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Exercise 1. (i) Find a set X such that e(¢X) is not linearly isomorphic to £X.
[2 Points]

(ii) If X is a linear space, show that there is a unique linear map mx : €eX — X such that
Tx O iX = ldX

[2 Points]

Exercise 2. Let W be a linear space and jx : X — W an injection, such that for every linear
space Y and every function h : X — Y there is a unique linear map hy : W — Y such that
the following diagram commutes

Show that W is linearly isomorphic to € X.
[4 Points]

Exercise 3. Let X,Y,Z be sets, and h: X — Y, ¢g:Y — Z functions.

(i) There is a unique linear map eh : eX — €Y such that the following diagram commutes

h
X —Y

"

X ---2 Y.
9 oh 9



[1.5 Points]|

(ii) The following lower outer diagram commutes i.e., e(go h) =egoeh

goh

/\
X Y A

h g
Z'X{ }Z.Y 12'2
eh €g

eX ---»¢eY ----¢eZ.
\_/'

e(goh)

[1.5 Points]
(iii) If X is a set, let Eo(X) :=eX, and, if h: X — Y is a function from the set X to the set
Y, let Ey(h) :=ch:eX — €Y is the linear map determined in the case (i).

Show that the pair E := (Ey, E}) is a covariant functor from the category Set to the category
Lin.
[1 Point]

Exercise 4. Let X, Y be linear spaces and h : X — Y a function.

The function A is a linear map if and only if 7y o eh = homwx

h
X —Y

S
eX ---»¢Y,
eh

where the functions mx and 7y are from the Exercise 1(ii).
(if) [3 Points]
(only if) [1 Point]

Exercise 5. Let X be a linear space, and let the linear map 7y : eX — X from the Exercise
1(ii). Moreover, let

N(X):= {f/\eruy —Me—pfylz,ye X & A pe R}-
(i) Show that (N(X)) C Ker(mx).
[0.5 Point]
(ii) Show that fo € N(X), and show that if f = f(x1)f,, € Ker(nx), then f € (N(X)).
[0.5 Point]
(iii) Show that if f = f(x1)fs, + f(22)fs, € Ker(mx), then f € (N(X)).
[0.5 Point]

(iv) Show that if £ = F(21) fur + F(2) ey + £ (55) e, € Kex(my), then f € (N(X)).
[1 Point]

(IV) Show that if f = f(xl)fl‘l + f(l'Q)fm + f(x?))fac?, + f(x4)fx4 € Ker(ﬂ-X)a then f € <N(X)>
[1.5 Points|

Submission. Wednesday 05. June 2019, 16:00.

Discussion. Wednesday 05. June 2019, in the Exercise-session.



