 <z =0.

(
(
(
(
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el -
(viti) (Inequality Cauchy-Schwarz) |({xz,y))| < ||z|| ||lyll, and the equality holds if
and only if x,y are linearly dependent.

(vii) If x # 0, then
T

(iz) (Triangle inequality) ||z + y|| < ||z|| + ||y||. The equality holds if and only if
either x = 0V y = 0 or there is some A > 0 such that xr = \y.

() || -] %8 a norm on X.
(i) [llzll = [lyll] < llz = yll.
(@ii) ||l = [yl < [llzll = llyll| < lle+yl]-

PROOF. We show only the case (viii), and the rest is an exercise. If y = 0,
then both terms of the inequality are equal to 0. If y # 0 and ||y|| = 1, then,
(x — A\y(z))Ly, hence

(@ = Ay(z)y) LAy (2)y.

By the theorem of Pythagoras we have that
[l2l1* = [1(@ = Ay (2)y) + Ay (2)y]]”
= |lz = Ay (@)yl]* + lIxy (2)yll?
= lle = Ay @)l + [y @) ]yl]]”
= [lz = Ay @)yl + Xy (2)%,

hence A, (z)? < ||z||?, and consequently

((z,9))
Ay(2)| = = |{x,y)| < ||z|| = ||z||1 = ||=]||||y]]-
Ay ()] o) [z, )| < |zl = [fl[1 = []=[[[]y]]
If y # 0, then by the case (v) and the previous fact we have that
Y
(=, m>> < lzll < [z, y))| < llzl] [lyl]-

If z,y are linearly dependent, then the equality holds; if y = 0, it is trivial, and if
y # 0, then x = )y, for some A € R, and

(O] = [N, )] = Iyl = Xyl = Tl Tl

If the equality holds and one of x,y is 0, then x,y are linearly dependent. Sup-
pose next that the equality holds and both = # 0 and y # 0. As it is expected
geometrically, we have that

[l = Ay (2)yll*

((z = Ay(2)y, 2 — Ay (2)y))
(@, 2)) = 22y (@) ({z, 1)) + Ay (2)*((y, )

.y o SE ) ((z,y))?
= o)) = 2y @ 2y
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(g — Smy)?
= {{@.2)) ((y,9))
_ (@ 2)(y,y) — (=,9))?

((y,v))
= 0’
hence = \y(z)y. Since z # 0 and y # 0, we get A\, (z) # 0, and hence z,y are
linearly dependent. O
THEOREM 4.2.2 (Jordan, von Neumann). If (X,||.||) is a normed space, its
norm ||.|| is induced by some positive definite inner product {{-,-)) on X if and only
if ||.|| satisfies the parallelogram law.

PROOF. The satisfiability of the parallelogram law follows from the Proposi-
tion 4.2.1(iii). For the converse, we define, due to the polarization identity,

(1) (o) o= 3 (o4 1P = llo = w1,

It is immediate to show that ({z,y)) is positive definite and symmetric form on X.
It is also straightforward to see that

(4.2) ((=z,9)) = =((z,9))-

In order to show left additivity, by the parallelogram law and the definition of
({x,y)) we have that

Wz +z9) = llz+ 2 +yl1* = llz + 2 - ylI?

[ ) G- 1)+ (-3)

2

2 2
Y Y 2
=9llz+ || +2/lz+2|| —|lz—
x+ 5 + 2|z + 5 [|z — z||
2 2
- <2 xZH +2 z—% |xz||2>
Y 2 Y 2 Y 2 Y ?
_ ¥ Y
= 8{(z, 50 +8((2, ),
where for the last equality we used the definition of ({x,y)). Hence we get
Y Y
(4.3 (o200 =2((e 2+ 4 2.
If in (4.3) we set z =0, we get for every z,y € X
Yy
(4.4) ((z,9)) = 2((z, 3))-

2
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Consequently, (4.3) becomes

(o -+ 2000) =20 204 (2 2 ) = ) + (o),

The rest of the proof is an exercise. O

In [2] there are around 350 characterizations of when a norm is induced by a
positive definite inner product!

PROPOSITION 4.2.3. Let (X, ({-,-))) be a positive definite, inner product space,
and || - || the norm on X induced by ({(-,-)). Let B :={vy,...,v,} C X, such that

(a) vilv;, for every i,j € {1,...,n} with i # j, and (b) v; # 0, for every i €
{1,...,n}. Ifr e X, let

Ai(z) =Ny, (2) = 00 & ap =Y A(@)vs.
i=1

(i) The vectors v1,...,v, are linearly independent.
(i) The vector x — xp is orthogonal to every element of B.

1i1) The vector xp is the closest approximation to x from (B) i.e., for every
ai,...,ayn € R, we have that

n

x— Z Ai(@)v;

i=1
(iv) Let ||vs|| = 1, for every i € {1,...,n}.

(a) The following inequality, known as Bessel inequality, holds
D Ni(@)? < .
i=1

(B) For every x € X we have that

[l =D Ni(x)?
i=1

< .

lz — 2l =

n
Xr — E a;V;
i=1

if and only if B is a basis of X.
PrOOF. (i) Let a1,...,a, € Rsuch that > ., a;v; = 0. If k € {1,...,n}, then

0= <<§awi,vk>> = a((ve, vr)) = ar|lvr| %,

and by the hypothesis (b) we get ap = 0.
(ii) If k € {1,...,n}, then

<<x — g)\i(x)vi,vk>> = ((x,v3)) — <<§Ai(x)vi,vk>>
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(@, vg)) — (e (@)vk, vE))
((z,vr)) = (@) ((vr, V&)

_ lm)
T <<‘T7vk>> <<'Ukavk>> << ks k>>
=0.

(iii) Since ¢ — zp is orthogonal to B, it is also orthogonal to (B), hence

n

(:1: - zj; Ai(x)w) LY (@) = ai)vi.

i=1
By the theorem of Pythagoras we have that

n 2
x—Zaivi = x—Zavl—&—Z)\ Z)v(:v)vi
i=1 —

= (xZAZ > +i()\i(:€)*a¢)vi

i=1
= ||z — Z Ai(z)v
i=1

and the required inequality follows.
(iv)(e) Since = — zp is orthogonal to (B), we have that

<x - ;Ai(xm—) 1 ;)\i(x)v

By the theorem of Pythagoras and its generalised version we have that
n n
i=1 i=1
= ||z — Z Ai(x)v
2 n
=z =) Ai(@)v; +Z||)\i(x)vi||2
= x—Z)\i(x)vi —i—Z)\ )2 ||vi] I
= ||z — Z Ai(x)v; + Z Ai(x)?
; i=1

and the required inequality follows. The proof of () is an exercise. Notice that we
do not need to suppose that X is finite-dimensional. O

2
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THEOREM 4.2.4. If (X,{(-,-))) is a positive definite, inner product space of
dimension n > 1, Y is a proper subspace of X, and By := {yi,...,ym} is an
orthogonal basis of Y, there exist vpy1, ...,y € X such that

BJ_ = {yla"'7ymvvm+17°"7vn}

is an orthogonal basis of X .

PROOF. By the Corollary 2.2.16(iv) there exist w;,11,...,u, € X such that
B:={y1, - YmsUmt1,---,Un} is a basis of X. If Yi,01 := (Y1, -+, Yms Um1), let

m

Um41 = Um+41 — Z Ay, (Um1)y; = Z W%

By the Proposition 4.2.3(ii) we get vpm+1L{y1,...,ym}. Since

j=1 j=1

m
Um+1 = U1 + Z Ay, (Um+1)Y5,
j=1
we get Umt1 € (Y1, -+ Ym, Umt1). Moreover, vy,4+1 # 0, since if v,,4+1 = 0, then
Umtl = Z;nzl Ay, (Um+1)y;, and B is not linearly independent. Consequently,
{y1,. -y Ym,Um+1} is an orthogonal basis of Y,,1. Repeating this step m — n

number of times (actually, an induction takes place here) we reach our conclusion.
O

COROLLARY 4.2.5. If (X, ((-,+))) is a positive definite, inner product space of
dimension n > 1, there exists an orthogonal (orthonormal) basis B, (BY) of X.

ProOOF. If v; € X such that v; # 0, then {v1} is an orthogonal basis of (v1),
and by the Theorem 4.2.4 there is an orthogonal basis B, of X that extends {v;}.

Moreover, if By := {v1,...,v,} is an orthogonal basis of X, then
U1 Un,
Bl = { . }
[lal 7 [vall
is an orthonormal basis of X. O

Hence, if B := {uq,...,u,} is a basis of X, and

Vg 1= Ug — <<u27”1>>®1
<<U1,U1>>
Vg 1= ug — <<u3,v2>>v2  ((ug,v1)) 1
((v2,02)) 7 ({01, 01))
Un += Un {(n, vn-1)) ((un,v1))
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then By := {wy,...,v,} is an orthogonal basis of X. The above algorithm for
finding an orthogonal basis of X, given a finite basis of X, is called the Gram-
Schmidt orthogonalisation process.

REMARK 4.2.6. Let (X, ({-,-))) be a positive definite, inner product space of
dimension n > 1, By := {v1,...,v,} a basis of X, and

n n
x:Z/\zUz & yZZM%
=1 =1

where A1, ..., An, p1, ..., tn € R. Let a;5 := ((v;,v5)), for every i,j € {1,...,n}.
(1) ({z,9)) = 22051 Aikgai;.

(ii) If By is orthogonal, then ((z,y)) = > | Ajpiai.

(#ii) If Bx is orthonormal, then ((x,y)) = > "1 | Aip.

PrOOF. Exercise. O

Since the standard basis B,, of R™ is orthonormal, by the Remark 4.2.6(iii) the
Euclidean inner product is uniquely determined. Next we see why Y is called the
orthogonal complement of the subspace Y.

THEOREM 4.2.7. If (X,{{-,-))) is a positive definite, inner product space of
dimensionn > 1, and Y is a subspace of X of dimension r, where 0 <r < n, then

X=Yavt
and hence dim(Y+) =n —r.
Proor. Exercise. O

The above decomposition of X does not hold, in general, if the inner product
on X is not positive definite. E.g., we can find a subspace Y of the Minkowski
linetime such that {0} € Y+ NY and R? is not equal to Y + Y+ (Exercise). Next
we add one more equivalent condition to the Proposition 3.2.4.

PROPOSITION 4.2.8. If A := [a;;] € Mpmn(R) and (z1,...,2,) € R™, the fol-
lowing are equivalent.

(1) (z1,...,2n) is a solution of the following system of linear equations

a11T1 + ...+ a1pTy =0

Am1Z1 + ...+ Gy = 0.

(#3) (z1,...,xy) is orthogonal to the row vectors Ay, ..., Ap of A.
ProOF. Exercise. O

Now we can complete the Corollary 3.2.6.



4.3. EXISTENCE OF AN ORTHOGONAL BASIS, THE GENERAL CASE 89

COROLLARY 4.2.9. If A € M, ,(R), then
cRank(A) = rRank(A).

PRrOOF. Exercise. O

4.3. Existence of an orthogonal basis, the general case

THEOREM 4.3.1. If X is a non-trivial, finite-dimensional linear space and
({-,+)) is an inner product on X, then X has an orthogonal basis.

PRrROOF. We prove the following by induction on n > 1:
Vn>1VxeLin (dim(X) = n = X has an orthogonal basis).

If dim(X) = 1, then if By := {v1} is a basis of X, then B is orthogonal, since
according to the Definition 4.1.12, the formula

Vijeqy (i # J = ((vi,v5)) = 0)
holds trivially with the use of the rule Ex falso quodlibet (Efq). Suppose that the
formula above is true for n > 1, and we prove it for n + 1. For this we suppose
that X is a linear space with dim(X) = n + 1. If for every x € X we have that
Q(z) = 0, then by the polarisation identity (Remark 4.1.2(v)) the inner product

((-,-)) is the constant function 0, and hence any basis of X is trivially orthogonal.
Suppose next that there is v; € X such that Q(vy) # 0. If V1 := (v1), we show that

X=VieV

First we show that V; N V;+ C {0}, hence, since both V; and V- are subspaces of
X, we get Vi N Vit = {0}. If z € Vi N Vi, there is some A € R such that « = vy,
and z 1V, hence

((Avr, 01)) = A{(v1,01)) = 0,
hence, since Q(vy) # 0, we get A = 0, and & = 0. Next we show that X = V; + V;*.
If x € X, then

€T = )\'Ul (x) + (‘T - )‘111 (3?)),
and since (x — Ay, (z)) Loy, we have that x — \,, (z) € Vit Since dim(V{) = n,

by the inductive hypothesis on V- there is some orthogonal basis {va, ..., v,41} of
Vll. Since va, . .., vn+1-Lvy, we have that
{v1,v2, ..., Uny1}
is an orthogonal basis of X. (I
If By = {v1,...,v,}is an orthogonal basis of a finite-dimensional inner product

space X, we assume without loss of generality, otherwise we re-enumerate B
accordingly, that B, is of the form

B, = {Ula'-'7UT>UT+1>-'-7Usavs+la'~'7vn}a
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where
Qv;) >0, je{l,...,r},
Qug) <0, ke{r+1,...,s},
Q) =0, le{s+1,...,n}
If € X, there are A1,...,\, € R such that z = )" | \;v;, and hence

Qz) = Q(zn:)\ivz)
L.
= <<;>\v;)\v>>
= g/\?Q(%)

=D XQ) + Y Mo + Y MQw)

k=r+1 l=s+1
= Z A2Q(v)) + Z A2 Q(vy).
=1 k=r+1

COROLLARY 4.3.2. If X is a non-trivial, finite-dimensional linear space and
({-,-)) is an inner product on X, then X has an orthonormal basis.

PRrROOF. By the Theorem 4.3.1, and as we explained above, X has an orthogonal
basis of the form

BJ_ = {Uh ceey Ury Urgly oo o3 Usy Us i1y - - 7vn}~
Then
U1 Uy Vp41 Vs
Bi:{ PR 5 PR 7US+1)"'7U71}
VQ(v1) \/Q(Ur) \/_Q(UTJrl) —Q(vs)

is an orthonormal basis of X, since it is orthogonal, and

o(5m5) = (o 7o)~
Q<—g<”k>> - << V—g@j)’ w—g<vk>>> =

for every j € {1,...,r} and every k € {r +1,..., s}, respectively, and Q(v;) = 0,
for every l € {s+1,...,n}. O

In the next section we show that the numbers r and s in the above form of an
orthogonal basis of X are the same in any orthogonal basis of X.
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4.4. Sylvester’s theorem

PROPOSITION 4.4.1. Let X be a non-trivial, n-dimensional linear space, {{-,-))
an inner product on X, and let

Xo:={z € X |Voex ({(z,2)) = 0}.
(i) Xo is a linear subspace of X.
(i¢) If By :={v1,...,v,} is an orthogonal basis of X, and if

= {ie{1,...,n} | Q(v;) = 0}|,
then dim(Xo) = ip.

PROOF. (i) This is immediate to show.
(ii) Let B has the form

B, = {Ul,...7’UT7UT+17...,’U57’US+1,...7vn},
as explained in the previous section. We show that
Xo = (Usi1s---,Un),
and hence dim(Xy) = ig =n — s. Let € X, and let A1,..., A\, € R such that

ZE—Z)\ v; + Z ALUE + Z AUy

k=r+1 l=s+1
Ifje{l,...,r},and k € {r +1,...,s}, then Q(v;) > 0 and Q(vx) < 0, hence
((2,05)) = A;Q(v;) = 0= A; =0,
((z,vr)) = MQ(vr) =0 = A\ = 0.
Consequently,

n
T = Z AU € (Usq1y.eeyUn).

l=s+1
To show that (vsyq,...,v,) C Xo, let & € (vs41,...,v,) and pgi1, ..., 4y € Rsuch
that z =37 . If 2 € X, let Ay, ..., A\, € Rsuch that o = 77" | A\jv;. Hence,

= (e 2 o))
<<ZA vj + Z AsUp + Z A, i mvl>>
0

k=r+1 l=s+1 l=s+1

ie, z € Xp. O
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Since 79 = dim(Xjp), the number ig does not depend on the choice of B i.e.,
it is the same for any orthogonal basis of X, and it is called the index of nullity
of the inner product ((,-)). By the definition of Xy we have that if {{-,-)) is non-
degenerate inner product on X, then i = 0. As a consequence of the previous
proposition, the number s = n — iy is the same in every orthogonal basis of X.
Next we show that r is also the same in every orthogonal basis of X.

THEOREM 4.4.2 (Sylvester’s theorem). Let X be a non-trivial, n-dimensional
linear space, and let {{-,-)) be an inner product on X. There is a natural number
r > 0 such that for every orthogonal basis By = {v1,...,v,} of X there are exactly
r many integers i in {1,...,n} such that Q(v;) > 0.

PROOF. Let B, and C) be orthogonal bases of X, where
B, = {Ula" '7UT7U7’+17"'>’US7/U5+17"'avn}a
CJ_ = {w17"'7w7"7w7"’+17'"awsaw5+17"'awn}7
for some 7,7’ > 0. We show that the vectors
Uy ooy Upy Wrr g1y 0oy Wey, W15 -0, W

are linearly independent in X. Let a1,...,ar,b741,...,b, € R such that

a1v1 + ...+ apvp + b 1w g1 + .+ bpw, =0,
hence

aivy + ...+ a0, = _(br/+1wr/+1 + ...+ bnwn).
By the last equality we get

Q(alvl +...+ a,-U,«) = Q( — (br/+1w,n/+1 +...+ bnwn))
= Q( - (br’+1wr/+1 +...F bsws))y

where

Q(a1vi + ... +av,) =aiQ(v1) +... +alQ(vy)
and Q(v1),...,Q(v,) > 0 and

Q( - (br’+lwr’+1 +...+ bsws)) = b$’+1Q(wr’+1) +.o b?Q(ws),
with Q(w,s41),...,Q(ws) < 0. Since then
0 S G%Q(vl) +...+ G’EQ(UT) = b72"+1Q(wr’+1) +.. biQ(ws) S 0,
we get
aiQ(v1) + ... +afQ(v,;) = 0= b7 Q(wrr 1) + ... + b3Q(w,),

hence a; = ... =a, =by41 = ... =bs = 0. hence, the supposed equality

a1vy + ...+ apve + by w1 + .o+ bpw, =0,
is reduced to the equality

bs+1ws+1 + ...+ bnwn = 0,



4.5. OPEN SETS IN R" 93

hence bs41 = ... =b, =0, since wgy1,...,w, are linearly independent as elements
of C';. Since v1,...,vp, Wpr41, ..., w, are linearly independent, we get

r+n—r)<ner<r.
Working similarly, we show that the vectors
Wiy eey Wty Upg 1y e -5 U
are linearly independent in X, hence
r+n—-r)<nesr <r
Since r <7’ and r’ < r, we get the required equality r = r’. O

The integer r in Sylvester’s theorem is called the index of positivity of {((-,-)),
and the integer s — r, which is also independent from the choice of the orthogonal
basis, is called the index of negativity of ((-,-)). If {{-,-)) is the constant 0 inner
product, then » = 0, and if ((-,-)) is the Minkowski inner product on R*, then
r = 3. Of course, the index of negativity of the Euclidean inner product is 0.

COROLLARY 4.4.3. Let X be a non-trivial, n-dimensional linear space, and let
((-,")) be an inner product on X. There is a direct sum decomposition

X=XTeX &X

of X, where Xy is defined in the Proposition 4.4.1 and X+ and X~ satisfy the
following conditions:

VxEXJr (l’ 7é 0= Q(‘T) > 0)7
Veex- (2 # 0= Q(z) <0).

PRrooOF. Exercise. O

4.5. Open sets in R"

DEFINITION 4.5.1. If z € R™, the open ball B(x,€) with center x and radius
€ > 0 is defined by

B(z,¢e) :={y e R" | d(z,y) < €}
={yeR"[|z -yl <e}
={y eR" | V(x1 —11)2 + ... (Tn —yn)? < €}.
The closed ball B(x, €] with center x and radius e is defined by
B(z,e] :={y €e R" | d(x,y) < €}.
If U C R™, we say that U is an open subset of R™, if
VocuTeso(B(z,e) C U).
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If F C R™, we say that F' is a closed subset of R™, if its complement F° := {y €
R™ | x ¢ F'} is open.

The open e-ball B(0,¢€) at the origin (0,0) is the open e-disc around (0, 0)
A

B(O, 6) €

Y

and the closed e-ball B(0, €] at the origin (0, 0) is the e-disc around (0,0) with the
e-circle around the origin. The open e-ball B(z,€) is an open set, since if we take
any point y in the ball B(z,€), we can find an ¢ > 0 such that B(y,¢') C B(z,¢). If

€ :=¢e— |y — x|, then € > 0, for y # xo. If y = xg, we can take ¢ = ¢, and what

we want follows immediately. Let z € B(y, €') i.e., |z — y| < €. Then we have that
|z —zo| = |(z —y) + (y — o)
<z —yl+ly — ol
< e+ |y — zo|
=e— |y —xo| + |y — o
=e.
The closed e-ball B(0, €] is not open, since a ball around a point at the e-circle is not

included in B(0, €. It is clear though, that B(0,¢] is closed. Similarly, the interior
U of the following curve in R? is open in R2.

4

Y

-
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Note that the open e-ball B(0,¢€) in R at the origin 0 is the open interval (—e, €).

PROPOSITION 4.5.2. Let n > 1.
(1) R™ and 0 are both open and closed.
(i) If U CR™, then U is open if and only if its complement U€ is closed.
(#i1) If U,V are open in R™, then UNV and U UV are open in R™.
() If F, K are closed in R™, then FNK and F UK are closed in R™.
(v) If (Uy)icr is a family of open sets in R™ i.e., U; is open for every i € I, then
their union
U U, := {(E e R" | E'iej(fﬂ S Uz)}
il
1S open.
(vi) If (F)ier is a family of closed sets in R™ i.e., U; is closed for every i € I, then
their intersection
ﬂFz = {IE e R" |v1‘€[(f£ S Fz)}
iel
is closed.

Proor. (i) If z € R™, then B(z,1) C R™, and hence R” is open. Consequently,
() is closed, since ()¢ = R™. The implication z € § = B(z,1) C @ is trivially true,
since its premise is false. Hence () is open, and R™ is closed, since (R™)¢ = .
(ii) If U is open, then U*€ is closed, since (U¢)¢ = U is open. If U¢ is closed, then
by definition (U¢)¢ = U is open.
(iii) First we show that U NV is open. If x €e UNV, then x € U and = € V. Since
U is open, there is some €; > 0 such that B(x,e;) C U. Since V is open, there is
some €3 > 0 such that B(x,e3) CY. If € := min{ey, €2}, then

B(xz,e) CVNU.

To show this, let y € R™ such that |y — z| < € < ¢;. Hence y € U. Similarly,
ly — x| < € < €9, and hence y € Y. Consequently, y € V NU. Next we show that
UUVisopen. If € UUV, then x € U, or z € V. In the first case we have that
B(x,e1) CU CU UV, and in the second we have that B(z,e2) CV CUUYV.

(iv) We use the case (iii) and the equalities

(FNK)=F'UK® & (FUK)°=F°‘NK-.
(v) and (vi) Exercise. O

The intersection of a countable family of open sets is not generally open. E.g.,

(0,1 = ﬂ (0,1+71L),

n>1
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and (0, 1] is not open, as any non-trivial interval around 1 intersects (1, +00). The
union of a countable family of closed sets is not generally closed. E.g.,

on=U |14

and (0, 1) is not closed, since its complement (—oo,0] U [1,400) is not open. It is
not hard to see that the cartesian product of open sets in R is an open set in the
corresponding R”. E.g., the set

(0,1) x (=1,1) := {(z,y) e R* |z € (0,1) & y € (-1, 1)}
is open in R2. Similarly the set
(071) X (_171) X R:= {(.’L’,y,Z) € R3 ‘ T < (071) & /S (_171)}

is open in R3.

4.6. Differentiable functions on open sets in R”

If U is an open subset of R”, and « = (x1,...,2,) € U, then for every i €
{1,...,n}, there are appropriately small values of h € R such that the point

(1, i+ hy...,zp) €U,
and the following concept is well-defined.

DEFINITION 4.6.1. Let U be an open subset of R", z = (z1,...,2,) € U, and
f: U — R. If the following limit exists

fley, .o mi+hyo xn) — fog, ..o )

i : ,

we let
of . flxr, o+ hy o) — fzn, 3y,
Dif () = L (w) = Jim I B

and we call D, f(x), or g—i(x), the i-th partial derivative of f at x.
If B, :={e1,...,€ei,...,e,} is the standard basis of R™, we have that
f(z + he;) — f(z)

D;f(z) = lim

h—0 h
If for example f : R? — R is defined by
fz,y) = 2%y’
then
_of

Dif(x) = 5 (@)
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f(x+h,y)—f(x,y)

= iy h
oy @R -ty
h—0 h
2,2
:yS%iE% (;U—I—hi)l —x
=32
= 2ay°,

where the term 2z is the derivative of the function g(x) = z2. Le., to calculate

D, f(x) we treat y as a constant and we differentiate with respect to . Similarly,

Daf(x) = %(m)

= lim

where the term 3y? is the derivative of the function h(y) = y3. Le., to calculate
Dy f(x) we treat x as a constant and we differentiate with respect to y. If f, g :
U — R, and « € U such that D, f(x) and D;g(z) exist, then by the properties of
the derivative of real-valued functions on intervals of R we get

Di(f + g)(x) = D;f(x) + Dig(w),

Di(Af)(z) = AD; f(z), AER

DEFINITION 4.6.2. Let U be an open subset of R", z;= (z1,...,2,) € U, and
f:U — R. If the partial derivatives at x
of of

Dif(@) 1= Z=(@)..... Duf(a) = 5 (@)

exist, the gradient (gradf)(z) of f at x is the vector

(gi(x), - %(@)

= (le(x),...,an(x)).

(gradf)(z) :
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E.g., if f: R? — R is defined as above by f(z,y) := 2%y?, then

(gradf)(z) := (2y°,32%y%).

Because of the above linearity of D;, we get immediately that if f,g: U — R, and
x € U such that D, f(z) and D;g(x) exist, then

(grad(f + g))(z) = (gradf)(z) + (gradg)(z),

(grad(Af))(x) = A(grad f)(z),
for every A € R. If D, f(z) and D,g(z) exist, for every x € U, we get

grad(f + g) = gradf + gradg,

grad(Af) = Agradf,
for every A € R. Before defining when a function f : U — R, where U is an open
subset of R", is differentiable at some point g € U, we notice the following fact.
REMARK 4.6.3. Let U be an open subset of R, zop € U and f : U — R. The

following are equivalent:
(7) f is differentiable at xg.
(79) There are € > 0,a € R, and a function g : (—¢, €) — R such that

f(zo+h) = f(zo) = ah + |h|g(h),

for every h € (—¢,€), and

lim g(h) = 0.

PROOF. (i) = (ii) If f is differentiable at x¢, then

a:= f'(zo) = %ﬂ% flxo + h})L — (o)

e R,
and if h # 0, we define
xo+h)— f(z
while if h = 0, we define ¢(0) := 0. Clearly,
li =
lim ¢(h) =0,
and for every h in some e-interval around 0 we have that

f(xo 4+ h) = f(zo) = f'(x0)h + ho(h).

- f/(xo)v

If we define

[ p(h)  Lifh>0
g(h) '_{ —¢(h) ,ifh <0,

we have that

|hlg(h) = ho(h),
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and we get the required equality
f(zo +h) — f(zo) = ah + |h|g(h).

Of course,
lim g(h) = 0.
(ii) = (i) If h # 0, then
f(xo+h) — f(zo) _ ah+|h|g(h) |hl
= = —g(h
. A a+==g(h),
which converges to a, as h converges to 0 i.e., a = f'(x0). U

DEFINITION 4.6.4. Let U be an open subset of R™, g € U and f : U — R. We
say that f is differentiable at xg, if

(a) The gradient of f at xg

gwed (an) = (D11 G00). . Dafaw)) = (o) 7))
exists, and

(b) there is a function g defined on a small open ball around the origin 0 such that

‘%}glog(h) =0,
and
0 0
Fwo-+ ) = £(20) = ()b ++.+ 22 (o)l + [hlg(h)

:= ((gradf)(zo), h) + |hlg(h).
We say that f is differentiable on U, if it is differentiable at every point of U.

To show that a function f as above is differentiable on U, it suffices to show
that the gradient of f at every point of U exists, and that the partial derivatives
on U are continuous functions (the proof is omitted).

PROPOSITION 4.6.5. IfU is an open subset of R™, xg € U and f : U — R, then
f is differentiable at x, if all partial derivatives of f at xy exist in U and for each
1€ {1,...,n} the function
of

Usz— amz(:U)

18 continuous at xq.

PROOF. See [16], p. 322. O
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4.7. The dual space of an inner product space

In the Definition 2.4.1 we defined the dual space of a linear space as the space
of functionals on X i.e.,

X*:={f:X —R| f is linear}.
There are many examples of important functionals from the physical point of view.
E.g., the Dirac functional 65, : C([0,1]) — R, where z¢ € [0, 1], is defined by
Oz (f) = [f(20),

for every f € C([0,1]). If (X, ({-,-))) is an n-dimensional inner product space we can
describe in an explicit way the isomorphism between X and X* (Corollary 2.4.16).

THEOREM 4.7.1. Let (X, {((-,-))) be a finite-dimensional inner product space,
and let xg € X.
(i) The function Ly, : X — R, defined by

LfI,‘o (I) = <<‘Ta ‘T0>>7
for every x € X, is in X*.
(i4) The function L : X — X*, defined by
L(zg) := Ly,

for every xg € X, is a linear map.
(#32) If ((-,-)) is non-degenerate, then L is an isomorphism between X and X*.

PROOF. (i) and (ii) are immediate to show. Since dim(X) = dim(X™*), to show
(i) it suffices to show that L is an injection i.e., Ker(L) = {0}. If L(z) = 0, then
Vyex (La(y) = ({y,2)) = 0), hence, since ((-,-)) is non-degenerate, z = 0. O

Consequently, if ((-,-)) is a non-degenerate inner product on X, then for every
functional f € X* there is a unique o € X such that

f = LIQ’
and the functional f is represented by the vector zp. The condition (b) in the
Definition 4.6.4 takes the form

f(xo +h) — f(20) = L(gradf)(z0)(h) + |h]g(h),
where L(gradf)(zo) : R” — R is defined by

L(gradf)(xo)(y) = <(gradf)(x0), y>a
for every y € R™. l.e., the differentiability of a function f on an open subset of
R™ means that “locally” f is approzimated by some linear functional on R™. The
functional Lgradf)(a,) is called the derivative of f at xo.
Recall that if Bx := {v1,...,v,} is a basis of a linear space X, then

Bxi={vf,. . on}
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is a basis of X*, where for every i,j € {1,...,n} we have that
v; (v5) = iy

COROLLARY 4.7.2. Let X be an n-dimensional linear space, and let Y be a
subspace of X. Let

VPP = {¢ € X* [ Vyey (6(y) = 0) }.
(1) dim(Y) + dim(YP®'P) = n.
(#3) If ((-,-)) is a non-degenerate inner product on X, and if L : X — X* is the
isomorphism between X and X* defined in the Theorem 4.7.1, then the restriction
Lyy.: Y+ — YPOP defined by
x— Ly,
for every x € Y, is an isomorphism.

PRroOOF. Exercise. O






CHAPTER 5

Operators

5.1. Symmetric and unitary operators

In the Definition 2.4.1 we defined the set of operators L(X) on X as
L(X):={T:X — X | T is linear}.

Note that if ({-,-)) is a non-degenerate inner product on X, then by the definition
of non-degeneracy we have that

(5.1) Veex (Vzex(«x,Z)) =((z,7))) = z= z').

LEMMA 5.1.1. Let (X, {(-,"))) be a finite-dimensional, non-degenerate inner
product space, and T € L(X).

(1) If y € X, the function ¢, : X — R, defined, for every x € X, by
by(x) == ((T'(x),y)),

is i X*.
(i) There is a unique S € L(X) such that, for every x,y € X,
(5.2) (T(z),y)) = (z, S(W))),

PROOF. (i) We can use the fact that the composition of linear maps is linear.
(ii) We fix some y € X. From the case (i) ¢, € X*, hence by the Theorem 4.7.1(iii)
there is a unique z € X such that ¢, = L., hence for every x € X we have that

(T(x),y)) = dy(x) = Lz(x) = {{, 2)).

Let S: X — X, defined by y — z, for every z € X. Since then the last equality
becomes the required equality 5.2, it suffices to show that S is the unique operator
satisfying (5.2). First we show that S is a linear map. Let y;,y2 € X. Due to (5.1),
to show that S(y1 + y2) = S(y1) + S(y2), it suffices to show that

Veex <<<x, S(n +92))) = (&, S(3n) + S<y2>>>).
If z € X, we have that
(. S+ 92)) = (T (@) 31 +32))

103
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= ((T(z),11)) + ((T(2),52))
= ({2, 5(y1))) + ((z, S(y2)))

((z,S(y1) + S(y2)))-

Similarly, to show that S(Ay) = AS(y), where A € R, it suffices to show that

Vaex (<<x,S<Ay>>> ~ {(a, As<y>>>).

If x € X, we have that

((z,5(\y))) = ((T(x), Ay

Let S’ € £(X) such that S’ satisfies (5.2). If y € X, then
((x, ")) = (T(x),)) = ({z, S(¥))),

hence by (5.1) we get S’(y) = S(y). Since y € X is arbitrary, we get S’ = S.

DEFINITION 5.1.2. Let (X, ((-, ))) be a finite-dimensional, non-degenerate inner
product space, and T' € £(X). The unique S € £(X) satisfying (5.2) is called the
transpose operator of T', and it is denoted by Tt. If T* = T, we call T' a symmetric

operator.

If T € £L(X), where X is as above, then, for every x,y € X, (5.2) becomes

(5.3) (T(2),y)) = (=, T"(y)),
and if T is symmetric, then, for every z,y € X, (5.2) becomes
(5.4) (T(z),y)) = (z, T(y)))-

T(
Ifx=(x1,...,2,) € R and y = (y1,...,yn) € R?, then

n
)= Z TiYi
i=1

-yl
_yn
t -
1 'A%
Tn Yn
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if we view x,y as (n x 1)-matrices. If T € L(R™), then
(x,T'(y)) = (T(x),y)
= (Arz,y)
= (Ar2)'y
= (xtA})y
=zt (AtTy)
= (=, A1y),
Since z,y are arbitrary, we get T*(y) = ALy, and since T*(y) = Ay, we get
Are = AL
a fact that explains the use of the same notation and terminology for the transpose
of an operator as in the case of a transpose of a matrix.
PROPOSITION 5.1.3. Let (X, ({-,-))) be a finite-dimensional, non-degenerate in-
ner product space, S,T € L(X) and A € R.
(i) (S+T)' =St +T1°.
(i7) (AS)t = \S*.
(i73) (SoT)t =T'o St.
(iv) (St = S.
PROOF. We work as in the proof of the Lemma 5.1.1 (exercise). O
In the Definition ?? an orthogonal transformation was defined as an operator

that was preserving the corresponding inner product. If the inner product is positive
definite, we use the following special term.

DEFINITION 5.1.4. Let (X, ({-,-))) be a finite-dimensional, positive definite in-
ner product space, and let U € £(X). We call U unitary, if it is inner product-
preserving i.e., if for every x,y € X we have that

(U(x),U(y))) = {{z,y))-
PROPOSITION 5.1.5. Let (X, {{-,-))) be a finite-dimensional, positive definite
inner product space, and let U € L(X). The following are equivalent.
(1) U is unitary.
(i4) U is norm-preserving i.e., for every x € X we have that
U @)I] = []=]l,
where ||.]| is the norm on X induced by ({-,)).

(791) U sends a unit vector to a unit vector i.e.,

Vaex ([lzll =1 = |[U@)]| = 1).
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PrROOF. (i) = (ii) If z € X, then we use the following equality
1U@)I]* = (U(2), U(x))) = (@, 2)) = [|]|*.
(ii) = (iii) If z € X such that ||z|| = 1, then ||U(z)|| = ||z|| = 1.

(iii) = (ii) If z = 0, then U(0) = 0 and the required equality is immediate from
the fact that ||.|| is a function. If x # 0, then

’nm\zl’

and by (iii) we have that

€T €T 1 1

\”x'] U<|I36|)H‘I|w| <x>H Tl = 0l
hence [|U(z)|| = | ]
(ii) = (i) If z,y € X, using the polarisation identity twice we get
(o)) = 3 (G o+ 9) — (e — v 1)

= 3 (llz + 91 = Il — 5i?)

=§(||Ux+y||2—\|v<w— DIP)

=§<||U WIP ~ 1)~ U)IP)

= L ({U@) + UG), U@ + U) ~ (U) - Ul), U - U)

= ((U(2), U(y)>>-
O

Hence, a unitary operator is characterised from the fact that it sends unit
vectors to unit vectors, a property that explains the use of the term “unitary”. If
$1(X) :={z e X |[|z|| = 1}

is the unit sphere of (X, ||.||), then a unitary operator sends S;(X) to itself i.e.,
U\Sl(X) : Sl(X) — Sl(X)
By definition, a unitary operator preserves orthogonality since
({z,y)) = 0= ((U(x),U(y))) = 0.

The converse is not always true i.e., there are operators that preserve orthogonality
but are not unitary (exercise).

THEOREM 5.1.6. If (X, ((-,-))) is a finite-dimensional, positive definite inner
product space, and U € L(X), then U is unitary if and only if

Ut olU = idx.
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Proor. Exercise. O

It is easy to see that a unitary operator is invertible and with some more effort
that U~! = U? (exercise). Moreover, it can be shown (exercise) that if U is unitary,
then U? is unitary. It can also be shown that the only unitary operators of R? are
the linear maps whose matrices are of the form

[cos § —sin 9} [cos 0 sin 0 }

sin 0 cos sinf —cos@

Note that the determinant of the first is 1 and the determinant of the second is —1.

5.2. Eigenvalues and eigenvectors

DEFINITION 5.2.1. Let X be a linear space and T' € £(X). An element z of X
is called an eigenvector of T, if

(5.5) Irer(T(z) = Az).
If # # 0, and x is an eigenvector of T', then there is a unique! A € R satisfying (5.5),

which is called an eigenvalue of T that belongs to xz. If A € M, (R), an eigenvector
of A is an eigenvector of T4 € L(R™).

If we consider the linear space
C>®(R) := {f € F(R) | f is infinitely differentiable},
where f: R — R is infinitely differentiable, if there exist all finite derivatives
FO o= ff f@ = f = (D)
the derivative operator is the linear operator
" C™(R) = C°(R)
fef
for every f € C®°(R). If A € R, the function f € C*°(R), defined by
f(t) = e,
for every t € R, is an eigenvector of the derivative and A belongs to f, since
f'(t) = Af(¢), for every t € R. Note that if A is an eigenvalue of T' € £(X) that
belongs to = € X, then for every a € R, we have that ax is an eigenvector of T" that
also belongs to A;
T(az) = aT(z) = a(Azx) = Max).
Clearly, the set X\ (T") of all eigenvectors of x with A € R as an eigenvalue
XA(T):={z e X |T(z) =Mz}

Uf T(z) = Az = pa, then (A — p)z = 0, and since z # 0, we get A = .
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is a subspace of X, and actually
XA(T) = Ker(T — )\ldx)
We call X,(T) the eigenspace of X belonging to \.

THEOREM 5.2.2. If X is a linear space, T € L(X), and vy, ..., v, are eigen-
vectors of T with eigenvalues A1, ..., Am, respectively, such that \; # X\; for every
i,7€{1,...,m} with i # j, then vy, ..., vy are linearly independent.

PROOF. We prove by induction on n > 1 the following formula

Vin>1 <vv1,.‘.,vmer)\l,...,)\melR (PWUA, ..., An) &

& EIGEN7(v1, .., Umi A1,y - oy Am) = LIND(vq, ..., ’Um))>,
where
PWUL, .. Am) & Vijeq, .m0 £ 5= Xi # X)),
EIGENT(v1, ..., Umi ALy -y Am) & T(v1) = M1 & ... & T(vm) = AU,
LIND(vy,...,Um) & v1,..., Uy are linearly independent.

If m = 1, and if we fix some v; € X and A\; € R, then PWU(\;) holds trivially,
and if EIGENy(v1; A1), then necessarily v1 # 0, hence LIND(v1). We suppose that
the formula for m > 1 and we show it for m + 1. Let vq,...,vpn41 € X, and
ALy -y Ama1 such that PWU(Aq, ..., Apq1) and

EIGENT(v1, -y Um41; A1y v oy Amt1),
and we show that LIND(vy,...,vp41). For that, let ¢1,...,¢ni1 € R such that
(5.6) c1v1 + cava + ...+ Cra1Vme1 = 0.
Multiplying (5.6) by A; we get
(5.7) 1AMV F coAvg + ..+ 1 A1 Umy1 = 0.
Since
0="1T(0)
= T(clvl +covg + ...+ cm+1vm+1)
=c1T(v1) + T (v2) + ...+ eme1T (Vi)
=1 \v1 + caXov2 + .o+ Cp1 A+ 1Vmt 1,
subtracting (5.7) from the last equality we get
(5.8) co(Aa — A)va + ... + g1 (Amt1 — AM1)Vmg1 = 0.
Since
PWUL .., Amt1) = PWUs, -, Ams),
and
EIGENT(v1, -y Umt1; Ay e oy Ama1) =
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EIGENT(()\Q — )\1)1)2, ey <)\m+1 — Al)vm+1; )\2, ey )\m+1>,
by the inductive hypothesis on vo,...,vmy1 € X and g — A1,..., A1 — A1 €R
we get
LIND(vg, ..., Um+1),
and by (5.8) we get
CQ()\Q — )\1) =...= Cm+1(/\m+1 — )\1) =0.

since by PWU(Aq, ..., Amt1) we have that (A — A1) #0and ... and (A1 — A1) #
0, we conclude that

Co2 = ... =Cnp+1 =0.
Since then (5.7) becomes cjv; = 0, we get ¢; = 0. Since ¢y, ..., ¢pmy1 are arbitrary,
we get LIND(v1, ..., Upmi1). O

By the Theorem 5.2.2 we get another proof that the functions
Fi(t) = M, ft) = Mt

where PWU(Aq, ..., A;), are linearly independent in C*°(R), since
EIGEN(f1,. -, fm; A1y -5 Am)-

COROLLARY 5.2.3. If X is a linear space with dim(X) =n > 1, T € L(X),
and v1,...,v, are eigenvectors of T with eigenvalues A1, ..., \,, respectively, such
that X\; # A; for every i,5 € {1,...,n} with ¢ # j, then {v1,...,v,} is a basis of
X.

PRroOOF. Exercise. O

PRrROPOSITION 5.2.4. Let X be a mon-trivial finite-dimensional linear space,
Bx ={v1,...,v,} a basis of X, and T € L(X).

(i) Bx diagonalises T if and only if vy,...,v, are eigenvectors of T.

(i) T is diagonalisable if and only if there is a basis of X consisting of eigenvectors
of T.

PrROOF. Exercise (use the Definition 3.3.12). O

Next we describe a space having a basis consisting of eigenvectors.

5.3. The simplest ode, but one of the most important

If a € R and = : J — R is differentiable, where J is an interval of R, one can
show (exercise) that the ordinary differential equation (ode)

(5.9) 2'(t) = ax(t)
has as set of solutions the set

801(5.9) = {5 :J =R | HCEthEJ(S(t) = Ce“t)}.
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The equation (5.9) is the simplest ode. If s € S01(5.9), then s(0) = C. Conversely,
there is a unique function s € S01(5.9) such that s(0) = C. This is a special case
of the existence of a unique s € Sol1(5.9) satisfying the initial condition s(tg) = so,
where tg € J. The parameter a in (5.9) influences dramatically the way the solution
curve s looks like. If a > 0, then we have the following three cases:

C<0

If C > 0, then lim;__, o Ce* = +o0, and if C' < 0, then lim;__, ., Ce* = —oc.
If a = 0, the solution curves are constant functions

If a < 0, we have the following three cases:

w
In this case, if C' # 0, then

1
lim Ce® =C lim e 19" =(C lim

t—+o0 t—+o0 t—s+oo elalt

=0.
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The above graphs reflect the qualitative behavior of the solution curves. If a # 0,
equation (5.9) is stable in the following sense: If a is replaced by some o’ sufficiently
close to a, the qualitative behavior of the solution curves does not change. E.g., we
have that

la’ — a| < |a] = sign(a’) = sign(a),

since, if a > 0, then |[¢' —a|] <a < —a<d —a<a=0<d <2a, while, if a <0,
then |/ —a| < —a e a<d —a< —a=2a<d <0. If a =0, equation (5.9)
is unstable, since the slightest change in the value of a implies a big change in the
qualitative behavior of the solution curves. For this reason we say that a =0 is a
bifurcation point in the one-parameter family of equations

(x’(t) = ax(t))aeR.

Let the following system of two odes in two unknown functions:
!
I t) = a1y t s
510 0 = (0
T2 (t) = CLQiCQ(f).

Since there is no relation between x1(t) and z5(t), we have that
S01(5.10) = {5 :J = R? | 30,.00erVies (s(t) = (Cle‘“t,Cge“zt)> }

If s1(t) = Cre™?t and sa(t) = C2e®t, we get C; = s1(0) and Cy = s3(0). The
equation (5.10) can be written as
(5.11) Z'(t) = Ax(t),
where

A:R? - R?,

Az, 22) == (@121, az, T2)

is a vector field on R?, which geometrically we understand as a function that assigns
to each vector € R? the directed line segment from x to x + Axz.

A iy

/ - x(t) + Ax(t)
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We can write the equation (5.10) using matrices as follows
.’171/<t) . al 0 $1(ﬁ)
(5.12) [ () | 710 an || wat) |
If J is an interval of R, x1,...,2, : J — R are differentiable functions, and
a;j € R, for every i,j € {1,...,n}, let the following system of odes

21 (t) = ap1z1(t) + ... + arpwa(t),
(5.13) ' (t) = apx1(t) + ...+ ainzn(t),

(1) = an1z1(t) + .o+ Apnn(t).

We can write equation (5.13) using matrices as follows

.’L'll(t) a1 AT I’l(t)
(514) lL'Z/(t) = [ a;1 [N Qin €T; (t) s
' (t) Al -+ Gpn| |Zn()
or, generalizing the simplest ode, we can write it in the form
(5.15) 2/ (t) = Ax(t),
where
aii -.. Qin
(516) A= ;1 N Qim | =: [aij].
Anl1 .. Qpp

PROPOSITION 5.3.1. Let the system of odes (5.15), and let A1, ..., A\, € R such
that
A =Diag(A1,...,\n).
If Sol is the set of solutions of the system (5.15), then Sol is a linear space and
Sol = ([M1],..., [,

where
[e’\lt] = (eklt, o,..., O)7 el [e)‘"'t} = (O, o,..., e/\"t).

PRrooF. Exercise. O
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5.4. Determinants

a b
A=le
is a 2 x 2-matrix, its determinant Det(A) is defined by

Det(A) := (cl Z

vef] el

are the columns of A, we use the notation

DEFINITION 5.4.1. If

= ad — be.

If

Det(A) = Det(Al, A2).
‘We have that

Det (1) := ‘(1) (1)‘ =1-0=1.

It is also clear that

Det(A) := CCL 2‘ =ad —bc=:

a ¢

b d
REMARK 5.4.2. Let the following 2 x 1 matrices:

Al = [al} cli.= {Cl] B? .= [bl} D? .= {dl} .
as|’ col’ bo |’ do
The following hold.
(i) Det(A! + C*, B?) = Det(A!, B?) + Det(C*, B?).
(i7) Det(Al, B2 + D?) = Det(A*, B?) + Det(A%, D?).
(iii) If X € R, then Det(\A!, B?) = ADet(A', B?) = Det(A!, AB?).
(iv) If A' = B2, then Det(A!, B?) = 0.

=: Det(A").

PROOF. We prove only (i), and the rest is an exercise.
ai+ca b
az+cz by
:= (a1 + ¢1)be — by (az + ¢2)

= (a1by — braz) + (c1ba — bica)

a1 b
az by

Det(Al + C, B?) :=

c1 b
cg by

:= Det(A', B?) + Det(C*, B?).
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Although one can use the definition of Det(A) to show the following corollary,
its proof is simpler, if we use the fundamental properties of the Remark 5.4.2.

COROLLARY 5.4.3. Let the following 2 x 1 matrices:
Al M| g2 by
=l =gl
The following hold.

(i) If X € R, then Det(A' + AB?, B?) = Det(A', B?).
(ii) If X € R, then Det(A', B2 + M\Al) = Det(Al, B?).
(iii) Det(Al, B?) = —Det(B?, A').
PRrROOF. Exercise. (|
The determinant of a matrix A provides non-trivial information on vectors
related to A. We have seen that Det(l3) = 1 # 0, and we know that the columns

e1 := (1,0) and es := (0,1) of the matrix I are linearly independent elements.
This is a special case of the following general fact.

PROPOSITION 5.4.4. Let the following 2 X 1 matrices:

=) e=fa)

The vectors (a1,as) and (by,bs) are linearly independent in R? if and only if
Det(A, B) # 0.

PROOF. (=) Suppose that (a1,az) and (b1, by) are linearly independent in R?,
and suppose that

ay by

Det(A, B) := 4y by

= a1b2 - b1a2 =0.

Since then we have that
ba(ar,a2) + (—az2) (b1, ba) = (baa1 — agby, baas — agbe) = (0,0),
by the hypothesis of linear independence of (aj,as) and (b1, be) we get
by = 0= —as = as.

Hence the two vectors take the form (a1,0) and (b1,0). Since they are linearly
independent, these are non-zero vectors, hence a; # 0 and b; # 0. Consequently,
we have that (a1,0) = §+(b1,0) ie., the vectors (a1, az) and (b1, b2) are linearly
dependent, which is a contradiction. Hence, Det(A, B) # 0.

(<) Suppose that Det(A4, B) # 0, and let A, i € R such that
Aar, az) + p(b1, b2) = (0,0) < (Aay + pby, Aag + pb2) = (0,0),

hence
)\al = 7,ub1 & )\CLQ = 7#[)2.
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Suppose that A # 0 (if we suppose that p # 0. we proceed similarly). By the
Remark 5.4.2 we have that

which is a contradiction. Hence A = 0 = p, and the vectors (aj,as), (b1,b2) are
linearly independent. O

PROPOSITION 5.4.5. Let A, B € M>(R).
(i) Det(AB) = Det(A)Det(B).
(i4) A is invertible if and only if Det(A) # 0.

PROOF. (i) Exercise.
(i) If AA~! = I, then by the case (i) we have that

1 =Det(ly) = Det(AA™') = Det(A)Det (A7),
hence Det(A) # 0, Det(A~1) # 0, and

1
Det(A™!) = :
et = See i)
For the converse let
a b
-t
and suppose that
a b
Det(A) := ‘c d‘ :=ad —bc # 0.

We show that the system

C A=)
{am—&-bz ay—&-bw}:[l 0}@

cx+dz cy+ dw 0 1
ar+bz=1 & cx+dz=0,

and
ay+bw=0 & cy+dw=1,
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has a solution. If we multiply the equation ax 4+ bz = 1 by d and the equation
cx + dz = 0 by b and then we subtract them, we get

dax + dbz —bcx —bdz =d & x =

ad — be’
Working similarly, we get

ail a2 013
A= |agn az a3
azy asz2 ass
is a 3 x 3-matrix, its determinant Det(A) is defined by

i iz s a22 Aa23 a21 Aa23 az1 a2
Det(A) := |ag1 a2 ag|:=an a — a2 + ai3 )
32 433 a3z1 ass asz1 as2
a3y azz a33
As expected, we have that
1 0 0
Det(l3):=|0 1 O ::1‘(1) (1)‘—0‘8 ?‘—&-0’8 (1)‘:1,
0 0 1

More generally, if we consider a matrix in diagonal form, then for the corresponding
determinant we have that
A 000
0 )\2 0]:= )\1
0 0 X3

A2 O
0 A3

0 0
0 As

0 Az

0 0 = A A2As.

~ofg 4|+l

All results we showed for the determinant of a matrix in Ms(R) hold for the
determinant of a matrix in M, (R). To define Det(A), where A € M,,(R) and n > 2,
we suppose that we have defined Det(B), for every B € M,,_1(R), and we let

Det(A) = (—1)i+1ai1Det(Ai1) +...+ (—1)i+namDet(Am),
where the matrix A;; € M, _1(R) is obtained from A by crossing out the i-th row
and the j-th column. E.g., if n =3 and i = 1, we get
Det(A) = (71)1+1a11Det(A11) + (—1)l+2a12Det(A12) + (—1)1+3a13Det(A13)
= auDet(Au) — algDet(Alg) + a13Det(A13).
It can be shown that Det : M, (R) — R is the unique function from M, (R)
to R that satisfies Remark 5.4.2(i)-(iii) and sends I,, to 1 (see [17] p. 149 and p.

171), and it is the unique function from M, (R) to R that satisfies the following
conditions:
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(D) Det(AB) = Det(A)Det(B),
(D2) Det(1,) =1,
(D3) Det(A) # 0 if and only if A is invertible.
If B is invertible, it is easy to see that
(D4) Det(B~1) = Det(B)~1,
(D5) Det(BAB™!) = Det(A).
From (D3) on shows that if A € M, (R), then
Det(A) # 0 < Ker(T4) = {0},
and equivalently we have that

Det(A) =0« {0} C Ker(T4) < A is not invertible.

5.5. The characteristic polynomial

PROPOSITION 5.5.1. If X is a finite-dimensional linear space, T € L(X) and
A € R, then X\ is an eigenvalue of T if and only if T — Nidx is not invertible.

PRrROOF. We have that

T — M\idy is not invertible < T is not an injection
< {0} C Ker(T — Aidx)
& Hzex(.’t #0 & T(z) = )\w)

< ) is an eigenvalue of T.

DEFINITION 5.5.2. If A € M, (R), the characteristic polynomial of A is

t— ail —ai2 e —A1n
—ag1 t— a9 N —Qagn
pa(t) :=Det(tl, — A) =
—0n1 —0an2 cee b= Apn

If T € L(R™), the characteristic polynomial pr of T is pa,.. If X is an n-dimensional
linear space and T € L(X), the characteristic polynomial pr of T is PAr, > where
X

Bx is a basis of X.
By the definition of Det(A) we can show inductively that

pa(t) =t" + a polynomial of a degree lower than n.
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If T € L(X), pr is independent from the choice of the basis Bx. For this we use
the Theorem 3.3.11 and the fact that similar matrices have equal characteristic
polynomials; if C = B"1AB, and if t € R, then by the property (Ds) of Det we get

Det(tl, — B"*AB) =Det(tB~'B — B"'AB)
(B~'tB — B™'AB)
(B~(tB — AB))
= Det(B~!(tI,B — AB))
=Det(B~*(tI, — A)B)

= Det(B
= Det(B

22) pet(tr, — A).
E.g., if
1 -1 3
A=|-2 1 1/,

0 1 -1

t—1 1 -3

pat)=1] 2 t—1 —1|=t2—t*—-2t+4.
0 -1 t+1

PROPOSITION 5.5.3. If A € M,(R) and A € R, then A is an eigenvalue of A if
and only if X is a root of the characteristic polynomial of A.

PrOOF. By the Definition 5.2.1 and the Proposition 5.5.1 we have that
A is an eigenvalue of A :< A is an eigenvalue of Ty
< Ty — Aidy is not invertible
< Aidx — T4 is not invertible
< Det(Apiax—14]) =0
< Det(A, — A) =0

< pa(A) =0.
d
E.g., if
1 4
A=l ]
I e T O N
pA(t)—’_2 t—S‘_t 4 —-5=(t—-5)(t+1),

and the eigenvalues of A are 5 and —1. If (z,y) is an eigenvector of A, the system

23 b))
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takes the form
T+ 4y = Az,
2z 4+ 3y = Ay,
or equivalently
(I=XNx+4y=0,
2+ (3— ANy =0.

If x = 1, the pair (1, /\33> is an eigenvector of A. If A\ = 5, the eigenspace X5 has
as basis the set {(1,1)}, and if A = —1, then X_; has as basis the set {(1,—3)}.
PROPOSITION 5.54. If X is a linear space, T € L(X), n > 1, and Bx :=

{v1,...,v,} is a basis of X consisting of eigenvectors of T with distinct eigenvalues
ALy -« oy An, TESPEctively, an eigenvector of T is a scalar multiple of some v; € Bx.
Proor. Exercise. O

5.6. The spectral theorem

DEFINITION 5.6.1. If A € M, (R) is symmetric, the quadratic form qa associ-
ated with A is the function ¢4 : R™ — R, defined, for every z € R™, by

qa(z) == (z, Ax).
If x € R™, by our remark after the Definition 5.1.2 we have that

qa(r) = 2' Ax
a1l Ain T
= [n ] :
an1 Ann | |Tn
x1
= [xlan +...+xpan1 ... T1Q1p + ... xnam]
Tn,
Z1
= [ mian o Y0 Tiin)
Tn

n n
= E xria;1 + ...+ 2, E XiQin
=1 i=1

j=1 Vi=
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hence, since x € R" is arbitrary, we get
n
(5.17) qa = Z @i PT;PT;
ij=1
DEFINITION 5.6.2. A function f : R®™ — R™ is called continuous, if for every
V C R™ open its inverse image
V) ={zeR"| f(z) eV}

under f is open in R™. We denote by C(R"™,R™) the set of continuous functions
from R™ to R™, and we also use the notation C'(R") := C(R",R).

It is easy to see that C'(R™) is a linear space and it is also closed under multi-
plication. The composition of continuous functions is also continuous. If G is open
in R, we have that

pr; {(G)=Rx...xRxGxR... xR,
hence pr, is a continuous function, and by (5.17) ¢4 € C(R™).

DEFINITION 5.6.3. A subset B of R™ is called bounded, if there are r > 0 and
2o € R™ such that B C B(xzg,r). A subset K of R™ is called compact, if K is closed
and bounded.

Clearly, the unit sphere S7(R™) of R™, where
S1(R™) :={z e R" | |z| = 1},

is closed and bounded, therefore a compact subset of R™. One can show that if
[ € C(R™), its restriction fix : K — R to a compact subset K of R" has a
maximum on K i.e., there is some u € K such that

Voer (f(u) = f(2)).
This fundamental result is a generalisation of the fact that a continuous function
f:a,b] = R has a maximum value. For a proof of this see e.g., [11], p. 31.

THEOREM 5.6.4. Let A € M, (R) be symmetric, and g4 : R™ — R the quadratic
form associated with A. If P € S1(R™) such that qa(P) is the mazimum value of
ga on S1(R™), then P is an eigenvector of A.

PROOF. If we define Y := (P)*, then dim(Y) = n — 1. Let also
Yi=YNSIR")={yeY |y =1}
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If Q € Y1, let the curve? xg : R = R", defined by
xg(t) := (cost)P + (sint)Q,
for every ¢t € R. Clearly, zg(0) = P. If t € R, and since Q) LP, we have that

R
Q
=
I
B
O
=

.’I}Qt

cost)P + (sint)@, (cost)P + (sint)Q)
cost)P, (cost)P) + ((sint)Q, (sint)Q)

] =<

cos2t)(P, P) + (sin® £)(Q, Q)

(cos?t) + (sin?¢t)

ie., zg : R — S1(R™). Moreover, if ¢ € R, then
xg' (t) := (—sint) P + (cost)Q,
hence ' (0) = Q. If g:=qaoxg :R— R

TQ
R——R"”

NS

R,

then for every ¢ € R we have that

9(t) = qa(zq(l)) = (@q(t), Az (1)),

hence using the Leibniz rule for the derivative of the product of two real-valued
functions® and by the symmetry of A we get

g'(t) = (xq/(t), Azq(t)) + (zq(t), Axg' (1))
= (zq/(t), Azq(t)) + (Azq(t), g/ (t))
= 2(zq'(t), Azq(t))

2A curve in R™ is a function @ : I — R", where I is an interval of R. If z(t) =

(@1(t), ..., mn(t)), for every t € I, we say that « is differentiable on I if the coordinate functions

z1(t),...,zn(t) of x are differentiable on I. If @ : I — R™ is a differentiable curve, its derivative

is the curve &’ : I — R" defined, for every to € I, by ®’(to) := %’(to) = (z1/(to), ..., zn'(to)) :==
(Uld%(to)7 cee dg—;(to)). We call #’(to) the velocity vector of x(t) at time tg.

If I is an interval of R and «,y : I — R"™ are differentiable curves, then it is easy to show

that the function (x,y) : I — R satisfies the Leibniz rule: (z,y)’(t) = (' (t), y(t)) + (x(t), y'(t)).
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for every t € R. Since g(0) = ga(zg(0)) = ga(P) is the maximum value of g4 on
S1(R™), we have that

0=¢'(0) & 2(zq'(0), Azq(0)) = 0

& (Q,AP) =0

< APLQ.
Since @ is an arbitrary element of Y7, we get AP 1Y i.e., AP € Y-, hence AP €
(P) i.e., there is some X\ € R such that AP = \P. ]

THEOREM 5.6.5. Let (X, {{,))) be a finite-dimensional, positive definite inner
product space. If T € L(X) is symmetric, then T has a non-zero eigenvector.

PrOOF. We use the Theorem 5.6.4 and the fact that A is symmetric. O

DEFINITION 5.6.6. Let (X, ((-,+))) be a linear space, Y is a subspace of X and
T € L(X). We say that Y is invariant under T, or T-invariant, if T(Y) CY i.e.,

vyEY (T(y) € Y)v
and we write INV(Y; 7).

PROPOSITION 5.6.7. Let X be a finite-dimensional, positive definite inner prod-
uct space, Y a subspace of X, T € L(X) symmetric with respect to ({-,-)), and
xg € X a non-zero eigenvector of T.

(1) If z € X such that zLxg, then T(z)Lxg.
(i7) If INV(Y;T), then INV(Y;T).
PRrROOF. (i) If A € R such that T'(zg) = Az, then by the symmetry of T we get
0= A{{zo,2)) = ((Az0,2)) = ((T'(0),2)) = ((x0,T'(2)))-
(i) If z € Y, we show that T'(z) € Y*. If y € Y, by the symmetry of T we get
(T(2),y)) = (. T(2))) = ((T(y),2)) =0,
since T(y) €Y and z € Y+, O

DEFINITION 5.6.8. A basis Bx of a linear space consisting of eigenvectors of
some T' € L(X) is called a spectral basis for T

Clearly, a spectral basis for T diagonalises T'.

THEOREM 5.6.9 (Spectral theorem). Let (X, ((-,-))) be a non-trivial, finite-
dimensional, positive definite inner product space. If T € L(X) is symmetric with
respect to {(-,-)), then X has an orthogonal spectral basis for T.

PRrROOF. By the Theorem 5.6.5 T has a non-zero eigenvector v; with eigenvalue
A1 €R. Let Yy := (y1). If x = av; € Y7, for some a € R, then

T(z) =T(av1) = aT(v1) = al\v; = (ad)v; €Y}
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i.e., INV(Yy;T). By the Proposition 5.6.7(ii) we get INV(Y;5;T). Since X =
Y, @ Yit, we get dim(Yit) =n — 1> 0. If n — 1 = 0, then what we want follows
immediately. If n — 1 > 0, we repeat the previous argument for the symmetric
operator

Ty 1 Yi = Y
Note that a non-zero eigenvector of Tjy. is a non-zero eigenvector of T'. After n

number of steps an orthogonal basis of X is formed consisting of eigenvectors of
T. O

If By is an orthogonal spectral basis for 7', then multiplying each element of
Bx with the inverse of its norm we get an orthonormal spectral basis for 7.

COROLLARY 5.6.10. Let (X, ((-,-))) be a non-trivial, finite-dimensional, positive
definite inner product space, T € L(X) symmetric with respect to ({-,-)), and v1, ve
eigenvectors of T with eigenvalues A1, Az, respectively. If A1 # Ao, then vy Lvs.

PRrOOF. Exercise. O






CHAPTER 6

Appendix

In the appendix we include some material from various areas that is necessary
to the understanding of the main topics of the lecture course.

6.1. Some logic

If P is any formula®, we define its negation =P (not P) by
-P:=P=1,

where | is a formula representing an absurdity.

When we prove a formula we use some logical rules, like the following:
[P & (P=Q)=Q,

which is called Modus Ponens (MP), or like the following rules for the conjunction
“P and Q" (P & Q) of the formulas P, Q:

(P& Q)= P,

(P &Q)=Q.
Conversely, if we have a proof of P and a proof of @, we get a proof of P & Q. A
logical rule used in classical mathematics? is the double negation shift (DNS)

(—\ﬂP) = P.
The principle of the excluded middle (PEM) is the rule
Pv (=P),

LA comprehensive introduction to first-order logic can be found in [20].

2Mathematics can be done also without the use of DNS and of PEM, in a way that does not
contradict classical mathematics i.e., mathematics done with classical logic. This more general
kind of mathematics is called constructive mathematics (see [5] and [4]). The mathematics used
in physics is mainly classical mathematics. There are though, applications of constructive mathe-
matics in physics (see [13] and [7]). The logical system generated by excluding DNS, or PEM, is
called intuitionistic logic and its father is the great Dutch topologist L. E. J. Brouwer.

125
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where PV @ is the disjunction, “P or @7, of the formulas P,Q. The FEzx falso
quodlibet (Efq) - “from falsity anything follows” - is the rule, where P is any formula,

1 =P
LEMMA 6.1.1. If P,Q are formulas, then [-(P & Q)] < (Q = —P).

PrOOF. First we show that [ﬁ(P & Q)] = (Q = ﬁP). For that we suppose
(P&Q)=(P&Q)= 1,
and we prove
Q=-P=Q=(P=1).
For that we suppose Q and we show P = 1. Suppose P. Since we already have
supposed a proof of @, we get a proof of P & @), and by MP we get L.

Next we show the converse implication (Q = ﬂP) = [ﬂ(P & Q)] For that we
suppose

Q=-P=Q=(P=1),
and we prove

(P& Q):=(P&Q)= L.
For that we suppose P & @ and we show L. If we have P & @, we get Q. Hence
by MP with our hypothesis we get P = L. Similarly, if we have P & @Q, we get P,
hence by MP with the hypothesis P = | we get L. (]

If ¢(x) is a formula, we use the following abbreviations:
Jpexo(z) =3, (33 ceX& (b(w)),
Veexd(x) :=V, (x cX = (b(x))
PROPOSITION 6.1.2. (i) ~Jpexd(z) & Voex (mo(z)).
(i1) Voexd(x) & o (-0(2)).

PROOF. (i) First we show that —J,ex¢(z) = Voex(—¢p(x)). For that we
suppose

~Toexd(@) = [Feexd(z)] = L= [3o(v € X & ¢(2))] = L,
and we prove
Vaoex (70()) :=Vo (v € X = —¢(z)) :==Vo(z € X = (¢(z) = 1)).

Let = such that © € X. We show that ¢(x) = L. For that we suppose ¢(z). But
then we have that 3, (z € X & ¢(z)), and by MP we get L.

Next we show that V cx (—\qb(x)) = —Jzexd(x). For that we suppose
Voex (mo(2)) ==V, (2 € X = ~¢(x)) =V, (2 € X = (¢(z) = 1)),
and we show that
“Foexd(@) := [Foexo(@)] = L= [F(z € X & ¢(2))] = L.
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Suppose 3, (m eX & (b(x)) By our hypothesis instantiated to this x € X we get
¢(x) = L. Since from z € X & ¢(x) we get ¢(z), by MP we get L.

(ii) Exercise. O
If ¢(x,y) is a formula, we use the following abbreviations:
3m,y€X¢(xa y) = ElzGXEIyEX(b('T7 y),
vz,yEXﬁb(xa y) = vavaGX(JS(Iv y)a
and, generally, if n > 1, and ¢(z1,...,x,) is a formula, we use the following abbre-
viations:
El:nl ..... mnex(b(xla sy xn) = EII1€)( e HIHGXQS(xlv e 7552)7
Vxl,...,xn,€X¢(x17 ey 'Tn) = Vxlex . . -VxneXd)(xlv cee 71'36)-

COROLLARY 6.1.3.

.....

(’LZ) - (Vzl,m@nex(ﬁ(l‘h c. ,J?n)) == Elach.-.,wnEX (—\qb(xl, . ,xn))

PROOF. We prove only (i), and for n = 2. The proof of the inductive step is
the same. For (ii) we work similarly. By the repeated use of the Proposition 6.1.2(i)

we get
T yex (@, y) = "Fzexyex (@, y)
= dpex [Hyex¢(x7y)]
& Veex— EyeX(f)(m, y)}
& VoexVyex (_‘¢(xa y))
= Vo yex (—'¢(33, y))
O

Next we write the expression that abbreviates the unique existence of an ele-
ment of a set X satisfying a formula ¢(z):

e (62) 59 Frex (600) & Vyex (6) =y =) ).



128 6. APPENDIX

6.2. Some set theory

The theory of sets is a very recent enterprise in the history of mathematics,
which was created by Cantor. At the beginning, Cantor used the Full Comprehen-
sion Scheme (FCS):

Fu(u={z | o(2)}),
which guarantees the existence of a set generated by any formula ¢ that is formed
by the symbol of elementhood €. Russell, and independently Zermelo, found that
Cantor’s principle was contradictory: if ¢(x) := z ¢ x, then by FCS we have that

R={z|xz ¢z}
is a set. The contradiction
ReR&R¢R

is known as Russell’s paradox. Zermelo’s Restricted Comprehension Scheme (RCS),
also known as Separation Scheme,

Fu(u={zev|o@)})
replaced the problematic principle FCS, and Russell’s paradox was avoided. If V'
is the universe of all sets i.e.,

Vi={z|z==z},

then RCS implies that V' ¢ V: if V € V, then by RCS we have that u = {z € V|
x ¢ x} €V and then u € u <» u ¢ u. If FCS was not contradictory, we wouldn’t
need so many axioms to describe our intuition about sets. E.g., the union of two
sets would be defined as uUv = {z | z € uV z € v}. The first-order non-logical
axioms of the Zermelo-Fraenkel set theory ZF in the first-order language of the
symbol € are the following®:

Extensionality: V., (V.(2 €z & z € y) =z =y).

Empty set: 3,Y,(y ¢ x).

Unordered pair: ¥y ,3,Vy(w € 2z & w=2Vw=y).

Union: ¥,3,V, (z cysdywer & ze w))

Replacement Scheme: If ¢(x,y,w) is a function formula, then
szlvvy(y cve I (zex & d(z,y, u7)))

Power-set: V33,V (z cyeVylwez=we x))

Foundation: Yy <x #0 =13, (z cx & Jy(wezAwe x)))
Infinity: 3,(0 € v & Vy(y € z = y U {y} € 2)).

3An introduction to the axiomatic set theory can be found in [10]. A more advanced book
on the subject is [15].
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Unlike the axioms for linear spaces (first came the examples, or models, of linear
spaces, and then came the axioms for a linear space) the axioms for sets were given
first and then their models were studied! The axioms of ZF are generally “accepted”
by the classical mathematicians, and ZF is considered the standard foundation of
classical mathematics. A function f : x — y, where z,y are sets in ZF, is defined as
an appropriate subset of x X y, where the notion of an ordered pair can be defined
through the notion of an unordered pair as follows

(a,b) := {{a},{a,b}}.
Clearly,
{{a}, {a7b}} = {{c}, {c, d}} Sa=c&b=d.
If we add to ZF the axiom of choice, we get the system ZFC, where the axiom of
choice can be formulated* as follows.

Axiom of choice (AC): If (A;) e is a family of non-empty sets indexed by some
set J, there is a function
frd—=JA4,
JjeJ
such that f(j) € A;, for every j € J.

The axiom of choice might be considered trivial, in case I is finite, but as we
show in the next theorem, in conjunction with the classical notion of sets, the AC,
even for finite I, has non-trivial consequences. If one considers a constructive notion
of set®, then the AC for I finite is not problematic, but the acceptance of the AC
when J is countable (i.e., when J has as many elements as N) is debatable. The ex-
trapolation though, to the case of an arbitrary set J has non-trivial, and sometimes
unexpected, consequences even from the point of view of classical mathematics®.

THEOREM 6.2.1 (Diaconescu 1975). The AC together with some very small
part of Zermelo-Fraenkel set theory implies (constructively’) the principle of the
excluded middle PEM.

PROOF. Let P be any well-formed formula, 2 := {0,1}, and let the sets
Ao ={x€2|z=0V P},

4Another formulation of AC is the following: VoI fwovVeew (@ # 0= f(z) € 2).

5There is a a constructive theory of sets CZF that uses intuitionistic logic and it is equivalent
to ZF, if PEM is added to it. See [1] for a comprehensive study of CZF.

6A consequence of the AC is the Banach-Tarski “paradox”, according to which, given a solid
ball in 3-dimensional space, there exists a decomposition of the ball into a finite number of disjoint
subsets, which can then be put back together in a different way to yield two identical copies of the
original ball. Indeed, the reassembly process involves only moving the pieces around and rotating
them without changing their shape. However, the pieces themselves are not solids in the usual
sense, but infinite scatterings of points. The reconstruction can work with as few as five pieces.

7I.e., without the use of PEM.
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Ay :={z€e2|z=1VP}.
Since 0 € Ag and 1 € Ay, the sets Ay and A; are non-empty. By AC there is
f:2— UAjonuAlgz
je2
such that
f0)e Ag < f(0)=0V P and
fyeA & f(l)=1VvP

Since f takes values in 2, we consider the following cases. If f(0) = 1, then, since
f(0) € Ag, we get P. If f(0) = 0, we consider the two possible cases for f(1). If
f(1) =0, then, since f(1) € Ay, we get P. If f(1) =1, we show —P i.e., we reach a
contradiction by supposing P. Suppose P. In this case Ag = A; = 2. Let the set
{Ap, A1} and the function f*: {Ag, A1} — 2, defined by f*(4;) := f(j), for every
j € 2. Since Ag = A1 = f*(Ap) = [*(A1) & f(0) = f(1) & 0 = 1, we get the
required contradiction. Hence, we showed P V =P. (|

In the previous proof we used the (full) Separation Scheme, and the axioms for
the unordered pair, the empty set, to define 0 and 1, and the extensionality axiom.

Zorn’s lemma (ZL) [1935]: If I is a non-empty poset, such that every chain in I
is bounded, then I has a maximal element.

THEOREM 6.2.2. AC = ZL.

PROOF. (Sketch) Let (I, <) be a non-empty poset, such that every chain in
I is bounded. Let C be a fixed chain in I, where by hypothesis

B(C):={ieI|iis abound of C} # 0.
With the use of PEM, either C' contains a maximal element of I, or not. In the first
case, the existence of a maximal element follows immediately. Hence, we suppose
that C' does not contain a maximal element of I (Hyp;). In this case, we show that
B*(C):={ie B(C)|i¢ C}#0.
Suppose that B*(C) =0 i.e.,

Vie(o)(i € C) (Hypg)-

Let ig € B(C). By Hyp, we get ig € C. If i € I, such that ig < 4, then i € B(C)
too, hence by Hyp, we have that ¢ € C. Since ig € B(C), we get i < ig, hence by
the transitivity of < we conclude that iy = ¢. Since 7 is an arbitrary element of I,
we have that iy is a maximal element in [ that it is also in C, which contradicts
the hypothesis Hyp,. Let

C:= {C’ C I|C is a chain in I that contains no maximal element of I}.
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By the previous remark the family (B*(C))
dexed by C, hence by AC there is a function

f:c— | B (O)

cec

cec 5 a family of non-empty sets in-

such that
f(C) e B*(C), forevery C €C.

The idea of the rest of the proof is the following. Let ig € I. By PEM, either i, is
maximal in I, and we are done, or it is not. In the latter case, {ip} is a chain in T
that contains no maximal element of I i.e., {ig} € C. Hence,

f({io}) € B*({io}) := {i € B({io}) | i & {io}}

ie., f({zo}) := i1, such that ig < i1 & g < i1 & 99 # 1. Repeating the same
argument, either ¢; is maximal in I, or not. In the latter case, {ig,i1} is a chain in
I that contains no maximal element of I i.e., {ig,i1} € C. Consequently,

io < i1 < f({io,i1}).

Proceeding similarly, and repeating these steps at most as many times as the car-
dinality of I, the procedure will terminate, something which is equivalent to the
existence of a maximal element in I. O

6.3. Some more category theory

DEFINITION 6.3.1. If C is a category, and f : A — B is an arrow in C, f is
called an iso, if there is an arrow g : B — A such that go f =14 and fog=1p.

In the Proposition 2.4.9 we showed that the product linear space X x Y of X
and Y satisfies the universal property of the products. Next we show that X x Y
is unique up to isomorphism i.e., if there is some linear space W and linear maps
wx : W — X and wy : W — Y such that W also satisfies the universal property
of the products

A

Iz

X w Y,

wx wy

then W is linearly isomorphic to X x Y. Our proof holds in any category i.e., if
A, B and C are objects in C, and if A x B and C satisfy the universal property of
the products in C|, then there is an iso from A x B to C.

First we remark that if we consider Z := W, f := wx and g := wy
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w
w/ i i(NY
X wX W o Ya

then, since idy makes the above inner diagrams commutative, and since the linear
map h is unique, we have that h = idy. Since X x Y and W both satisfy the
universal property of the products we get from the previous remark that

XxY

e

pr Ty
X o WY
prxg %;y

X

e
D-<

goh =1idxxy. Similarly from the commutative diagrams

S

9
A

1

S|

= /e
/<

>

>

~
Cmm - X e m—— -

~

b<

o]
\;{
g

S

we get that h o g = idy, hence X x Y and W are (linearly) isomorphic.
DEFINITION 6.3.2. In a commutative diagram of sets and functions, the arrows
f
X—Y

f
X ——Y

f
X——Y

denote an injection, a surjection, and a bijection, respectively.
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