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Exercise 1. If A € M,(R) and A!,..., A" are the columns of A, show that A is invertible if
and only if the vectors A', ..., A" are linearly independent in R"™.

[4 Points]

Exercise 2. If A € M,,,(R), show that
Rank(7) = cRank(A) & dim(Ker(74)) =n — cRank(A).

[4 Points]

Exercise 3. Let A := [a;;] € M, »(R), X = (21,...,2,) € R", and B = (by,...,b,) € R™
Let X be in the set of solutions Sol of the system of linear equations

AX = B.

If Soly is the set of solutions of the corresponding homogeneous system of linear equations

AX =0,,,
show that
Sol = XO + SOlo.
[4 Points]
Exercise 4. Let X be a linear space, n > 1, Bx := {v1,...,v,} and Cx = {wy,...,w,} are
bases of X.

(i) If z € X, show that z¢, = A(idx)BXchBx and

Abdx)sge, = [(Wex -+ (Un)oy]



X X
By I 1%
R ---------- > R®
(idx)Bxcx
[1 Point]
(ii) Show that (idx)py sy = idr» and Agay), 5 = In
¥ idx %
€y I lGBx
R ----=----- ' R™.
(ldX)BXBX

[1 Point]

(iii) Find a 2-dimensional linear space X and bases Bx, Cx of X such that

(idX>BXCX 7é idpe & A(idX)BXCX 7é 1.

[2 Points]

Exercise 5. Let X,Y be linear spaces, n,m > 1, Bx := {v1,...,v,} a basis of X, By :=
{wy,...,wy} abasisof Y, and let f,¢g: X — Y be linear maps. Show the following:

(1) A(f+9)BXBy = AfBXBY + AQBXBY‘
[1 Point]

ﬁi)PIf./\t? R, then Apf)y, 5, = AMys 5, -
om

(iii) The function ep 5, : L(X,Y) = My, 0(R), defined by f — Ay, forevery f € L(X,Y),
is a linear isomorphism.
[2 Points]

Submission. Wednesday 26. June 2019, 16:00.

Discussion. Wednesday 26. June 2019, in the Exercise-session.



