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Exercise 1. Let A,B ∈Mm,n(R) , C ∈Mn(R), and a ∈ R.
(i) (A+B)t = At +Bt.
[1 Point]
(ii) (a ·B)t = a ·Bt.
[1 Point]

(iii)
(
At
)t

= A.
[1 Point]
(iv) C + Ct is symmetric.
[1Point]

Exercise 2. Let A ∈Mm,n(R), B,C ∈Mn,l(R), and D ∈Ml,s(R).
i) AIn = A and ImA = A.
[0.5 Point]
(ii) A(B + C) = AB + AC.
[1 Point]
(iii) If a ∈ R, then A(a ·B) = a · (AB).
[0.5 Point]
(iv) A(BD) = (AB)D.
[1 Point]
(v) The multiplication BtAt is well-defined, and (AB)t = BtAt.
[1 Point]



Exercise 3. Let A,B,C ∈Mn(R) and λ ∈ R. Show the following.
(i) Tr(A+B) = Tr(A) + Tr(B).
[0.5 Point]
(ii) Tr(λA) = λTr(A).
[0.5 Point]
(iii) Tr(AB) = Tr(BA).
[0.5 Point]
(iv) If B is invertible, then Tr(B−1AB) = Tr(A).
[0.5 Point]
(v) Tr(A(B + C)) = Tr(AB) + Tr(AC).
[0.5 Point]
(vi) Tr((λA)B) = λTr(AB).
[0.5 Point]
(vii) There are no matrices A,B ∈Mn(R) such that

AB −BA = In.

[0.5 Point]
(viii) If A ∈Mn(R) such that for every B ∈Mn(R), we have that Tr(AB) = 0, then A = 0n.
[0.5 Point]

Exercise 4. Show the following.
(i) The set of symmetric matrices Symn(R) is a linear subspace of Mn(R), and determine its
dimension.
[1 Point]
(ii) Determine the dimension of all n× n-matrices A := [aij] such that

a11 + a22 + . . .+ ann = 0.

[1 Point]
(iii) If A ∈ Symn(R), then Tr(AA) ≥ 0.
[1 Point]
(iv) If A ∈ Symn(R) and A 6= 0n, then Tr(AA) > 0.
[1 Point]

Exercise 5. If θ ∈ R, let the matrix

R(θ) :=

[
cos θ − sin θ
sin θ cos θ

]
.

(i) Show that R(θ1)R(θ2) = R(θ1 + θ2).
[1 Point]
(ii) Show that the matrix R(θ) has an inverse, and write down this inverse.
[1 Point]



(iii) If (x, y) ∈ R2, its length, or its norm, is defined by

|(x, y)| :=
√
x2 + y2.

Show that the linear map Rθ : R2 → R2, defined by

Rθ(x, y) := R(θ)

[
x
y

]
,

preseves the length of vectors i.e.,

|Rθ(x, y)| = |(x, y)|.

[1 Point]
(iv) Show that

R2(θ) :=

[
cos 2θ − sin 2θ
sin 2θ cos 2θ

]
.

[1 Point]

Submission. Wednesday 19. June 2019, 16:00.

Discussion. Wednesday 19. June 2019, in the Exercise-session.


