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Exercise 1. (i) Let the function f : R→ R, defined by

f(x) =

{
−1 , x ≤

√
2

1 , x >
√
2.

Draw the graph of f and show that f is not continuous at x0 =
√
2.

[2 points]
(ii) Let the function g : Q→ R, defined by

g(x) =

{
−1 , x <

√
2

1 , x >
√
2.

Show that g is continuous on Q.
[2 points]

Exercise 2. Let D ⊆ R and let f : D → R be continuous on D. Show the following:
(i) The function f1 : D → R, defined by

f1(x) = |f(x)|,

for every x ∈ R, is continuous on D.
[1 point]
(ii) The function f2 : D → R, defined by

f2(x) = −f(x)2,

for every x ∈ R, is continuous on D.
[1 point]
(iii) The function f3 : D → R, defined by

f3(x) =
√
2019f(x)4 + 2020f(x)2,

for every x ∈ R, is continuous on D.
[2 points]



Exercise 3. For every n ∈ N let the function gn : R→ R, defined by

gn(x) =
nx

1 + |nx|
,

for every x ∈ R.
(i) Draw the graph of the function g0.
[1 point]
(ii) Determine the values g1(−2019) and g2(2019).
[1 point]
(iii) Let the function g, defined by the rule

g(x) = lim
n−→∞

gn(x).

(a) For which x ∈ R is the function g defined?
[1 point]
(ii) Determine the set

C(g) = {x ∈ R | g is continuous at x}.
[1 point]

Exercise 4. Let a, b ∈ R such that a < b, and let f : [a, b] → [a, b] be continuous on [a, b].
Show that there exists x0 ∈ [a, b] such that f(x0) = x0.
[4 points]

Submission. Wednesday 18. December 2019, in the Exercise-session.

Discussion. Wednesday 18. December 2019, in the Exercise-session.


