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CHAPTER 1

Linear spaces and linear maps

In this chapter we study the basic properties of the linear spaces—also called
vector spaces—and of the linear maps between them. A linear space is a set endowed
with a linear structure, and a linear map between linear spaces is a function between
their corresponding sets that preserves their linear structure.

1.1. Linear spaces

DEFINITION 1.1.1. A linear space, or a wvector space, over R is a structure
V= (X;+,0,:), where X is a set, 0 € X, and +, - are functions

+:XxX X, RxX-oX

() oty (@o)ans
such that the following conditions are satisfied:
LS1) Vayeex((z+y) +2 =2+ (y+2)).
LSs) Vaex(z+0=0+2z =2z).
LS3) VeexIyex (37 +y= 0)~
S4) Vv ,yex(m—l-y:y—i-x).
)
)
)

=

LS5) VayexVacr(a- (z+y) =a-z+a-y).
LS6) VoexVaper((a+b) -z =a-z+b-x).
LS7) VaexVaper((ab) -z =a- (b-x)).
LSg) Vaex (12 = z).

For simplicity, we may write ax instead of a - z. The triple (+,0,-) is called the
signature of the linear space V. If, instead of R, we consider any field® F, the

(
(
(
(
(
(
(
(

L\ field is a structure (F;4+,0,:,1), where Fisaset, 0,1 € F, + :FxF - F,and - : FxF - F
such that together with (LS;) — (LS4) the following conditions are satisfied:

Voyer(e- (v+2) = (-3) - 2).
Vr»yyzeﬂ“(f’?' y+z2)=z-y+x- z).
Vayer(z-y=y-z).

Vwe]F(l -z :x).
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corresponding structure is called a linear space over F. A linear space over R is
also called a real linear space, and a linear space over the field of complex numbers
C is called a complex linear space. If V is a linear space, the elements of X are
traditionally called wvectors. A linear space is called non-trivial, if it contains a
vector x such that z # 0. Unless stated otherwise, the linear spaces considered here
are going to be real. When the linear structure on X is clear from the context, we
use for simplicity X to denote the vector space V.

Recall that if X,Y are sets, then
XxY ={(z,y)|lre X &yeY},
and if (z,y), (2',y') € X x Y, then
(zy)=(@"y)e@=0ky=y.
EXAMPLE 1.1.2. Let the structure R™ := (R™; 4,0, -), where
R":={(z1,...,2,) |21 €R & ... & z,, € R},

(1, 2n) =W, yn) ©x1=0y1 & ... & )y = Yn,
(1, xn) + Wisee oy yn) == (@1 + Y1, o, T+ Yn),
0:=(0,...,0),
a-(x1,...,2,) = (aT1,...,a%,).

Clearly, R™ a linear space over R, and, similarly, Q™ := (Q"; 4,0, -) is linear space
over Q, and C" := (C™;+,0,-) is a linear space over C.

If F(X,Y) is the set of all functions from X to Y, and f,¢g € F(X,Y), then
f =94 Veex(f(z) = g(x)).
ExAMPLE 1.1.3. If X is a set, F(X) is the set of all functions f : X — R, and
if we define the functions f + g, 0" and a- f, where a € R, by
(f +9)(@) == f(2) + g(x),

0 (z) =0,

(a- f)(x) = af(x),
for every € X, then F(X) := (F(X); —I-,GX, -) is a linear space over R.

Veer(z # 0= Jyer(z -y =1)).

It is immediate to see that the rational numbers Q, the real numbers R and the complex numbers C
have a field structure. Actually, Q is a subfield of R and R is a subfield of C i.e., the field-signature
(4,0,+,1) of Q is inherited from the field-signature of R, which, in turn, can be inherited from
the field-signature of C.
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The Example 1.1.3 shows that a mathematical object can be viewed as a vector,
although no immediate geometric intuition is associated with it. If

n:={0,1,...,n—1}
though, an element of R™ can be identified with a function f : n — R, and then
the Example 1.1.2 is a special case of the Example 1.1.3. If f,g € F(X) and a € R,
f< g6 Voex(f(z) < g(2)),

fga:@fSEX@VzEX(f(m)Sa))’

where @~ (z) := a, for every x € X.

REMARK 1.1.4. Let V := (X;+,0, ) be a linear space, a,b € R, and z,y, 2z, w €
X. The following hold:
() If z=wand z =y, then z+z =w+y.
((i)fx=yand a=0b,thena-z="b-y.
(i) f e 4+y=x+4+ 2 =0, then y = 2.
(iv) 0-2=0.
(v) (—1) - = —x, where, because of case (ii7), —x is the unique element y of X
in condition (LS3) such that z +y = 0.
(vi) If £ 420 and a - x = 0, then a = 0.

PRrROOF. Exercise. O

DEFINITION 1.1.5. Let V := (X;4,0,-) be a linear space, and Y C X such
that the following conditions are satisfied:
(i) Vyyey (y +y € Y)7
(1) 0 €Y,
(iii) VyeyVaer(a-y € Y).
Then the structure

Viy = (Y, +yxy, 0, rxy),

where +)yy is the restriction of + to Y X Y and +|gyy is the restrictions of -
to R x Y, is called a linear subspace of V, or, simpler, a subspace of V. We write
Vly 2V to denote that V}y is a linear subspace of V), although, for simplicity, we

refer to a linear subspace V|y mentioning only the set Y, and we write ¥ < X. We
denote by Sub(V) the set of all subspaces of V.

Clearly, {0} and X are linear subspaces of X.
EXAMPLE 1.1.6. If F*(X) is the set of all bounded functions in F(X) i.e.,
F*(X) = {f € F(X) | Inr>oVaex (If(2)] < M)},

then F*(X) is a linear subspace of F(X) (see Example 1.1.3). To see this let
f.g € F(X) and My > 0,M,; > 0, such that |f| < My and |g| < M,;. Then
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|f+9] < My+Mg,and |af| < (1+|a|)My, where My+My > 0 and (1+|a|) My > 0.
Recall that |f| € F(X) is defined by |f|(x) := | f(z)]|, for every = € X.

ExampPLE 1.1.7. If V := (X;4,0,-) is a linear space, n > 1, and z1,...,z, €
X, the set
{x1,...,2n}) ::{a1-x1+...+an-zn|a1 ceR& ... &aneR}

is a linear subspace of V. We call an element

n
E a;x; >=a1+21+ ...+ a,x,

i=1
of ({z1,...,2,}) a linear combination of x1,...,x,, and the space ({z1,...,2,})
the linear span of x1,...,x,. We may write (z1,...,x,) instead of ({z1,...,2,}).
If e; := (1,0), e := (0,1), (z,y) € R, we get R? = (eq, e), since
(z.y) == z(1,0) + (0,1)y := ey + yea.
PROPOSITION 1.1.8. Let V := (X;+,0,-) be a linear space, Y C X, and let
UV < X.
@) fU+V ={ut+v|uelU&veV}, then U+V < X.
(@) fUNV:={zeX|zecU&xeV}, thenUNV < X.
(#i1) If we define

(V):=({U=X|YCU}:={seX|Vyxx(Y CU=zel)},

then (Y) is well-defined (i.e., the set {U = X | Y C Y} is non-empty) and it is the
least linear subspace of X that includes Y .

(i) If Y # 0, then

Y) = {Zaiyi |n>1&Vieqr,..my(ai eR & y; € Y)}

i=1
PRrROOF. Exercise. O
Since ) C {0}, we have that (0) = {0}. The subspace U 4+ V of X is called the
sum of U and V. By Proposition 1.1.8 the linear span (z1,...,z,) of 1, ...,z, € X

is the least linear space containing z1,...,z,. If X = (Y), we say that Y generates
the linear space V (or X), and the elements of Y are called generators of V.

1.2. Finite-dimensional linear spaces

DEFINITION 1.2.1. Let V := (X;4,0,-) be a linear space, n > 1, and let
ZT1,...,T, € X. We say that the vectors x1,...,x, are linearly dependent, or that
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their set {y1,...,¥yn} is a linearly dependent subset of X, if

3@17...,11,,LE]R (31'6{1,“.,71} (ai 7& O) & Z ;T = O) .

i=1

We say that x1, ..., x, are linearly independent, if they are not linearly dependent.
A subset Y of X is called linearly dependent, if

J>13y . yney ({yl, ..y Yn} is linearly dependen‘c)7

while it is called linearly independent, if it is not a linearly dependent subset of X.

If z1,...,x, are linearly dependent, a1x1 + ...+ a,z, = 0, and a; # 0, then
—ai —Qi—1 —Qi41 —0Qnp
xlz( )$1++< )l‘i_l—F( >$i+1+...+< )xn
% % %) aj;
i.e., z; is a linear combination of a1, ...,a;—1,041,...,ay.

REMARK 1.2.2. Let X be a linear space and Y, Z C X.

(1)  zq,...,2, € X, then x1,...,x, are linearly independent if and only if

n
Val,..A,aneR(Z a;ix; = 0= Vi1, ny(a; = 0))

i=1

(i4) Y is linearly independent if and only if

Vo1V, yncy ({yl, .-y Yn} is linearly independent).

(#41) {0} and X are linearly dependent subsets of X.

(iv) If  # 0, then {z} is a linearly independent subset of X.

(v) The empty set () is a linearly independent subset of X.

(vi) If Y is linearly dependent and Y C Z, then Z is linearly dependent.
(vit) If Y is linearly independent and Z C Y, then Z is linearly independent.

PROOF. (i) and (ii) By negating the corresponding defining formulas.
(iii) 1- 0 = 0, and {0} is a linearly dependent subset of X.
(iv) It follows immediately by Remark 1.1.4(vi).
(v) If we suppose that @) is a linearly dependent subset of X i.e.,

Fn>13y,um <y1 €EN& ... &y, €0 & {y1,...,yn} is linearly dependen‘c)7

it is immediate that we get a contradiction from it.
(vi) and (vii) are immediate to show. O
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ExXAMPLE 1.2.3. The following n-vectors in R™

e1 :=(1,0,...,0), e2:=(0,1,0,...,0), ..., e, :=(0,...,0,1)
are linearly independent, since for every aq,...,a, € R we have that
Zaiei:()@(al,...,an)zﬂﬁal=...:an:0.
i=1

EXAMPLE 1.2.4. For every n > 1, the following n-vectors in F(R)
ft)=el o) falt) i=e™
are linearly independent (Exercise).

REMARK 1.2.5. Let V := (X;+,0,-) be a linear space, n > 1, and 1, ...,2, €
X linearly independent. If aq,...,ay,,b1,...,b, € R, then

iaixi = ibzxz = (a1 =b & ... & anp :bn)
i=1 i=1

Moreover, z; # 0, for every i € {1,...,n}.

Proor. It follows from the Definition 1.2.1 and the equivalence

Zaimi = szl‘L <~ Z(ai — b,’).ri =0.
1=1 =1 =1

If there is ¢ € {1,...,n} such that z; = 0, then 0xy 4+ Ox;—1 + lz; + 0x51 + ... +
0z, = 0, which is impossible. O

DEFINITION 1.2.6. If V := (X;+,0,-) is linear space, a subset B of X is called
a basis of V (or, for simplicity a basis of X), if B is linearly independent, and
(B) = X. If V has a finite basis B, it is called a finite-dimensional linear space,
while if it has an infinite basis, it is called infinite-dimensional.

Consequently, the subspace {0} has as a basis the empty set.

EXAMPLE 1.2.7. The set F,, := {ej,...,e,} of the linearly independent ele-
ments in R™ that were defined in the Example 1.2.3 is the standard basis of R™.
Hence, R" is finite-dimensional. It is easy to see that R™ has more than one bases.
E.g., B:={(1,1),(—1,2)} is another basis of R?.

EXAMPLE 1.2.8. Since the set F := {e" | n > 1} is a linearly independent
subset of F(R), the set F is a basis of the linear subspace (E) of F(R), and (FE) is
infinite-dimensional.

COROLLARY 1.2.9. Let V := (X;4,0,-) be a linear space, and x € X. If
B :={v1,...,vn} is a basis of V, there are unique ay,...,a, € R such that

n
Tr = E a;v;.
i=1
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PROOF. It follows by the definition of a basis and the Remark 1.2.5. O
These unique aq,...,a, € R are called the coordinates of x with respect to B.

DEFINITION 1.2.10. Let V := (X;4,0,-) be a linear space, {vi,...,v,} C
X and m < n. The set {v1,... v} is a maximal subset of linearly independent
elements of X, if it is a linearly independent subset of X, and for every k € N,
such that m < k < n, the set {v1,...,0m, vt} is a linearly dependent subset of X.

THEOREM 1.2.11 (Finite basis-criterion I). Let V := (X;4,0,-) be a linear
space, n > 1, and {v1,...,v,} C X such that X = ({v1,...,v.}). If {v1,..., 0.}
is a maximal subset of linearly independent elements of X, where 1 < r < n, then
{v1,...,v.} is a basis of V.

PRrROOF. If r = n, then {v1,...,v,} is a linearly independent subset generating

X ie., it is a basis of V. If r < n, by the maximality of {v,...,v,.} the sets
{’Uh s 7’07‘7’07‘4-1}) {Ula s aUT7UT—|—2}7 B {’Ula s 7vr7vn}

are linearly dependent subsets of X. We show that

vpr1 € v, 00 ) & vpgn € o, 00 ) & oL & v, € g, 00 )
We show this only for v,y;, and for v,49,...,v, we proceed similarly. Since
{v1,...,Un,vr41} is linearly dependent, there are aq,...,a,,a,+1 € R such that

avy + ...+ apvr + argp1vr41 = 0,

and not all of them are equal to 0. If a,41 = 0, then ayv1 + ... 4+ a,v, = 0,
hence a; = ... = a, = a,4+1 = 0, which is a contradiction. Hence a,41 # 0, and
hence v,41 can be written as a linear combination of vq,...,v,. Since an element
x of X is a linear combination of vy, ..., v, vp41,...,v, and v,41,...,v, are linear
combinations of vq,...,v,, then z is a linear combination of vy,...,v,. O

Next we show that we can replace any number of elements of a finite basis by
an equal number of any linearly independent vectors.

LEMMA 1.2.12 (Exchange lemma (Steinitz)). Let n,m > 1, {v1,...v,} a basis
of the linear space V := (X;+,0, ), and let wy, . .., wy, € X be linearly independent.

(1) If m < n, there are wma1,...,un € {v1,...v,} such that
{wiy .oy Wiy Ung 1y ooy Un b) = X
(i) If m = n, then {w1,...,w,}) = X.
PROOF. (i) By the definition of a basis there are aq,...a, € R such that
wy =a1v1 + ...+ apv,.

Since by Remark 1.2.5 w; # 0, there is some a; # 0, where ¢ € {1,...,n}. Without
loss of generality we can take ¢ = 1 (if a; = 0, we can re-enumerate the elements
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of the set {v1,...v,} so that the first coefficient in the writing of w; as a linear
combination of the elements of the set {vy,...v,} is non-zero). Hence
n 1 n az
aiv; = Wy Zz:; a;V; <= V1 = . w1 122; @ Vs,

and consequently

U1 € <{w1,v27 . ,’Un}>,
and

<{wl,vg7 ... ,vn}> =X.
By the inductive hypothesis, if 1 < r < m we get (possibly after a re-enumeration
of the set {v1,...v,})

<{w1, B 7) N T P ,vn}> = X.
Hence,
Wep1 =brwyr 4+ ... + bpw, + 1041 + - - F CrUp.
Not all the terms ¢,41,...,c, are equal to 0, since then w,; would be a linear
combination of wq,...,w,, something that contradicts the hypothesis of linear in-

dependence of the vectors wy,...,w,,. Without loss of generality, let ¢,.11 # 0,
hence

T n
Cr41Ur41 = Wry1 — [szwz + Z Cj’Uj] <
i=1 G=r42

T n

1 b7 Cj
VUr41 = — Wr41 — E Wi — E Vjs
Cr41 C

c
=1 T+l j=rt2 7L

and consequently

Ur41 € <{w1, ey Wy Wy 1, Vpg2y - s ,Un}>,
and
<{w1,...,wr,wr+1,vr+2,...,vn}> = X.

After m-number of steps, we get ({w1,..., W, Umt1,---,Un}) = X.
(ii) It follows immediately by (i). O

THEOREM 1.2.13. Let 0 < n < m, and let {vy,...v,} be a basis of the linear
space V := (X;4,0,:). Ifws,...,wy, € X, thenwy, ..., w,, are linearly dependent.

PRrROOF. Suppose that the vectors wy, ..., wy, are linearly independent. Since
then the vectors wq,...,w, are also linearly independent, by the Lemma 1.2.12(ii)
we have that wy,...,w, is a basis of X. By the hypothesis of linear indepen-
dence we have that w,+1 # 0, hence it is also a non-trivial linear combination
of wy,...,w,. By this contradiction we conclude that the vectors wy,...,w,, are
linearly dependent. O



1.2. FINITE-DIMENSIONAL LINEAR SPACES 9

COROLLARY 1.2.14. If By, By are finite bases of a linear space V, then By and
By have the same number of elements.

PROOF. If V is a trivial linear space, then the two bases are equal to the
empty set, and |By| = |Bz| = 0, where |I| denotes the number of elements, or the
cardinality, of a set I. Let V be non-trivial, and let n,m > 1 such that |Bi| = n
and |Bg| = m. If n < m, then by the Theorem 1.2.13 we have that Bj is linearly
dependent, which is a contradiction. Hence n > m. Similarly we get m > n. (]

Because of the Corollary 1.2.14 the following concept is well-defined.

DEFINITION 1.2.15. If n > 1 and {v1,...,v,} is a basis of a linear space V :=
(X;4,0,-), we call V an n-dimensional space, and we write dim(X) := n. A trivial
linear space has dimension 0.

Clearly, dim(R™) := n.
COROLLARY 1.2.16. Let n > 1, and let vy, ...,v, be linearly independent ele-
ments of a linear space X.
(i) (Finite basis-criterion II) If their set M = {vy,...,v,} is a mazimal set of
linearly independent elements of X i.e., for every x € X we have that
Ty U1, Un
are linearly dependent elements of X, then M is a basis of X.

(i) If dim(X) = n, and w1, ..., w, are linearly independent elements of X, then
B :={wi,...,w,} is a basis of X.
(731) If Y is a subspace of X with dim(Y) = dim(X) =n, then Y = X.

() If dim(X) =n, 1 <r < n, and wy,...,w, are linearly independent elements
of X, then there are elements vyy1,...,v, of X such that the set
{wy, ..., Wr, Vpy1, .., U0}

is a basis of X.

PRroor. Exercise. O

Next we show that the existence of a basis of a linear space X implies the
existence of a basis of any subspace of X.

COROLLARY 1.2.17. Let V := (X;4,0,") be a linear space with dim(X) = n.
If Y X X, then Y has a basis and dim(Y) < dim(X).

Proor. If Y := {0}, then 0 is a basis of ¥ and dim(Y) = 0 < dim(X). If
Y is non-trivial, then either Y = X, or Y is a proper subspace of X. In the first
case what we want to show follows trivially. If Y is a proper, non-trivial subspace
of X, then there is some y; € Y such that y; # 0, and by the Remark 1.1.4(vi)
My := {y1} is linearly independent. By the principle of the excluded middle?

2This is the logical principle P V =P, where P is any well-formed formula.



10 1. LINEAR SPACES AND LINEAR MAPS

(PEM), we have that M; is either a maximal set of linearly dependent elements of
Y, hence by the Corollary 1.2.16(i) it is also a basis of Y, and hence dim(Y) = 1,
or there is yo € Y such that My := {y1,y2} is linearly independent. Proceeding
similarly, we can repeat the same argument at most (n — 1) number of times, in
order to reach the required conclusion. O

Next we write the expression that abbreviates the unique existence of an ele-
ment of a set X satisfying a formula ¢(z):

Feex (¢(x)) & Jpex (¢(l‘) & Vyex(o(y) =y = m))

ProrosiTiON 1.2.18. If X is a linear space, and Y, Z <X X, such that
Voex ey Izez(z =y + 2),

we write X :=Y @ Z. The following are equivalent:

) X=Yea_Z

(1)) X=Y+Z and Y NZ = {0}.
PRrOOF. Exercise. (]
PROPOSITION 1.2.19. Let X be a linear space, n € N, and dim(X) = n.

(i) If Y < X, there is some Z X X such that X =Y & Z.

(19) If Y, Z < X such that X =Y & Z, then dim(X) = dim(Y) 4+ dim(Z).

PrOOF. Exercise. O

Next we give a condition under which, a linearly independent subset of a linear
space X can be extended to a larger linearly independent subset of X.

LEMMA 1.2.20. LetY be a linearly independent subset of a linear space X, and
xo € X. Ifzg ¢ (V), then Y U{xo} is a linearly independent subset of X .

ProOOF. Exercise. O

1.3. Linear maps

DEFINITION 1.3.1. If X and Y are linear spaces, a function f : X — Y is called
linear, or a linear map, if it satisfies the following conditions:

(i) Vawex (flx +2') = f(z) + f(z')).
(i1) VoexVacr (fla - z) = a- f(z)).

Moreover, we define the following sets:
LIX,)Y):={f:X =Y fis linear},
LX) =L(X,X)={f:X — X | fis linear},
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X" :=L(X,R):={f: X > R| fis linear}.

The elements of £L(X) are called operators on X, or linear transformations on X,
while X* is called the dual space of X.

EXAMPLE 1.3.2. If X is a linear space with dim(X) = n, for some n > 1, and
B :={v1,...,v,} is a fixed basis of X, then the function fp : X — R", defined by

n
fe(x) = (a1,...,an), x:Zaivi,
i=1
is a linear map. Moreover, if i € {1,...,n}, the function pr? : X — R, defined by

n
B — -
pr; (z) := ai, T = Zaﬂm
i=1

is a linear map. If n > m > 1, the function g : R™ — R™ is linear, where
g(a1y ey Oy Gty -5 Q) 2= (A1, -+, Q).
REMARK 1.3.3. The set £(X,Y") is equipped with the following linear structure
(f+9)(x) = flx)+g(x), zelX,
(a+ fHz) =a- f(x), ac€R, ze€X,
0(z) := 0, x e X.
PROOF. Exercise. (]

DEFINITION 1.3.4. If m,n > 1, an array of real numbers

a1 RPN QA1n
A= ;1 e in = [aij].
Am1 .- Qmn

is called a matriz of m-rows and n-columns. If 1 <1i < m, the i-th row of A is the
array

A = [flil ce ain] = [aij}h
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and if 1 < j <, the j-th column of A is the array
aij
AT = = [aij]j.
Qmj

The set of m x n-matrices is denoted by M,, ,,(R), while the set of square matrices
M, »(R) is also denoted by M, (R). If [a;;], [bij] € M »(R), and a € R, we define

laij] = [bij] = Vieq,..m} Ve 1,...ny (aij = bij).
[ai;] + [bi;] == [as; + bij],
a - [bij] := [aby],
0, := [0],
and if m = n, we denote 0, by 0,, or, if n is clear from the context, by 0.

If m = n = 2, the above definitions take the form
c d d d
a b n a V| _ la+d b+V
c d d d| |e+d d+d|’

/\{a b]_{)\a )\b]’ AER,

! /
[a b} :[“ b]@a:a’&b:b’&c:c’&d:d',

c d e Ad

0 0
OQI: |:0 0:|

It is easy to see that M, ,(R), and as a special case M3(R), equipped with the
above operations, is a linear space.

ExampLE 1.3.5. If

let f4 : RZ — R? be defined by

e =al] =[] =)

i
[ashe e

ax + by ax’ + by’
cx +dy cr' + dy’

Since

fA((xay) + ({E/, y/)) :
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!/
-l aly]
Y Y

= fa((z,9) + fa((=,9)).

Similarly we show that f4 ()\(x, y)) = )\fA((;v, y))7 for every A € R.
REMARK 1.3.6. Let XY, Z be linear spaces, f € L(X,Y) and g € L(Y, Z).
(i) The composite function g o f is in £(X, Z), where go f : X — Z is defined by
(9o f)(@) :=g(f(z)), =z€X.

1) idx € L(X).

1it) f(0) = 0.
w) if x € X, then f(—z) = —f(x).

v)lifn>1,aq,...a, €R, and z1,...2, € X, then

f(éai%) = éaif(xi).

PRrROOF. Exercise. For the inductive proof of the case (vi), use the following
recursive definition of 2?21 x;, where x1,...,2, € X and n > 1:

(
(
(
(

n T1 ,n=1
in:: Sl |+ n>1
i=1 f "o

O

A linear map preserves linear dependence, but not necessarily linear indepen-
dence. The latter holds if a linear map is injective. If it is a bijection i.e., an
injection and a surjection, it sends a basis of its domain to a basis of its codomain.

PROPOSITION 1.3.7. If X,Z are linear spaces, Y C X, f € L(X,Z), and
T1,...,Tn € X, the following hold.
(4) If z1,. ..z, are linearly dependent in X, then f(x1),..., f(x,) are linearly de-
pendent in Z.
(#3) If Y is a linearly dependent subset of X, then f(Y) := {f(y) |y € Y} is a
linearly dependent subset of Z.
(#i1) If x1, ...z, are linearly independent in X, then there is a linear map g : X — Z
such that g(x1),...,g(x,) are linearly dependent in Z.
() If x1,...xy are linearly independent in X, and if f is an injection, then
f(x1),..., f(z,) are linearly independent in Z.
(v) If Y is a linearly independent subset of X, and if f is an injection, then f(Y)
is a linearly independent subset of Z.
(vi) If X ={Y), and if f is a surjection, then Z = (f(Y)).
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(vit) If Y is a basis of X, and if [ is a bijection, then f(Y) is a basis of Z.

PrOOF. (i) Let ay,...a, € R, where a; # 0, for some ¢ € {1,...,n} such that
Yo, a;z; = 0. Then what we want follows from the equalities

0=f(0)= f(izj;aixl) - iaif(mi).

(ii) It follows immediately from the case (i).
(iii) For example, we can take g to be the zero map.

(iv) By the injectivity of f, if ai,...,a, € R, we have that

ilaif(wi) =0 f(iw) = f(0)

n
=4 Z a;x; =0
=1

Sa=..=a,=0.

(v) It follows immediately from the case (iv).

(vi) If X is trivial, then Y = 0 or Y = X. In both cases what we want follows
immediately. Let X be non-trivial, and let z € Z. Then there is x € X such that
fz)==z21Ifay,...,ap € Rand y1,...,y, € Y such that z = >_"" | a;y;, then

z=f(z) = f<Zlaiyi) = Zlaif(yi) € (f(Y)).

(vii) By the case (v) we have that f(Y) is a linearly independent subset of Z, and
by the case (vi) we have that Z = (f(Y)). O

A linear map f: X — Y, which is is a linear isomorphism guarantees that the
two linear spaces X and Y are the “same” from the linear-structure point of view.

DEFINITION 1.3.8. If XY are linear spaces, an f € L(X,Y) is a linear iso-
morphism between X,Y, if thereis g : Y — X with fog=1idy and go f =idx

idy
f K\)
X Y X Y
~_ f

In this case, we write f : X ~ Y, and we say that the linear spaces X and Y are
(linearly) isomorphic.

Next we see that two isomorphic finite-dimensional linear spaces have the same
dimension.
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PROPOSITION 1.3.9. Let X,Y be linear spaces, and f € L(X,Y) a linear iso-
morphism.

(i) f is a bijection (i.e., an injection and a surjection).

(i) If g : Y — X such that fog=idy and go f =idx, then g € L(Y, X).

(#1) If n € N, and dim(X) = n, then dim(Y") = n.

(i) If h : X =Y is a linear map, which is a bijection, then h is a linear isomor-
phism.

ProoF. Exercise. O

The condition (iv) above could be taken as the definition of a linear isomor-
phism. If n > 1, an n-dimensional linear space is isomorphic to R™.

COROLLARY 1.3.10. If X is a linear space, and n > 1, then dim(X) = n if and
only if X is isomorphic to R™.

ProoF. Exercise. O

The set of operators £(X) of a linear space X is algebraically more interesting
than £(X,Y), since a “multiplication”, the composition of functions, is defined
between its elements.

DEFINITION 1.3.11. If X is a linear space, and T' € £(X), we define

T '_{ ToT" ' ,n>0.

Eg,T3=ToToT

T T T
T3

REMARK 1.3.12. If X is a linear space, and P € £(X), such that P? = P, then
X =Ker(P) ® In(P).
ProOF. Exercise. O

REMARK 1.3.13. Let X be a linear space, T € L£(X), with T? = idx, and let
1 1
Pi=(idy +7) & Q= (idy —T).

(1) P+Q =idx.
(ii) P2 = P, and Q* = Q.
(iii) PQ = QP = 0.

PRrOOF. Exercise. O
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PropOSITION 1.3.14. Let n > 1, X, Z be linear spaces, Y C X, and let the
function fo:Y — Z.
(i) If X = (Y), there is at most one linear map f : X — Z that extends fy i.e.,
fly) = foly), for everyy € Y, or, in other words, the following diagram commutes

Jo

Y — 72

N

X.

(i) If Y = {v1,...,v,} is a basis of X, there is a unique linear map f : X — Z
that extends fy, and hence, if g,h : X — Z are linear maps, we have that?

gy =hy =g=nh.

PRrROOF. (i) If X is a trivial linear space, then Y = () or Y = X. In the first
case, fo is the empty set (as a set of pairs), and the only linear map that extends fy
is the constant zero linear map. If Y = X, the only extension of fj is fy itself. If X
is non-trivial, let f,g : X — Z be linear maps such that their restrictions fy, gy
to Y are equal to fy, i.e.,

Yyey (F(y) = foly) = 9(v)).

Ifze X, letay,...,a, € R and y1,...y, € Y such that x = Z?Zlaiyi. By the
Remark 1.3.6(v) we have that

f@) = f(zy> - iaﬁ(yn - izn;aig@i) - g<2y) — g(a).

(ii) If z € X, then x has a unique writing as x = Zzl a;v;, for some ay,...,a, € R.
We define f : X — Z by

f(iz:;aim) = iz:;aifo(vi).

It is easy to check that f is a linear map that extends fy. Since Y generates X, by
the case (i) we get that f is the unique extension of fy. Moreover, if g and h are
equal on the basis Y, then they are equal as functions from X to Z, since there is

a unique extension of the restriction gy of g to Y.
O

3The restriction g|y of g is the function g|y : Y — Z, where gy (y) := g(y), for every y € Y.
Clearly, if Y is a subspace of a linear space X and f € L(X, Z), then fy € L(Y, Z).
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1.4. The space of matrices

The set of m x n-matrices My, ,(R), and the set of square matrices M, (R) :=
M, »(R) was defined in the Definition 1.3.4.

REMARK 1.4.1. M,, ,(R) is a linear space of dimension mn.

PrOOF. The fact that M,, ,(R) is a linear space is immediate from the Defini-
tion 1.3.4. To determine the dimension of M,, ,,(R), we associate to an m x n-matrix

ail . A1n
A= |an Qin
Am1 - Qmn
the following element of R™"
(a117'"7a1na-"7ail7-"7aina-"aam17~'-;amn)-
E.g., to the 2 x 2-matrix
a b
c d
we associate the 4-tuple
(a,b,c,d).

It is easy to see that this mapping e : M, ,(R) — R™" is a linear isomorphism,
hence by the Proposition 1.3.9(iii) we get dim (M, ,(R)) = dim(R™") = mn. O

DEFINITION 1.4.2. Let the mapping * : M, »(R) = M, ,(R), defined by
[ai] = lais]',
where
[ai;]" == [bj],  bji = aij.
The matrix [a;;]* is called the transpose of [a;;], and it has columns the rows of
[a;;] and rows the columns of [a;;]. If A € M, (R) with A® = A, we say that A is

symmetric, and we denote their set by Sym, (R). A diagonal matrix in M, (R) has
the form

A1 A 0 .00

A2 0 X ... O
=1 . . . | =:Diag(A1,..., \n).
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We denote by I, the unit matrix in M, (R), defined by
1

In = . =: [61‘]‘},

where?*
Sii e 1 ,ifi=3j
YT 0, if i #£ g

E.g., if we consider the 2 x 3-matrix

2 10
A= L 3 5} ’
then its transpose A? is the following 3 x 2-matrix
2 1]
At:=|1 3
0 5]
An example of a symmetric matrix is the following:
3 1 2]
A=| 1 5 4| =A"
-2 4 -8]

REMARK 1.4.3. Let A,B € M, ,(R) , C € M,(R), and a € R.
i) (A+ B)' = A" + B*.
ii) (a+ B)t =a- Bt
iii) (A ) = A.
iti) C + C* is symmetric.

(
(
(
(

PRroor. Exercise. O

Next we define the multiplication between matrices, an operation which, as
we shall see later, is related to the composition of linear maps. To define the
multiplication AB the number of columns of A has to be the number of rows of B!

DEFINITION 1.4.4. If A := [a;;] € My, n(R) and B := [bji] € M, (R), their
product AB € M,, ;(R) is defined by

AB = [aij][bji] := [cir],
Cik 1= Zaijbjka
j=1

4The symbol §; is known as Kronecker’s delta.
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forevery 1 <i<mand 1 <k<I If A€ M,(R), let

n o.__ I, ,m=0
4 '_{ AA™T ns 0

A matrix A € M, (R) is invertible, if there is B € M,,(R) such that AB = BA = I,.
We denote by Inv,(R) the set of invertible matrices in M, (R).

E.g., if

3 4
i 37 e om0
2 1
then
3 4]
2 1 5 15 15
AB;:[ } 1o [ ]
1 3 2 2 1] 4 12
It is not always true that AB = BA. E.g
3 2 6 7
0 1 0 5]’
and
-3
E
If a,b € R, and
)
“lo 1|’
then
1 a+d
[0 1].
Hence

b o 1] =

Notice that, in contrast to what happens in R, there are non-zero square ma-
trices that are not invertible, like the matrix

11
1 1)
PROPOSITION 1.4.5. Let A € M, ,(R), B,C € M,,;(R), and D € M; 4(R).
(i) AL, = A and I,,A = A.
(15) A(B+C)=AB+ AC.
(i13) If a € R, then A(a- B) =a- (AB).
(iv) A(BD) = (AB)D
(v) The multiplication BtAt is well-defined, and (AB)! = BtAt.
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Proor. Exercise. O

COROLLARY 1.4.6. Let A, B,C € M,(R).

7 = =1, = = , then B = C. We denote the unique matric
IfAB=BA=1,=AC=CA, then B=C. Wed h B
such that AB = BA =1,, by A", and we call it the inverse of A.
(i3) It = I,.
(i) If A is invertible, then (A~1)t = (A%~}

Proor. (i) C =1,C =(AB)C = (BA)C = B(AC) = BI,, = B.
(i) [d;5]" := [dij], where d;; = §;;, and what we want follows from the obvious
equality 57J = (Sﬂ
(iii) By the Proposition 1.4.5(v) and the case (ii) we have that I, = It = (AA71)! =
(A~1AY and I, = If = (A71A)! = At( 1yt Since I,, = (A?)~ LA — At (AL
by the case (i) we get (A71)! = (A%)~! 0

One can show that if A, B € M,,(R), then
AB=1,= BA=1,,

hence we do not need to check both equalities in order to show that a matrix A is
invertible. Note that this is the case only when the product AB is equal to I,,. If
A, B € M, (R) are invertible, then AB is also invertible and (AB)~! = B~1A~Y
since

(AB)Y(B™*A Y)Y = A[B(B'A™ Y] = A[(BB YA | = A[I, A | = A4 =1,

1.5. Matrices and linear maps

Matrices can be used to represent linear maps. Let’s see the following important
example. If § € R, let the matrix

R(9) = [

Let the map Ry : R? — R? defined by
Botes) = [Smg o) |1

sin @ cos

|:COS # —sin 9} {r cos (ﬂ

sinf  cos@| |rsing

cos —sinf
sin 6 cos 0

_|cosBcos ¢ — sinfsin ¢
= sin 6 cos ¢ + cos 6 cos ¢

=[],
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A (rcos ¢, rsin @)
(cos(0 + ¢),sin(0 + ¢))

(cos ¢, sin @)

>
>

where r := /22 +y2. Hence, Ry is the anti-clockwise f-rotation of the vector
(z,y). If 61,02 € R, it is easy to see that

R(61)R(02) = R(61 + 02).
From that we can infer that the matrix R(#) has an inverse.

DEFINITION 1.5.1. If A := [a;;] € My, »n(R), the linear map of A is the mapping

Typ:R* - R™
Ta(X):= AX,
where we view an arbitrary element x := (z1,...,2,) € R” as an n x l-matrix X
and the output m x l-matrix represents a vector in R™. I.e., we have
Ta(X): a1 ... Q1| |@1
Ta(X)m Aml -+ Qmn| |Tn

In a non-matrix form we write

n n n
TA(JJ) = ( E 15Ty -, E AjjLjyenny E amjxj>-
j=1 j=1 j=1

If {e1,...,e,} is the standard basis of R, and I € {1,...,n}, then
Ta(er) == (a1, ... am) = AL,
where A! is the [-column of the matrix A. and hence
Ta(er): = ai,

for every i € {1,...,m}. Using the Proposition 1.4.5 we can show the following.
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PROPOSITION 1.5.2. If A, B € M,, ,(R), and a € R, the following hold:
1) Ta € L(R™,R™).
1) If To = 0, then A = 0y, and if Ty = T, then A = B.
iii) Tazp = Ta + Ts.
iv) Ta-A = aTA.
v) Ty, =idg, and Ty, =0.
vi) If C € My, 1(R), then Tac =T o Tc

Rl TC R” TA R™

\/

Tac

(
(
(
(
(
(

(vii) If A is invertible, then Ta is invertible and T = Tq-1.
(viii) The function T : My, o(R) — L(R™,R™), defined by A — T4, is a linear
map.

PRroOOF. Exercise. O

So far we defined a a linear map T4 : R™ — R™, given a matrix A € My, ,(R).
Next we define a matrix Ay € M, »,(R), given a linear map 7' : R® — R™. The
two constructions are inverse to each other.

THEOREM 1.5.3. Let nym > 1. If T : R™ — R™ is a linear map, there is a
matriz Ap € My, n(R) such that T = Ta, i.e., for every x € R"™ we have that

T(x) =Tan(z) := Arx.
The matriz At is called the matrixz of the linear map T .

Proor. If B := {ey,...,e,} is the standard basis of R", then for every ¢ €
{1,...,n} we write T'(e1) a linear combination of the standard basis of R™ i.e.,

T(e;) = (T(ei)l, e aT(ei)m)-

The matrix Ar is formed by taking these m-tuples as its columns i.e., we define

T(el)l T(en)l
Ap = T(él)j T(e.n)j =: [aji] = [T(es);].
T(e'l)m T(e'n)m

By the Proposition 1.3.14, to show that the linear maps T" and T4, are equal, it
suffices to show that they are equal on the elements of B. Since

Ta,(e;) = Are; := [T(e;);]ei = ajile; = [cj],
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where

n
¢ = E ajibin = aji == T(e;);,

i=1
we get” the required equality with the vector T'(e;) := (T'(e;)1,- .., T(€;)m). O

For example, if T : R? — R? is a linear map such that

7(0,1) := (a,¢) & T(1,0):= (b,d),

a b
e[t )
PROPOSITION 1.5.4. Let the function A : L(R™) — M, (R)

then we have that

(i) The mappings T and A satisfy the following conditions:
(i) Ao T =1idps, ) and T o A = idp®n)

idmm)

M,(R) —— L(R") —— M, (R) —— L(R")

\/

idM" (R)

(i1) Agor = AsAr.

(ii7) Ay, =1I,, and Ao, = O,,.

(iz) Asir = As + Ar.

(J?) A)\T = )\AT

(zi) If T is invertible, then Ar is invertible and A;' = Ap1.

Proor. Exercise. O

1.6. Determinants

DEFINITION 1.6.1. If

5A simpler argument is the following. As we have shown after the Definition 1.5.1, T'a(e;) is
the i-column of A. Hence, Tz, (e;) is the i-column of Ar, which is exactly T'(e;) by the definition
of AT.
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is a 2 X 2-matrix, its determinant Det(A) is defined by

pet(4) = |* )

oef] el

are the columns of A, we use the notation

‘ = ad — be.

If

Det(A) = Det(A', A?).
We have that

1 0
Det(I3) := ‘O 1‘::1—0:1.
It is also clear that
_la b] _la e . "
Det(A) := c d‘ = ad — bc =: bodl = Det(A").

REMARK 1.6.2. Let the following 2 x 1 matrices:

The following hold.

(i) Det(A! + C*, B?) = Det(A!, B?) + Det(C*, B?).

(i7) Det(A!, B2 + D?) = Det(A%, B?) + Det (A%, D?).

(iii) If X € R, then Det(AA!, B?) = ADet(A', B?) = Det(A!, AB?).
(iv) If A' = B2, then Det(A!, B?) = 0.

PROOF. We prove only (i), and the rest is an exercise.
ai;+c1 by
az+ca by
= (a1 + ¢1)be — by (a2 + ¢2)
= (a1b2 — braz) + (c1b2 — byca)

a1 b
az by

Det(A! + C', B?) :=

c1 b
ca by

:= Det(A', B?) +Det(C*, B?).

O

Although one can use the definition of Det(A) to show the following corollary,
its proof is simpler, if we use the fundamental properties of the Remark 1.6.2.
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COROLLARY 1.6.3. Let the following 2 x 1 matrices:
PRI L O I L1
=l =l
The following hold.

(i) If X € R, then Det(A! + AB?, B?) = Det(A!, B?).
(i) If A € R, then Det(A', B> + AA') = Det(A!, B?).
(iii) Det(Al, B?) = —Det(B?, Al).
PROOF. Exercise. O

The determinant of a matrix A provides non-trivial information on vectors
related to A. We have seen that Det(l3) = 1 # 0, and we know that the columns
e1 := (1,0) and ey := (0,1) of the matrix I are linearly independent elements.
This is a special case of the following general fact.

PROPOSITION 1.6.4. Let the following 2 X 1 matrices:

=[] o=l

The vectors (a1,az) and (by,bs) are linearly independent in R? if and only if
Det(A, B) # 0.

PROOF. (=) Suppose that (a1,az) and (b1, by) are linearly independent in R?,
and suppose that

ap by

Det(A, B) := S

= a1b2 - b1a2 =0.

Since then we have that
ba(ar,as) + (—az2)(b1,b2) = (baa1 — asby, baas — asbs) = (0,0),
by the hypothesis of linear independence of (a1, a2) and (b1, bs) we get
bo = 0= —as = as.

Hence the two vectors take the form (a1,0) and (b1,0). Since they are linearly
independent, these are non-zero vectors, hence a; # 0 and b; # 0. Consequently,
we have that (a1,0) = §(b1,0) ie., the vectors (a1,a2) and (b1,bs) are linearly
dependent, which is a contradiction. Hence, Det(A, B) # 0.

(<) Suppose that Det(A4, B) # 0, and let A, u € R such that
/\((117(12) + ,U,(bl, bg) = (0,0) = ()\al + /j,bl, Aas + ,ub2> = (0, 0)7

hence
)\al = 7,ub1 & )\CLQ = 7#[)2.
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Suppose that A # 0 (if we suppose that p # 0. we proceed similarly). By the
Remark 1.6.2 we have that

which is a contradiction. Hence A = 0 = p, and the vectors (aj,as), (b1,b2) are
linearly independent. O

PROPOSITION 1.6.5. Let A, B € M>(R).
(i) Det(AB) = Det(A)Det(B).
(i4) A is invertible if and only if Det(A) # 0.

PROOF. (i) Exercise.
(i) If AA~! = I, then by the case (i) we have that

1 =Det(ly) = Det(AA™') = Det(A)Det (A7),
hence Det(A) # 0, Det(A~1) # 0, and

1
Det(A™!) = :
et = See i)
For the converse let
a b
-t
and suppose that
a b
Det(A) := ‘c d‘ :=ad —bc # 0.

We show that the system

C A=)
{am—&-bz ay—&-bw}:[l 0}@

cx+dz cy+ dw 0 1
ar+bz=1 & cx+dz=0,

and
ay+bw=0 & cy+dw=1,
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has a solution. If we multiply the equation ax 4+ bz = 1 by d and the equation
cx + dz = 0 by b, and we subtract them we get

dax + dbz —bcx —bdz =d & x =

ad — be’
Working similarly, we get

el st

DEFINITION 1.6.6. If
a1l a2 a13
A= laz a2 a3
a3y asz ass
is a 3 x 3-matrix, its determinant Det(A) is defined by

i diz s a2 Aa23 a21 Aag3 a21 a22
Det(A) := |a21 age az3|:=an a —ay + a3 .
32 a33 a31 ass az1 as2
a3y agz 33
As expected, we have that
1 0 O
TR B Y Y Y O
0 0 1

More generally, if we consider a matrix in diagonal form, then for the corresponding
determinant we have that
A 00
0 )\2 0]:= )\1
0 0 A3

All results we showed for the determinant of a matrix in Ms(R) hold also for
the determinant of a matrix in M3(R).

A2 O
0 As

0 0
0 As

0 Ao

0l= A1A2As.

_0‘

+O‘

1.7. The inner product on R"

DEFINITION 1.7.1. Let X be a linear space. An inner product on X is a
mapping (-, ) : X x X — R such that for every z,y,z € X and A € R the following
conditions hold:

(i) (z,z) >0 (posmVlty)

(i4) (x,2) = 0 = x = 0 (definiteness).

(i6i) (¢,4) = (y,) (symmetry).

() (x +y,z) = (z,2) + (y, z) (left additivity).
(v) (Az,y) = Ma,y) (left homogeneous).
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If {-,-) is an inner product on X, the pair (X, (-,-)) is called an inner product space.
A norm on X is a mapping ||.]| : X — R such that for every z,y € X and A € R
the following hold:

(i) |Jz]| > 0 (positivity).

(i1) ||z|| = 0 = z = 0 (definiteness).

(30) ||z + y|| <|lz|| + ||ly|| (triangle inequality).
(i) [|Az]| = [A[l|]].

If ||.]| is a norm on X, the pair (X, ||.||) is called a normed space.

Because of symmetry an inner product is bilinear i.e., it is also right additive
and right homogeneous:

(") (z,y + 2) = (z,y) + (x, 2) (right additivity).
(") {x, \y) = Mz, y) (right homogeneous).
Notice also that
| =l = [I(=D)z[| = [ = 1l = L[| = ||2[]-

DEFINITION 1.7.2. If x = (21,...,2,) and y = (y1,...,yn) are in R™ their
FEuclidean inner product is defined by

n
(@,y) =)z
i=1

If n = 1, then the Euclidean inner product on R is the standard product on R.
By definition we have that

n

n

2 _ 2 2

(x, ) :zg X = E xi=x7+...+z.
i=1

i=1
It is easy to see that the Euclidean inner product is an inner product on R™. Next
we show that an inner product is determined by its diagonal entries.

PROPOSITION 1.7.3. Let (X, (-,-)) be an inner product space and z,y € X.
(i) (Polarization identity ) (z,y) = 3 ((x +y,x +y) — (z —y,z — y)).
(i) # =0 & V.ex ((z,2) =0).
(iii) Veex ((2,2) = (y,2)) = 2 =y.
Proor. Exercise. g
If x = 0, then ||z|| = 0, since
[|0]] = 110+ 0]} = [o[[|0[| = O[|0]] = 0.

Moreover, if = 0, or y = 0, or y = Az, for some A > 0, then the equality holds in
the triangle inequality ||z + y|| < ||=]| + ||y]|.
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DEFINITION 1.7.4. If z € R", the Fuclidean norm |x| of x is defined by

n

1
3
|| := (fo) = \/x%+x§—|—...—|—z% =/ (z,x).

i=1

Geometrically, if z € R™, then |z| is the length of the vector . To show that
the Euclidean norm is a norm we need the following inequality.

PROPOSITION 1.7.5 (Inequality of Cauchy). If z,y € R", then

[{z, y)| < |z[lyl.

PrROOF. By definition we need to show

< (i; )2(223/2);

which is equivalent to

n n
B—A:Zm?Zy?—inyi ‘ TiYj

i=1 j=1 i=1 j=1
1 n n n
2 2
WA ST Z%%Z%
i=1 j=1 j=1 i=1
n

An inner product on X always induces a norm on X, which is defined by
1
|zl = (z,z)7,
for every = € X. To show that ||.|| is a norm on X we need the inequality

[, )| < Ml Tlyll,

which generalizes the inequality of Cauchy.
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DEFINITION 1.7.6. A metric d on a set X is a function d : X x X — R such
that for every x,y, z € X the following hold:
(1) d(z,y) > 0.
(1) d(z,y) =0z =y.
(i11) d(z,y) = d(y, z).
() d(z,y) < d(z,2) + d(2,y).
If d is a metric on X, the pair (X, d) is called a metric space.

A norm ||.|| on a linear space X induces a metric on X defined by
d(z,y) := ||z = yl|.

DEFINITION 1.7.7. The Euclidean metric d on R™ is the metric induced by the
Euclidean norm on R" i.e.,

d(z,y) = [o -yl := (Zn:(:ci - yi)2>% -

i=1

= V(@ —y)?+ (@2 — )2 + .+ (@0 —ya)? = V(e —y, 2 —y),
for every z,y € R™.

The Euclidean norm is the norm induced by the Euclidean inner product. To
understand the geometric meaning of the Euclidean inner product we first see that
a vector x € R" is orthogonal to a vector y € R™, in symbols z 1Ly, if and only if
(z,y) = 0. To explain this we work as follows. It is easy to see geometrically® that

zly S|z —y|=|z+y,

since the diagonals of the parallelogram are equal only if = is perpendicular to y.
A

r+vy

Y

6The following figure also explains why |z + y| < |z| + |y|.
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We show that
[z =yl =z +y| < (x,y) =0.
Since |z| > 0, we have that
o —yl =le+yl & |z -y = |z +y?
e @—yr—y) =(@+y,r+y)
& (z,z) — 2z, ) + (y,9) = (z,2) + 2(z,9) + ()
& z,y)y =0
< (z,y) = 0.
By the last two equivalences we get the required equivalence
zly < (x,y) =0.
COROLLARY 1.7.8 (Pythagoras theorem). If z,y € R™, such that xly, then
&+ yl* = [z + |yl
PRrROOF. Exercise. (]

By the inequality of Cauchy we have that

’ (ol o < @Y )
|ﬂf\|y\ "~ Jallyl |z|[yl
hence, there exists a unique angle 6 € [0, 7] such that
cosf = <$’y>,
|||y

and we call 6 the angle between x and y. Clearly, if (z,y) = 0, then § = 7.
ProOPOSITION 1.7.9. If 2,y € R", and y # 0, then the projection pr,(v) of x

on y is given by
A

Y
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— _ =y
pr (z) =Xy & A= s

PROOF. Since (z — A\y)_Ly, and y # 0, we have that

<($ - )‘y),y> =0< <$,y> - <)\y,y) =0
& (z,y) — My,y) =0
{x,y)

S A=

(Y, y)



CHAPTER 2

Functions of several variables

2.1. Curves in R"

DEFINITION 2.1.1. Let I be an interval of R of the form
(—o5,a), (=00, al, (a,+00), [a,+00), R, (a,b), (a,8], [a,0), [a 1],
where a,b € R such that a <b. A curve in R™ is a function
x:I—-R" Ist—xzt)eR", tel.

We also write

z(t) = (z1(t),...,za(t)), tel,

where z; : I — R is the i-coordinate function of x, for every i € {1,...,n}. We
also call z(t) the position vector of x at time t. We call & differentiable on (every
element of) I, if the coordinate functions 1 (¢),...,z,(t) of x are differentiable on

(every element of) I. A point P € R™ belongs to «, if there is some ¢t € I such that
P =x(t).

Next we draw the image of a differentiable curve x : [a, b] — R?

A

S

R2
x(b)

Y

and the image of a differentiable curve x : (a,b) — R2.

33
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A

e

RZ

o

Let also the curve c : [0, 27] — R?, defined by  — (cos @, sin 6), for every 6 € [0, 27],
the image of which is the unit circle in R2.
A

c(0) := (cos 6, sin 0)

>
>

This is a differentiable curve, since ¢(6) := (c1(6), c2(6)), and its coordinate func-
tions ¢1(0) := cosf, and cz(0) := sin@ are differentiable on [0, 27], since cos’d =
—sinf, and sin’f = cos 8, for every 0 € [0, 27]. Moreover, ¢ is a closed curve, since
c(0) = ¢(27).

If (t) : I — R™ is a differentiable curve in R™, ¢ty € I, and h € R, then

@t T1) = @) _ L1 4y 4 h), .. anlto + 1)) — (21(to)s . . n(to))]

h h
= %(:m(to + h) — $1(t0)7 R 71',,1({;0 + h) — xn(to))
_ (ml(toJrh) — 21 (to) T (to + h) xn(to)>

and hence
x(to + h) — x(to)

}ILlE)I%) A = (iCl/(to),...,xn/(to)).
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DEFINITION 2.1.2. If & : I — R"™ is a differentiable curve, its derivative is the
curve ' : I — R"™ defined, for every tg € I, by

dx dzry dz,,
/ —_ = / ! = _— _—
x'(to) = 7t (to) == (z1'(t0), -, 24 (t0)) : ( 7 (to),---, 7 (to))-
We call ' (to) the velocity vector of x(t) at time to.

The velocity vector @’(tg) is located at the origin of the Euclidean plane, but
we view it as a vector tangent to the curve at to and parallel to it.
A

l‘(to) —+ w/(to)

/ ' (to
[

DEFINITION 2.1.3. Let « : I — R™ be a differentiable curve. Its speed vy : I —
[0,400) is defined, for every ¢ € I, by
va(t) = |2'(t)],
where |2’(t)] is the Euclidean norm of the vector &'(t). If the derivative 2’ : I — R"”

of x is differentiable, the acceleration vector of x(t) at time to € I is defined by

dx’ d*x
IEH(tQ) = E(to) = W(to)

Y

Notice that by the definition of the Euclidean norm |.| we have that
ve(t)? = |2 () = (' (1), 2"(t)).

ProroSITION 2.1.4. Let x,y : I — R™ be differentiable curves, A € R, and
f: I — R a differentiable function.

(i) The sum x + vy : I — R"™, defined by
(T +9)(t) == z(t) + y(1),
for every t € I, is a differentiable curve, and, for every ty € I, we have that
(@ +y)'(to) = 2'(to) + ¥/'(to)-
(ii) The product A : I — R™, defined by
(Aa)(t) = Aa(h),
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for every t € I, is a differentiable curve, and, for every ty € I, we have that
(Az)'(to) = Az’ (to).
(#i1) The product (x,y) : I — R, defined by
(@, y)(t) == (x(t),y (1)),

for every t € I, where (x(t),y(t)) is the Euclidean inner product of x(t),y(t), is a
differentiable function, and, for every ty € I, we have that

(. y) (to) = (2'(t0), y(to)) + (=(to), y'(t0)).
(iv) The product ? : I — R, defined by
(@?)(t) := (z(t), (1)),
for every t € I, is a differentiable function, and, for every ty € I, we have that
(@)’ (to) = 2(z(to), 2’ (t0))-
(v) The product fx : I — R"™, defined by
(fz)(t) == f(t)z(t),
for every t € I, is a differentiable curve, and, for every ty € I, we have that
(fz)'(to) = f'(to)z(to) + f(to)z' (to)-

PROOF. We prove only the case (iii), and the rest is an exercise. By the
definition of the Euclidean inner product we have that

(@, y)(t) = (@(t), y(t) = D wi()yi(t) = 21 (O)ya (1) + .. + 0 (O)ya (D),
i=1

hence we have that
(x,v) (to) =
= [z1(O)y1 ()] (to) + - - + [24(O)yn (t)]' (o)
= [z1"(to)y1(to) + z1(to)yr’ (to)] + - - + [z (t0)yn(to) + n(to)yn’ (to)]
= [z1"(to)y1(to) + - - + 20/ (to)yn(to)] + [x1 (o)1 (to) + - - - + 2n(to)yn' (to)]
=D ' (to)yilto) + ) x(to)ys' (to)

i=1 i=1
= (@' (to), y(to)) + (z(to), ¥'(t0))-
O
COROLLARY 2.1.5. Letx : I — R"™ be a differentiable curve such that for every

t € I the distance of x(t) from the origin remains constant i.e.,

()] =7 >0,
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for every t € I. Then for every ty € I the position vector x(tg) of x at to is
orthogonal to the velocity vector ' (tg) of @ at to.

ProOOF. If |z(t)| =7 > 0, for every ¢t € I, then x(t) lies on the sphere of radius
r. Moreover,

=) = (z(t), z(t)) = (x,2)(t),
hence by the Proposition 2.1.4(iv), and since (x, ) is a constant function on I, we
have that

0= <CE, $>/(t0) = 2<(E(t0), CBl(to» 0= <$(t()),wl(t0)> = iE(tQ)J_w/(t()).
O

DEFINITION 2.1.6. If & : I — R is a differentiable curve with continuous deriv-
ative @', its length L.p,(x) between two values a,b € I, where a < b, is defined by
the corresponding integral of its speed i.e.,

b b
Las(@) = / va(t)dt = / ().

By the definition of the Euclidean norm we have that

Lay(a /\/ o, (d;f(t))zdt,
, and
Lap( /\/ do g, (‘Z”;(t))2+<‘;f’(t)>2dt,
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if z(t) :== (z1(t), 22(t), x3(t)). In the general case, where @(t) := (z1(t),...,zn (1)),

we have that
dl’l dCEg 2
a - —(t dt.

If for example, we consider the unit circle ¢(f) := (cos@,sin @), where 6 € [0, 27],
then we have that

ve(0) := |c'(0)]
= /c1'(0)? + 2’ (6)?
= /(—sinh)2 + (cos )2
= V/sin? 0 + cos2 0
=1
-1,

and hence we get the expected value for the length of ¢ between 0 and 27:

2m 27 27
Lo 2x(c) := / ve(0)dO = / 1d6 = df =27 — 0 = 2.
0 0 0

Let the differentiable curve  : R — R? defined by
x(t) := (e’ cost, e’ sint),
for every t € R. Its derivative &’ is given by
x'(t) := (e’ cost — e’ sint, e’ sint + e’ cost),
for every t € R. After some calculations we get
= & |B)]=VI & (@(t),a() =,

for every t € R. Hence,

@ (0).x(t) 1
@O0 ~ Vaeter V2

for every t € R i.e., the angle between «’(t) and x(t) is constant F, for every t € R.
Moreover,

Lo 1 / \[etdt \[(6 — 1)
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2.2. Open sets in R"

We consider vector-valued functions defined on appropriate subsets of R™ that
we call open.

DEFINITION 2.2.1. Let € R™ and € > 0. The open ball B(zx,€) with center x
and radius ¢ is defined by

B(z,e) :={y e R" | d(x,y) < €}
={yeR"[|z -yl <e}
={y eR" | (x1 —11)2 + ... (Tn —yn)? < €}.

We also say that B(x,€) is the open r-ball at z. The closed ball B(x, €] with center
x and radius € is defined by

B(z,e] :={y € R" | d(x,y) < €}.
If U C R™, we say that U is an open subset of R" if
VoevIeso(B(z,€) CU).
If FF CR™, we say that F' is a closed subset of R", if its complement
Fe.={yeR"|z¢F}

is open.

The open e-ball B(0,¢€) at the origin (0,0) is the open e-disc around (0, 0)
\

>

Y

and the closed e-ball B(0, €] at the origin (0,0) is the e-disc around (0,0) with the
e-circle around the origin. It is easy to see that the open e-ball B(0, €), as any open
ball; is an open set, since if we take any point in the disc, we can find a small disc
around it that is included in the larger one. Note that the closed e-ball B(0, €] is
not open, since any disc around a point at the e-circle is not included in B(0,€]. It
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is clear though, that B(0, €] is closed. Using a similar argument we can show that
the interior U of the following curve in R? is open in R2.

4

Y

s

Note that the open e-ball B(0, €) in R at the origin 0 is the open interval (—¢, €).

PROPOSITION 2.2.2. Let n > 1.
(i) R™ and 0 are both open and closed.
(i3) If U C R™, then U is open if and only if its complement U is closed.
(731) If U,V are open in R™, then UNV and U UV are open in R™.
(v) If F, K are closed in R™, then FNK and F UK are closed in R™.
(
i

v) If (U;)ier is a family of open sets in R™ i.e., U; is open for every i € I, then
heir union

UUi={zerR"|Tic;(z € U;)}

icl
s open.
(vi) If (Fy)icr is a family of closed sets in R™ i.e., U; is closed for every i € I, then
their intersection

ﬂ F; = {33 e R" | Viej(a? S Fl)}

iel
is closed.

Proor. (i) If x € R™, then B(z,1) C R™, and hence R™ is open. Consequently,
(0 is closed, since §¢ = R™. The implication z € § = B(z,1) C 0 is trivially
true, since its premise is false. Hence () is also open, and R" is also closed, since
(R™)° —0.
(ii) If U is open, then U*€ is closed, since (U¢)¢ = U is open. If U€ is closed, then
by definition (U¢)¢ = U is open.
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(iii) First we show that U NV isopen. If z € UNV, then x € U and = € V. Since
U is open, there is some ¢; > 0 such that B(z,e;) C U. Since V is open, there is
some ez > 0 such that B(z,e) CY. If

€ := min{ey, ea },

then

B(z,e) CV NU.
To show this, let y € R™ such that |y — x| < € < €. Hence y € U. Similarly,
ly — x| < € < €9, and hence y € Y. Consequently, y € VNU.

Next we show that U UV isopen. If t €e UUV, then z € U, or x € V. In
the first case we have that B(z,e;) CU C U UV, and in the second we have that
B(z,e0) CVCUUV.

(iv) We use the case (iii) and the equalities
(FNK)=FUK® & (FUK)®=F°nK°.
(v) and (vi) is an exercise. O

The intersection of a countable family of open sets is not generally open. E.g.,
1
0,1 = (0,1+n),
n>1

and (0, 1] is not open, as any non-trivial interval around 1 intersects (1, +00). The
union of a countable family of closed sets is not generally closed. E.g.,

<o,1>—g2[i,1jl],

and (0, 1) is not closed, since its complement (—o0, 0] U [1,+00) is not open. It is
not hard to see that the cartesian product of open sets in R is an open set in the
corresponding R”. E.g., the set

(0,1) x (=1,1) := {(z,y) e R? |z € (0,1) & y € (—1,1)}
is open in R2. Similarly the set
(0,1) x (~1,1) x R = {(,9,2) € B |z € (0,1) & y € (~1,1)}

is open in R3.
2.3. Partial derivatives

If U is an open subset of R”, and = = (x1,...,2,) € U, then for every i €
{1,...,n}, there are appropriately small values of h € R such that the point

(.’L‘l,...,.’L‘i—l—h,...,.’lfn)EU,

and the following concept is well-defined.
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DEFINITION 2.3.1. Let U be an open subset of R", x = (z1,...,2,) € U, and
f:U — R. If the following limit exists
lim fley, ..,z +hyooo xy) — fz1, .00 x0)
h—0 h

3

we let

Difa) i= 5

2) flze, ..zt hy oo xn) — flar,.oo 2p)
and we call D; f(z), or g—i(x), the i-th partial derivative of f at x.

= lim
h—0 h ’

If B, :={e1,...,€i,...,e,} is the standard basis of R™, we have that
f(z + hei) — f(x)

Dif(a) = Jm

h
If for example f : R? — R is defined by
flz,y) =2y,
then
Dif(w) = ()
i TE oY) — f(2y)
T h—0 h
. (z + h)2y? — 22y
h—0 h
_ .3 lim (-’17+h)2—$2
G h
=32
= 2ay°,

since the term in the right is the derivative of the function g(z) = 22. Le., to

calculate Dy f(z) we treat y as a constant and we differentiate with respect to .
Similarly we have that

Dﬁuw=§§m

i S~ fy)

h—0 h
2y +h)? ety
= lim
h—0 h
3_,3
h—0 h
_ ngyz
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since the term in the right is the derivative of the function h(y) = y3. Le., to
calculate Do f () we treat = as a constant and we differentiate with respect to y.

If f,g : U — R, and € U such that D;f(x) and D;g(x) exist, then by
the properties of the derivative of real-valued functions on intervals of R we get
immediately

Di(f +g)(x) = Dif(x) + Dig(x),
Di(Af)(x) = AD; f(z),
for every A € R.

DEFINITION 2.3.2. Let U be an open subset of R", z;= (z1,...,2,) € U, and
f:U — R. If the partial derivatives at x
of of
D = ooy Dy =
(@) = @) Daf(a) = 52 (a)

exist, the gradient (gradf)(z) of f at z is the vector
3] 3]
(@adf)(o) = (@) o))

= <D1f(x),...,an(x)).

E.g., if f: R? — R is defined as above by f(z,y) := 2%y, then

(gradf)(z) := (2zy>, 3x2y?).
Because of the above linearity of D;, we get immediately that if f,¢g: U — R, and
x € U such that D, f(z) and D;g(x) exist, then

(grad(f + g))(x) = (gradf)(z) + (gradg)(z),
(grad(Af))(z) = A(gradf)(z),
for every A € R. If D, f(z) and D;g(x) exist, for every x € U, we get
grad(f + g) = gradf + gradg,
grad(Af) = Agradf,
for every A € R. If f : R? — R is defined by f(z,y) := 2%y3, we showed that

Dy f(z) == g—x(x) =2y® & Dof(x):= ﬁ(ﬂlc) = 3z%y°.

Jy

Since Dy f, Dof : R? — R, we can determine the repeated partial derivatives

Dlle(x’y) = D%f(l‘,y) = %(Jﬁ,y) = (Dl(le))(x,y) =
T 3
= 8(285 ) (,) = 2%,

D1Df5,9) = 5 (G0 ) ) = ) = (Da(Def)) o) =
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= 8(3572212)(%2/) = 6xy?,
DD f(w) = () ) = L (o) o= (DDA ) =
P 1) = v,
DaDaf(e.0) = DI(w0) = 52 (0)i= (oD 1) =
= 2000 (1) = a%,

Notice that

o2 o 2
2¢y° = Tx‘é(z,y) # (8(];(33)) = (229%)” = 42%y".

But we have that
0 (01 o O (0F

This is not accident. One can show that if U C R? is open and f : U — R such
that the partial derivatives

Dif(x,y), D2f(x,y), DiD2f(x,y), DoD1f(x,y)
exist and are continuous, then for every (z,y) € U we have that
DiDs f(x,y) = D2D1 f(z,y).
We can have repeated partial derivatives for n > 2. If f : R? — R is defined by
fla,y,2) = a?y2?,

then

Dy f(x,y,2) = 2zyz® DD\ f(x,y,2) = 222> D3DoD:f(x,y,2) = 6222,
and

Dsf(z,y,2) = 32°yz® DyDsf(x,y,2) = 32%2> D1DyDsf(z,y,2) = 622>
ie.,

D3Dy D f(2,y, 2) = 622> = D1 Dy D3 f(z, v, 2).

By our previous remark on the equality DyDsf(z,y) = D2D;f(z,y), if all the
related partial derivatives exist and are continuous we get

D3D2D1f(x,y,z) = D3D1D2f(x,y,z)
= D1D3D2f(x,y,z)
= D1D2D3f(x7yaz)'
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2.4. The chain rule

In this section we define when a function f : U — R, where U is an open subset
of R™, is differentiable at some point xy € U. To motivate this definition we notice
the following fact.

REMARK 2.4.1. Let U be an open subset of R, zp € U and f : U — R. The
following are equivalent:
(i) f is differentiable at z.
(#4) There are € > 0,a € R, and a function g : (—¢, €) — R such that

f(zo+h) — f(xo) = ah + |h|g(h),

for every h € (—¢,¢€), and

lim g(h) = 0.

PRrOOF. If f is differentiable at xq, then

f(xo +h) — f(x0)
h

a:= f(w0) := lim

and if h # 0, we define

€R,

() = f(xo +h})L— f(zo) (o),

while if h = 0, we define ¢(0) := 0. Clearly,
lim ¢(h) =0,
and for every h in some e-interval around 0 we have that
flzo +h) = f(z0) = f'(z0)h + ho(h).
If we define g(h) := ¢(h), if h > 0, and g(h) := —¢(h), if h < 0, we have that
|hlg(h) = ho(h),
and we get the required equality
f(zo+h) = f(xo) = ah + |hlg(h).

Of course,
lim g(h) = 0.
For the converse, if h # 0, then
flwo+h) — f(xo) _ ah+ |hlg(h)

_ _ 1

which converges to a, as h converges to 0 i.e., a = f'(x¢). O
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DEFINITION 2.4.2. Let U be an open subset of R™, xo € U and f : U — R. We
say that f is differentiable at xg, if
(a) The gradient of f at xg

e f(an) = (D1 f(e0). .. Dafaw)) = (o) 7))

exists, and

(b) there is a function g defined on a small open ball around the origin 0 such that

Vllilglog(h) =0,
and
0 0
Fa +1) = £(50) = S (o) + o+ 2 (aa)h + hlg ()

:= ((gradf)(zo), h) + |hlg(h).
We say that f is differentiable on U, if it is differentiable at every point of U.

To show that a function f as above is differentiable on U, it suffices to show
that the gradient of f at every point of U exists, and that the partial derivatives
on U are continuous functions (the proof is omitted).

ProroOSITION 2.4.3. If U is an open subset of R™, xqg € U and f : U — R, then
f is differentiable at xq, if all partial derivatives of f at xy exist in U and for each
i€ {l,...,n} the function

of

Usz— azl(x)

s continuous at xgq.

PROOF. See [4], p. 322. O

In the one dimensional case the chain rule takes the form

(fog)(t)=f'(g(t)d'(t),

where f and g are as indicated in the following diagram
I — UCR
f o& ‘ f
R.

Next we prove the generalisation of this rule.

PROPOSITION 2.4.4 (Chain rule). Let I be an interval of R, and ¢ : I — R™
differentiable curve on I such that (I) C U,
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where U is an open subset of R™. If f : U — R is differentiable on U, then the
function

X .U CR"
f o\ ‘f
R.
fox: I — R is differentiable, and for every t € I we have that
(fom)(t) = ((gradf)(z(t)),2'(t)).

PROOF. Let the quotient

fla(t+h) - f=))
h )

which, if we define
K :=K(t,h) :=x(t+ h) —x(t),
and hence x(t + h) = K + x(t), it becomes
flz(t) + K) — f(=(t))
- .

Since f is differentiable on U, and x(t) is included in U, f is differentiable at x(t),
for every t € I. By the Definition 2.4.2 there is a function g such that

f@(t) + K) — f(2(t) = ((gradf)(z(1)), K) + | K|g(K),

and
|Il(1|IEOg(K) =0.
Hence,
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~ ((erad (e, =2

z(t+h) —x(t)

+ - ‘ g(K).

If h — 0, then

<(gradf)(:c(t)), w> — ((gradf)(z(t)),2' (1)),

and
t+h)—x(t
£ TR0l 20l o
since if h — 0, then K := x(t + h) — x(t) — 0, and we use the fact that
lim‘K‘_m g(K) =0. (]

Unfolding the chain rule we get

(oay() = ( (L (@O)-r @) 2'(0)

N Of y
-2 92, (202 (1)
B af dx;
> g, @O G0
_ O Oy
= @O T O+ 5 a(0) )
where @(t) = (z1(t),...,2,(t)). For simplicity we also write
Flal) _ Of dry | Of dog
dt Oz dt T Oz, dt

For example, let the following functions

RL,Rii

foa\‘f

R
defined by x(t) := (e',t,t?) = (x(t),y(t), 2(t)) and f(z,y,z) := 2®yz. Then f is
differentiable on R? by the Proposition 2.4.3, and by the chain rule we have that
da(t) _ofds  ofdy  ofd:
dt  Oxdt Oydt 0zdt
= 2zyze' + 222 + 22y2t.
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As a simple example of applying the chain rule, let f : R3 — R differentiable,
and let g : R — R, defined by

g(t) = f(P +1Q),
for every t € R, and some P,Q € R?. In order to find ¢/(t), let  : R — R3

g\, jf
R
such that g = fox. Let

z(t) = P +1Q = (p1 +tq1,p2 + g2, ps + tq3),
for every ¢t € R. Since '(t) = (q1,q2, q3) = @, we get

g'(t) = (fox)(t) = ((gradf)(z(t)), z'(t)) = ((grad ) (P +1Q), Q).

COROLLARY 2.4.5. Let U be an open subset of R™ such that for every two points
xo,x1 € U there is a differentiable curve x : [0,1] — U such that x(0) = z¢ and
U
(1)

|
—

>
>

If f:U — R is differentiable on U, such that
(gradf)(z) =0,
for every x € U, then f is constant on U.

PRroOOF. Exercise. O
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2.5. Curve integrals

A vector field is a function F' : U — R"™ that can be interpreted as a field of
forces. If @ : I — U is a cure in U, the vector x(t) is interpreted as the position
of the particle at time ¢t € I, and F(x(t)) is the force acted upon the particle at
position x(t). We may also say that the particle is moving in the force field F.

A

U

(1)
F(x(t))

—

DEFINITION 2.5.1. Let U be an open subset of R™. A wvector field on U is a
function F : U — R™. If F is represented by its coordinate functions i.e.,

F:(flv"'afn)v

F is differentiable on U, if each f; : U — R is differentiable on U. F is called
conservative, if there is a differentiable function V : U — R such that!

F = —gradV.
In this case V is called a potential energy function for F'.
If V is a potential energy function for F' and ¢ € R is some constant, then
V+e

is also a potential energy function for F. If f is a differentiable function on U, then,
by the Definition 2.4.2, we get the vector field on U defined by

U >z (gradf)(x).
Let F : U — R"™ be a differentiable vector field on U and x : I — U a differentiable

curve in U. Then the function Fox : I — R" is well-defined

LThe negative sign is only traditional, and it can be avoided.
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ILUQR"

F o\ ‘F
R™,
and let the function on I defined by
t (F(x(t),z'(t)),
for every t € I. E.g., let F': R? — R? defined by
F(z,y) := (™, y%),
for every (z,y) € R?, and let = : R — R? be defined by
x(t) := (t,sint),
for every t € R. Then
x'(t) = (1,cost),
F(x(t)) = (etsmt,sin2 t),
and
(F(z(t),2'(t)) = e + (sin®t)(cost),
for every t € R.
DEFINITION 2.5.2. Let U C R™ be open, « : [a,b] — U a differentiable curve

with a differentiable derivative curve x’, and let ' : U — R™ be a differentiable
vector field. The curve integral of F along x is defined by

b
/F ::/ (F(x(t), ' (t))dt.
x a
By the continuity of the inner product and our hypotheses on & and F the
function on [a, b] defined by
t— (F(x(t),z'(t))

is continuous, hence Riemann-integrable. The above curve integral is a generalisa-
tion of the substitution method of the integral of functions in one variable:

u(b) b du
/ , Jdn= | o) Gar

We use the following parametrisations of a linear, parabolic or circular segment:

(I) If P,Q € R™, the linear segment “from P to Q” is parametrised by the curve
x : [0,1] — R™, defined by

x(t) :=P+1t(Q — P),
for every ¢ € [0,1]. Clearly, (0) = P and (1) = Q.
(IT) A parabolic segment of the parabola y = t2
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x(t) := (t,1%)

is parametrised by the curve x(t) := (¢,t?), where t is in a closed interval determined
by the specifications of the respected problem.

(IIT) A parabolic segment of the parabola x = t2
t

is parametrised by the curve x(t) := (t2,t), where ¢ is in a closed interval determined
by the specifications of the respected problem.

(IV) A circular segment of the circle of radius r > 0 centered at (0,0) in R?
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A

Y

is parametrised by the curve x(t) := (r cost,rsint), where ¢ is in a closed interval
determined by the specifications of the respected problem.

Let the vector filed F : R2 — R2, defined by
F(z,y) := (2% 2y),

for every (z,y) € R2%. To determine the integral of F' over the parabolic segment

f f t
-1 1

from P := (—1,1) to Q := (1,1) we have that x(t) = (¢,t?) and '(t) = (1,2t), and
F(z(t)) = F(t,1*) = (*,¢%),
(F(z(t),2'(t)) =t + 2t*,

hence, since —1 <t <1,

1
/ F= [ (*+2thdt
x —1

1 1
t2dt + / 2t4dt
—1 —1

+

|
W S~ S~

(ST
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To determine the curve integral of the vector field F : R? — R2, defined by
F(x,y) = (2*y,°),

for every (z,y) € R?, over the line segment from P := (0,0) to Q := (1,1) we use
the parametrisation of the segment

z(t)=P+t(Q—P)=(0,0)+t((1,1) — (0,0)) = ¢(1,1) = (¢,1),
where t € [0, 1], and hence F(z(t)) = F(t,t) = (t3,¢3), '(t) = (1,1),
(F(z(t),2'(t)) =3 +t° = 27,

23 = 2 t3—2
= [ =2 f 0=

Let the vector field F': R%\ {(0,0)} — R?, defined by

— Y z
F(-ray) Ll (1‘2+y2, .’I:2+y2>7

for every (x,y) in the open subset R?\ {(0,0)} of R?. To determine its integral over
the circular segment of the circle of radius 3 around (0,0) from P := (3,0) to

and

3v3 3
Q=%
2 '3
we consider the curve
x(t) = (3cost,3sint), '(t) = (—3sint,3cost), te€ [0, %],

since (0) = P and (%) = Q. Since
F(x(t)) = F(3cost,3sint)

_ —3sint 3cost
~ \(3cost)? + (—3sint)2’ (3cost)? + (—3sint)2

( —3sint 3cost>
1
3

(—sint,cost),

and
(F(x(t),2'(t)) = sin®t + cos’ t = 1,

z
/F:/)ﬁ:f
x 0

we get
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DEFINITION 2.5.3. A path in an open subset U of R" is a finite sequence
p:=(T1,...,Tm),
where m > 1, @1 : [a1,01] = U, ..., & : [am, by] — U are curves in U such that
x1(b1) = xa(az) & ... & Tp(am) = Tm—1(bm-1).

A path p is called differentiable on U, if xq,...,x,, are differentiable curves on U
with differentiable derivative curves on U. We also say that p is closed, if

Ty (al) - mm(b7n)~

If F: U — R" is a differentiable vector field on U, and p is a differentiable path on
U, the path integral of F' over p is defined by

/F::/ F+...+/ F.
p 1 Tm

Clearly, a curve in U is a special case of a path in U.

2.6. Conservative vector fields

THEOREM 2.6.1. Let U C R"™ be open, and F : U — R" be a differentiable
vector field on U.

(I) Let F = gradV, for some differentiable function V : U — R.

(a) If © : [a,b] = U is a differentiable curve in U with x(a) = P and z(b) = Q,
then

[r=v@-ve
(b) If y = [a,b] — U is a differentiable curve in U with y(a) = P and y(b) = Q,

then
/F:/F
y T

(¢) If z : [a,b] = U is a closed differentiable curve in U i.e., z(a) = P = z(b), then

/F:O.

(II) Let F = —gradV, for some differentiable function V : U — R.

(a) If © : [a,b] — U is a differentiable curve in U with xz(a) = P and z(b) = Q,
then

/ F=V(P)-V(Q).
(b) If y : [a,b] — U is a differentiable curve in U with y(a) = P and y(b) = Q,

then
/F:/F
Yy xr
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(¢) If z : [a,b] = U is a closed differentiable curve in U i.e., z(a) = P = z(b), then

[F=o

PROOF. We prove only the first part of (i) and the rest is an exercise. By the
definition of the curve integral of f and the chain rule on V o x

[a,b] —2— U

\%4 o\

[r=] (P, @ (@)t

Rn
Vv

R —

we have that

b
= [ Hemaav)e (o). @)
_ /b(v o z)/(t)dt

O

Because of the above independence of the integral fm F of a conservative vector
field from the curve connecting the points P and @ in U, we write

/IJQF:=[EF=V<@>—V<P>,

where x is any curve in U from P to Q. Let F : R?® — R? a vector field defined by
F(x,y,z):= (2xy3z,3x2y2z,z2y3),
for every (x,y,z) € R3. If V : R® — R is defined by
V(z,y,2) =2y’
it is easy to see that F' = gradV. If P :=(1,—1,2) and @ := (—3,2,5), then

/Q F=V(Q)—-V(P)=V(-3,2,5) — V(1,-1,2) = 360 — (—2) = 362.
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Let G : R3\ {(0,0,0)} — R? be defined by
k(z,y, 2)
(@9, 2)*

for every (z,y,2) € R*\ {(0,0,0)} and some k € R. If V : R®\ {(0,0,0)} — R is
defined by

G(x,y,2) =

k
V(.’ﬂ, Y, Z) VY
(2,9, 2)]
for every (z,y,z) € R?\ {(0,0,0)}, then one can show (exercise) that
gradV =G

ie.,

ov ov ov k
((f)x(xa Z%Z), ?y(-j% 9,2)7 E(‘/I% Y, Z)) - W(mvz% Z)

L,Y,%
If P:=(1,1,1) and Q := (1,2, —1), then

Q
| e=v@-vir)
L <_ k‘)
Q| |P|
1 1
= k(= - —
(a1~ 171
()
= %A
2.7. Green’s theorem on rectangles

DEFINITION 2.7.1. An rectangle R in R? is a set of the form
R :=[a,b] x [c,d] .= {(z,y) ER? |a <2 <b& c<y < d},
and an open rectangle is a set of the form
R° = (a,b) x (c,d) := {(z,y) ER* |la<z <b& c<y<d},
If f: R — R is a continuous function?, the double integral of f on R is defined by

JLr=[ ([ ras)a

2All functions defined on a rectangle that we are going to study here are going to be
continuous.
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Let R :=11,2] x [-3,4] and f: R — R, defined by

fla,y) = 2%y,
for every (x,y) € R% Then

fhr= [ ([}
e[

2 1 -
:/ 22 =(16 — 9)dx
1 2

2
—g/ 22dz
1
1
= 55 =1
_4
=5

If U C R? is open, and let F : U — R? be a differentiable vector field on U
such that

F(z,y) := (p(z,y), q(z,y)),

where p,q : U — R are the components of F. If x : [a,b] — U is a differentiable
curve in U, then

[r=] (B (a(t). 2! (1)

b
dx dy
= [ (s + %y o

b
=/ p(z,y)dx + q(z,y)dy.

According to the next theorem, if we want to find the path-integral

/ F
(x1,22,23,24)

of a differentiable vector field F' = (p,q) defined on an open rectangle, where the
path

(wh T2, 9337%4)

parametrises counterclockwise the rectangle R, it suffices to calculate the double

integral
NG
= \Oz Oy/)
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Hence we do not need to calculate the curve integrals separately i.e., to use the

equality
/ F= F+/ F+/ F+/ F.
(1:1 T2,T3, m4) T

If e.g., we consider the rectangle [—1,1] x
3 .

He

H=

—2

-3+

a path that parametrises it counterclockwise is the following sequence of linear
segments

((717 71) - (L 71)7 (L 71) — (L 1)’ (17 1) — (717 ]‘)ﬂ (717 1) — (713 71))
The proof of the next theorem is omitted.

THEOREM 2.7.2 (Green’s theorem on rectangles). Let F : (a,b) x (c,d) — R?
be a differentiable vector field on the open rectangle (a,b) x (¢,d) such that

F(z,y) = (p(z,y),q(2,y)),
for every (z,y) € (a,b) x (¢,d). Then

dq Op
z,y)dx + q(z,y)d —// <—>
/<m1,ac2,m3,:c4> (z,y) q(z,y)dy 9y

Let the vector field F : R? — R2, defined by
F(z,y) = (3zy,2?),
for every (x,y) € R?. Hence,

p(z,y) =3zy, q(z,y) =27,

6q
— =2 ? = .

The integral of F' around the following rectangle
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3 -

No

is calculated with the use of Green’s theorem as follows

/(mm)mg’m)p(:v,y)dx+q($,y)dy = //R (ggqc - ?;)
:/_31 </02(2x—3x)dy>da:
:/_31 </02(—x)dy)dx
/31(—95)(/02 dy)dx
—/31(—x)2d:c
_ 2/31 wdz
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Appendix

3.1. Solution to Exercise 2(ii), Sheet 1

If f:R — R, we say that f is differentiable at x¢ € R, if there is some [ € R

such that
= Lim f($0+h)—f(xo)’
h—0 h
where using the (e-0)-definition of the notion of limit, this means that

f(xzo+h) — f(z0) <6>
3 <e€).

This necessarily unique limit [ is called the derivative of f at x, and it is denoted
by f'(zo). The function f is called continuous at x, if

lim f(zo +h) = f(x0) & lim [f(xo+h) — f(x0)] =0,

where using the (e-6)-definition of the notion of limit, this means that

—1

Ve>035,()>0Vh£0 <|h| < dp(e) =

Ve>035,(e)>0Vher <h| < 05(€) = | fwo +h) = f(wo)| < 6)-

If f is differentiable at x(, then f is continuous at xg. To show this we remark that

the function
f(xo+h)—f(z0) L h#0

¢(h) = { / h _
f ($0) 5 h=0
is continuous at 0. Since for h # 0 we have that
f(xo+h) = f(xo) = ho(h) = f(zo + h) = hé(h) + f(zo),
we get

}llii% flxo+h) = }lli)% [hp(h) + f(x0)] = 0f'(x0) + flwo) = flwo).

The function f is called differentiable, if it is differentiable at every xy € R, and it
is called continuous, if it is continuous at every xo € R. If

C@R):={f:R—R| f is continuous},
DR):={f:R — R| f is differentiable},

61
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the previous remark implies that
D(R) C C(R).

Next we show that D(R) is a linear space, and for C(R) we work similarly. Clearly,
the constant function 0 is differentiable and its derivative is at every xg € R again
0. Next we show that if f,g € D(R), then f+g¢g € D(R). Let 2o € R. Suppose that

[ = lim f(zo+h) = f(zo) &  lim g(wo + h) — g(x0) _
h—0 h h—0 h

Using the triangle inequality

where a,b € R, we have that

oo o) =)
’f($0+h)+9($o+h)—f($o)—9(1‘0)_l_m’:
h
f(zo +h) — f(zo) g(zo + h) — g(z0)
‘ 0 ) o) ;. 9o ) 0 m‘g
f(@o+h) — f(xo) 9(xo +h) — g(xo)
‘ 0 ) 0 —l‘+ 0 ) 0) ol

and since these two terms become arbitrarily small, for appropriate h, we get that

(f +9) (x0) =14+m = f'(x0) + g’ (20),

and since ¢ is an arbitrary real number, we conclude that f 4+ g € D(R). Finally,
we show that if @ € R and f € D(R), then a - f € D(R). Since |ab| = |a||b], for
every a,b € R, we have that

@ Do th) —o )
h

(=t )

—1

i

N f@o+h) = f(xo)
= |a W

and since the right term becomes arbitrarily small for appropriate h, we get

(a- f)(z0) = al = af'(xo).

Since zy € R is arbitrary, we conclude that a - f € D(R).
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3.2. On the solution of the Exercise 4(i), Sheet 3

The fact that [ f € D(R) is explained by the following fundamental result.

THEOREM 3.2.1. Let a,b,c,d € R such thata <b<c¢<d, and f :[a,d - R
continuous. The function ¢ : [a,d] — R, defined by

o) = [ " foydr,

for every x € [a,d] is differentiable in [a,d] and ¢'(x) = f(z).

PRrROOF. We will use the following two basic properties of the Riemann integral.
(1) If m < f(t) < M, for every t € [b, c|, then

m(c—b) < /bcf(t)dt < M{c—b).

c b c
= dt.
2 [ rwar= [ rwars [ o
If x9 € [a,d], then by (2) we have that

S(zo + ) — dlxo) [ F(t)dt — [T f(t)dt

h ' h
R e [T feyde— [0 (bt
o h
St p (et
=t DT

Since f is continuous on the compact interval [xg,xo + h], let s,s" € [xg,z0 + h]
such that

f(s) :==min{f(¢t) | t € [xo,z0 + h]} := m,
f(s") :=max{f(t) | t € [xo,m0 + h]} := M.
By (1) we have that

zo+h
m(wo +h — 20) < / FO)dt < M(zo+h— ) <

0

xo+h
f(s)hg/ ! ft)dt < f(s)n"Z

[¢]

“oth £ dt
f(s) < fhf() < f(s).
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If h — 0, then s,8' — xg, and by the continuity of f we get f(s) — f(zo) and
f(s") = f(z0). By the sandwich lemma we get
" pe

h) —
& (o) = lim ¢(zo + })L p(xo) _ lim IOT = f(x0).

3.3. Solution to Exercise 4(iv)-(v), Sheet 4

Let A := [aij] S Mm’n(R), B = [bjk] S Mn,l(R> and D := [dkr] € MZ,S(R)-
(iv) By the definition of the multiplication of matrices we have that

AB = [ay)] [Z jk}
BD = byldu] = [zbﬂcdkr],
- gbk] ) = L; (gbk)dk}
o] - [ ()]

Since
l n l n
Z (Zam jk)dkr Zazj(zbjkdkr) = Zzaijbjkdkm
=1 h=1j—1
we get that (AB)D = A(BD).
(v) Since

Al .= [Oéji] S Mn,m(R)y Qi 1= Qyj,

= [Br;] € Min(R),  Brj = bji,
the product B*A! € M ,,,(R) is well-defined. Moreover, we have that

{Zaw Jk:| = [kl
where

n
Vri = E ;b
Jj=1



3.3. SOLUTION TO EXERCISE 4(IV)-(V), SHEET 4

Since

B'A" = [Bijllegi) = {iﬁkﬂji} = {ilbjkaij] = [ilaijbjk],

we get B'A! = (AB).
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