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Exercise 1. Let Q(
√
18) := {a+ b

√
18 | a ∈ Q & b ∈ Q}, and a, a′, b, b′ ∈ Q.

(i) If a+ b
√
18 = a′ + b′

√
18, then a = a′ and b = b′.

[1 point]

(ii) Show that 0, 1 ∈ Q(
√
18) and that Q(

√
18) is closed under the operations of addition and

multiplication of real numbers.
[1.5 points]

(iii) If a+ b
√
18 ∈ Q(

√
18) and a+ b

√
18 6= 0, calculate its inverse

z :=
1

a+ b
√
18

and show that z ∈ Q(
√
18).

[1.5 points]

Exercise 2. Let V := (X;+,0, ·) be a linear space, a, b ∈ R, and x, y, z, w ∈ X.
(i) If z = w and x = y, then z + x = w + y.
[0.5 points]

(ii) If x = y and a = b, then a · x = b · y.
[0.5 points]

(iii) If x+ y = x+ z = 0, then y = z.
[1 point]

(iv) 0 · x = 0.
[0.5 points]

(v) (−1) · x = −x, where, because of case (iii), −x is the unique element y of X in condition
(LS3) such that x+ y = 0.
[0.5 points]

(vi) If x 6= 0 and a · x = 0, then a = 0.
[1 point]



Exercise 3. Let V := (X;+,0, ·) be a linear space, Y, Z ⊆ X, and let U, V � X.
(i) If U + V := {u+ v | u ∈ U & v ∈ V }, then U + V � X.
[0.5 point]

(ii) If U ∩ V := {x ∈ X | x ∈ U & x ∈ V }, then U ∩ V � X.
[0.5 point]

(iii) If we define

〈Y 〉 :=
⋂{

U � X | Y ⊆ U
}
:=
{
x ∈ X | ∀U�X(Y ⊆ U ⇒ x ∈ U)

}
,

then 〈Y 〉 is the least linear subspace of X that includes Y .
[0.5 point]

(iv) If Y 6= ∅, then 〈Y 〉 = {
∑n

i=1 aiyi | n ≥ 1 & i ∈ {1, . . . , n} & ai ∈ R & yi ∈ Y }.
[0.5 point]

(v) If Y ⊆ Z, then 〈Y 〉 ⊆ 〈Z〉.
[0.5 point]

(vi) 〈〈Y 〉〉 = 〈Y 〉.
[0.5 point]

(vii) 〈Y 〉 ∪ 〈Z〉 ⊆ 〈Y ∪ Z〉.
[0.5 point]

(viii) Prove, or find a counterexample to the inclusion 〈Y ∪ Z〉 ⊆ 〈Y 〉 ∪ 〈Z〉.
[0.5 point]

Exercise 4. For every n ≥ 1, the functions

f1(t) := et, . . . , fn(t) := ent

are linearly independent in F(R).
[4 points]

Exercise 5. Prove the following implications:
(i) (P ⇒ Q)⇒ (¬Q⇒ ¬P ).
[0.5 point]

(ii) (¬¬¬P )⇒ ¬P (prove it without using the rule DNS).
[0.5 point]

(iii) ¬∀x∈Xφ(x)⇒ ∃x
(
¬φ(x)

)
(use the rule DNS).

[2 points]

(iv) ∃x
(
¬φ(x)

)
⇒ ¬∀x∈Xφ(x).

[1 point]

Submission. Wednesday 08. May 2019, 16:00.

Discussion. Wednesday, 8. May 2019, in the Exercise-session.


