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8 CHAPTER 1. TYPES AND TYPE-CONSTRUCTORS

We can package the recursion principle Recy~ and the induction principle Inds~ into a single
function, respectively, as follows:

Recs~ -
with the defining equation

Indz :

with the defining equation

Proposition 1.8.1. The first projection function pry s~ @ (32,4 £(z)) = A where pry s~((z,p)) :=
x, for every @ : A and p: P(x), and the second projection function

pras-: H P(prl,Z(Q)):
G2 gia P(2)

where pr272((x,p)) =p, for every x: A and p: P(z), are definable.
Proof. With the use of Recy, if G : [],. ,(P(x) — A) is defined by
G(z,p) ==,

for every x : A, the first projection function

priy <Z P(x)) — A
z:A

is defined by
prl,z((map)) = G(l‘,p) =7,

_foreveryz:Aandp: Px).
With the use of Indy~, if Q : (X,.4 P(2)) — U is defined by

Q(q) = P(pry (9));
for every q: 32,4 P(x), and if G« [, 4 I],p(a) P(Pr1;32(q)) is defined by
G(z,p) :=p,

for every x : A and p: P(z), then the second projection function

poys ] Plorg(@) L W
¢S ga P®) o
is defined by {
pros((7,p)) == G(z,p) = p,
for every : A and p: P(x). O

&
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Chapter 1

Types and type-constructors

In this chapter we

1.1 Types vs Sets
All begun when Cantor’s Full Comprehension Scheme (FCS):
Fu(u = {z [ ¢(x)}),

where ¢ is any formula of L = (€), was proved contradictory for ¢(x) := = ¢ z. Zermelo’s
Restricted Comprehension Scheme (RCS), also known as Separation Scheme,

Ju(u={zev]|o(z)})

replaced the FCS and it implies that V ¢ V: if V € V,thenu={z € V |z ¢ x} € V and then
u € u <> u ¢ u. If FCS was not contradictory, we wouldn’t need so many axioms to describe our
intuition about sets. E.g., the union of two sets would be defined as uUv = {z | € uVx € v}.

The first-order non-logical axioms of ZF in the first-order language L = (€) are the
following:

Extensionality: Vg (V.(z € 2 <> z €y) = =1y).
Empty set: 3,V,(y ¢ x).
Pair: Yy y3:,Vp(w € 2 2w =2aVw=y).
Union: Vz3,¥.(z € y ¢ p(w € x Az € w)).
Replacement Scheme: 1f ¢(x,y,w) is a function formula, then
Ve 3Vy(y € v < 35(2 € z A d(z,y, 7).
Power-set: V;3,V,(z € y > Vy(w € 2 = w € 2)).
Foundation: Vy(z #0 — 3,(z € z A ~Fp(w € 2z Aw € 1))).
Infinity: 3;(0 € z AVy(y € z = yU{y} € x)).

Unlike group-axioms (first the models, the groups, and then the axioms) the set-axioms are
given first and then we study their models!!! The axioms of ZF are generally “accepted” by
standard mathematicians.
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