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Exercise 1. (i) Find a set X such that ε(εX) is not linearly isomorphic to εX.
[2 Points]
(ii) If X is a linear space, show that there is a unique linear map πX : εX → X such that
πX ◦ iX = idX

X εX

X.

iX

πXidX

[2 Points]

Exercise 2. Let W be a linear space and jX : X → W an injection, such that for every linear
space Y and every function h : X → Y there is a unique linear map hW : W → Y such that
the following diagram commutes

X W

Y .

jX

hWh

Show that W is linearly isomorphic to εX.
[4 Points]

Exercise 3. Let X, Y, Z be sets, and h : X → Y , g : Y → Z functions.
(i) There is a unique linear map εh : εX → εY such that the following diagram commutes

X Y

εX εY .

h

εh

iX iY



[1.5 Points]
(ii) The following lower outer diagram commutes i.e., ε(g ◦ h) = εg ◦ εh

X Y

εX εY

Z

εZ.

h g

εgεh

iX iY iZ

ε(g ◦ h)

g ◦ h

[1.5 Points]

(iii) If X is a set, let E0(X) := εX, and, if h : X → Y is a function from the set X to the set
Y , let E1(h) := εh : εX → εY is the linear map determined in the case (i).
Show that the pair E := (E0, E1) is a covariant functor from the category Set to the category
Lin.
[1 Point]

Exercise 4. Let X, Y be linear spaces and h : X → Y a function.
The function h is a linear map if and only if πY ◦ εh = h ◦ πX

X Y

εX εY ,

h

εh

iX iYπX πY

where the functions πX and πY are from the Exercise 1(ii).
(if) [3 Points]
(only if) [1 Point]

Exercise 5. Let X be a linear space, and let the linear map πX : εX → X from the Exercise
1(ii). Moreover, let

N(X) :=
{
fλx+µy − λfx − µfy | x, y ∈ X & λ, µ ∈ R

}
.

(i) Show that 〈N(X)〉 ⊆ Ker(πX).
[0.5 Point]
(ii) Show that f0 ∈ N(X), and show that if f = f(x1)fx1 ∈ Ker(πX), then f ∈ 〈N(X)〉.
[0.5 Point]
(iii) Show that if f = f(x1)fx1 + f(x2)fx2 ∈ Ker(πX), then f ∈ 〈N(X)〉.
[0.5 Point]
(iv) Show that if f = f(x1)fx1 + f(x2)fx2 + f(x3)fx3 ∈ Ker(πX), then f ∈ 〈N(X)〉.
[1 Point]
(iv) Show that if f = f(x1)fx1 + f(x2)fx2 + f(x3)fx3 + f(x4)fx4 ∈ Ker(πX), then f ∈ 〈N(X)〉.
[1.5 Points]

Submission. Wednesday 05. June 2019, 16:00.
Discussion. Wednesday 05. June 2019, in the Exercise-session.


