Seminar Pareigis—Wess: WS 1996/97
Liinearkompakte algebraische Strukturen
(Korrigierte Fassung v. 3.Sept. 2008)

1. VORTRAG: DIE INITIALTOPOLOGIE

Definition 1. Ein topologischer Raum ist eine Menge X zusammen mit einem Sy-
stem 7 von Teilmengen von X, das die folgenden Eigenschaften hat:

(1) €7 und X € 7,

(2) Ist (Os)ier eine Familie von Elementen von 7, so ist |J,.; 0; € T,

(3) Sind O und O’ in T, so ist auch ON O’ in 7.

Das System 7 heifit die Topologie von X. Die Elemente von 7 heiflen offene Men-
gen.

Beispiel 1. (1) Die reellen Zahlen R sind ein topologischer Raum mit der fol-
genden Topologie: Eine Teilmenge O von R heif3t offen, wenn gilt:

VeeOI>0VyeR:|ly—z|<e=yeO

in Worten: um jeden Punkt x € O gibt es eine offene e-Kugel (e-Intervall)
K (z), die ganz in O liegt.

(2) Jede Menge X kann durch die diskrete Topologie zu einem topologischen
Raum gemacht werden: Bei der diskreten Topologie besteht das System 7°
aus allen Teilmengen von X, d. h. jede Menge ist offen.

(3) T = {0, X}.

Definition 2. A subset A of a topological space X is called closed if its complement
X \ A is open.

Definition 3. Seien X und Y zwei topologische Rdume mit den Topologien 7x und
Ty . Eine Abbildung f : X — Y heif3t stetig, wenn gilt:

YO € Ty : f71(0) € Tx,
d. h. wenn Urbilder offener Mengen offen sind.

Satz 1. Sei X eine Menge. (X;);cs sei eine Familie von topologischen Riumen, die
jeweils die Topologie 7; tragen. Fiir jedes i € I sei eine Abbildung f; : X — X,
gegeben. Dann gibt es genau eine Topologie 7 auf X, genannt die Initialtopologie,
die die folgenden beiden Eigenschaften besitzt:

(1) Fiir jedes i € I ist f; stetig.

(2) (Universelle Eigenschaft der Initialtopologie)
Ist Y ein topologischer Raum und f : ¥ — X eine Abbildung, so ist f
genau dann stetig, wenn fiir jedes i € I die Komposition f; o f stetig ist.
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Proof. Wir betrachten das folgende Diagramm

v L x

N\

X

und zeigen in mehreren Schritten:

(1)

(Eindeutigkeit)
Seien 7 und 7' zwei Topologien auf X, die die beiden genannten Eigen-
schaften erfiillen. Wir betrachten die identische Abbildung

idx : (X, T) — (X, T
Weil 7 die Eigenschaft 1 hat, ist
fioidx : (2,7) — X;
stetig. Wiel 7’ die Eigenschaft 2 hat, ist
idx : (X, T) — (X, T
stetig. Nach Definition der Stetigkeit ist also fiir O € 77 das Urbild idy' (O) €
T . Insgesamt folgt: 7/ C 7. Vertauschen von 7 und 7' liefert: 7 = 7.

Wir wenden uns jetzt der Frage nach der Existenz zu. Wir definieren 7 wie
folgt: Eine Teilmenge O von X heifle offen, wenn es fiir jeden Punkt € O
endlich viele offene Mengen O;, C X;,,...,0;, C X;, gibt, so daf} gilt:

ze () f1(0;,)coO
j=1

Wir priifen zunachst, daf§ 7 eine Topologie ist. Eigenschaft 1.1.1 ist offen-
sichtlich, ebenso Eigenschaft 1.1.2.

Sind O und O’ aus 7 und ist € O N O’, so gibt es O;,,...,0; mit
z € Nj_y f;,'(0i;) € O und Oy ... ,0} mit & € N, f,'(0},) € O,
wobei O;, C X, offen und O;w C X, offen ist. Daraus folgt:

ve ()10 N i (0, cono’
j=1 =1
Damit ist auch Eigenschaft 1.1.3 erfiillt.

Alternativ kann man den Durchschnitt aller Topologien 7 := N7; auf X
nehmen, fiir die alle f; stetig sind.

Wir zeigen nun, daf§ die in Schritt 2 definierte Topologie 7 die beiden be-
haupteten Eigenschaften hat. Ist O C X offen, so ist f; 1 (0) € 7, f; ist also
stetig. Ist f : Y — X eine Abbildung, fiir die f;o f (fiir alle ¢ € I) stetig ist,
und ist O C X offen, so ist zu zeigen, dal f~1(O) offen ist. Ist y € f~1(0),
also f(y) € O, so gibt es offene Mengen O;,,...,0;, in X, ,... ,X; , so
daB f(y) € N, f;l(oij) C 0, also y € (_, f~'(f;;(04,)) € F1(O).
Da f;, o f stetig ist, ist f’l(fl;l(O,;j)) = (fi; o f)71(Oq,) offen. Also ist
f71(O) offen.
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Beispiel 2. Sei X ein topologischer Raum mit der Topologie 7 und U eine Teilmenge
von X. Die Initialtopologie beziiglich der Inklusionsabbildung ¢ : U — X,z — x
ist eine Topologie auf U, die die Relativtopologie genannt wird. Sie kann auch so
beschrieben werden: Eine Teilmenge U’ von U ist offen in der Relativtopologie,
wenn es eine offene Menge X’ € 7 von X gibt mit U’ = U N X’, d. h. wenn sie der
Durchschnitt von U und einer offenen Menge von X ist.

Beispiel 3. Seien (X;);cs topologische Riume, jeweils mit den Topologien 7;. Die
Initialtopologie des cartesischen Produktes [ X; beziiglich der Projektionen

iel
Uy HXl — Xj, (xi)iel = Ty
iel
heifit die Produkttopologie auf []X;. So trigt etwa der R” = R x ... x R die

iel
Produkttopologien der Topologien aus Beispiel 1.2.1. Die Stetigkeit der Diagonal-
abbildung

d:R—R? 2~ (z,2)

folgt also wegen der universellen Eigenschaft der Initialtopologie daraus, daf} die
Kompositionen 7 od : R — R,y 0d : R — R mit den Projektionen m; : R2 —
R, (x1,x2) — x; jeweils die identische Abbildung ergeben, die stetig ist.

Eine stetige Kurve im R"™ ist die stetige Abbildung f : R — R™, die durch die
stetigen Abbildungen f; :R — R, i=1,... ,n mit p; o f = f; gegeben ist.

Definition 4. Sei I eine Menge, < eine Relation auf I. I heifit durch < gerichtet,
wenn gilt:

(1) Viel:i<i
(2) Vi,j,kel:i<jund j<k—i<k
(3) Vi,jelIdkel:i<kund j<k
Wir schreiben i < j, falls ¢ < j, aber nicht j < i gilt.

Beispiel 4. Die natiirlichen Zahlen sind gerichtet, z. B. gibt es zu den natiirlichen
Zahlen 2 und 3 die Zahl 5, fiir die gilt: 2 < 5 und 3 < 5. Die Menge aller endlichen
Teilmengen einer Menge X ist durch die Inklusion gerichtet, denn sind Y und Z
endliche Teilmengen von X, so erfiillt die Vereinigung Y U Z:

Y<YUZundZ<YUZ

Definition 5. Sei I eine durch < gerichtete Menge. Fiir jedes ¢ € I sei ein topo-
logischer Raum X; mit der Topologie 7; gegeben. Weiter sei fiir je zwei Elemente
1,7 € I mit ¢ < j eine stetige Abbildung

fij : Xj — X;
gegeben, so daf} gilt:
(1) Yiel: fi; =idx,
(2) Vi,j,kel:i<j<k— fitk=Ffijofik
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Der projektive Limes der Familie (X;);cr ist die Menge:
limier X; = {(z:)ier € [ [XulVi,j € 110 < j — fij(z;) = @i}
iel
Offenbar gilt: [[ X; D lim;e; X; Der projektive Limes ist ein topologischer Raum
i€l —
mit der Relativtopologie der Produkttopologie. Seine Elemente heilen Faden. Wir
bezeichnen mit 7; die Abbildung

I l@iel Xi — Xy, (xi)ier = w5

Satz 2. ( Universelle Eigenschaft des projektiven Limes)

(1) Vi,jel:i<j—m=fiomn;
(2) Ist X ein topologischer Raum und ist fiir jedes ¢ € I eine stetige Abbildung
fi: X=X,
gegeben, so daf gilt:
Vi,jel:i<j— fi=fijofj
so gibt es genau eine stetige Abbildung f: X — lzlue 1 X, fir die gilt:
Viel: fi=mof

Proof. Die erste Aussage folgt direkt aus der Definition. Die zweite Aussage erhilt
man, indem man fiir f setzt:

f:X— leiEI Xiyx = (f(7))ier

Die Stetigkeit von f folgt aus der universellen Eigenschaft der Initialtopologie. Die
Eindeutigkeit ist klar.

X F limie X

O

Beispiel 5. Sei X ein topologischer Raum und sei I ein System von Teilmengen von
X, das mit zwei Elementen auch deren Durchschnitt enthélt. I ist dann gerichtet
durch die umgekehrte Inklusion: Sind A, B € I, so setze:

A<B:=AD>B

Fir A € I sei X4 = A, die Menge selbst, und fir A < B sei fap : X —
X 4 die Inklusionsabbildung. Der projektive Limes dieser Familie ist einfach ihr
Durchschnitt, d. h. die Abbildung

m A—> limAE] XA,JUH (JG)AE[
Ael

ist ein Hom6omorphismus, d. h. eine bijektive stetige Abbildung, deren Umkehrab-
bildung ebenfalls stetig ist.
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Beispiel 6. Sei p eine Primzahl. Die natiirlichen Zahlen N = { ¥ J¥ ...} sind mit
der gewohnlichen Ordnung gerichtet. Fiir n € N sei X, := Z/1*Z, versehen mit der
diskreten Topologie. Fiir n < m sei

fam 2 Z)77 — Z)\"Z
die kanonische Abbildung. Der projektive Limes lim,enZ/1" Z heiit die Menge der

ganzen p-adischen Zahlen.

2. LINEAR TOPOLOGICAL VECTOR SPACES

Definition 6. (1) A group G together with a topology 7T is called a topological
group if the following properties are satisfied:

(a) The map
GxG—G,(9,9) g9
is continuous. Here G x G is endowed with the product topology.
(b) The map
G—G,g—g "

is continuous.

(2) A ring R together with a topology 7 is called a topological ring if the
following properties are satisfied:

(a) R is a topological group with respect to addition.

(b) The map
RxR— R,(r,s)—rs

is continuous. Here R X R is again endowed with the product topology.

(3) Suppose that R is a topological ring. A module M over R together with
a topology 7 is called a topological module if the following properties are
satisfied:

(a) M is a topological group with respect to addition.
(b) The map
Rx M — M, (r,m)—rm

is continuous. Here R x M is again endowed with the product topology.

Definition 7. (1) A field K together with a topology 7 is called a topological
field if the following properties are satisfied:

(a) K is a topological ring.
(b) The map
EA\{0} = K\ {0}, A= A7
is continuous. Here K \ {0} is endowed with the relative topology.

(2) A topological vector space is a topological module over a topological field.

Proposition 1. (1) Every field becomes a topological field if it is endowed with
the discrete topology.
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(2) If K is (in this sense) discrete and if V' is a vector space over K, then the
following assertions are equivalent:

(a) The map
KxV =V, (\v)— X

is continuous.

(b) For every A € K the mapping
V-V v

is continuous.

Proof. Products and subsets of discrete topological spaces are - together with the
product topology resp. the relative topology - again discrete. Mappings from dis-
crete topological spaces to any other topological spaces are always contionuous.
This implies the first assertion.

Suppose that A € K. The mapping V' — K x V,v — (A,v) is continuous by the
universal property of the product topology. The mapping K x V. — V,(\,v) —
Av is continuous by assumption. Therefore the composition of these mappings is
continuous, as we have asserted.

For the other direction, suppose that O € V is open. We have to show that {(A,v) €
K x V|A\v € O} is open. Since we know that {v € V|Av € O}, we have that

{A} x{veVxwe OH{(\v) e K x V]l e O}
is open, as we can see from the construction of the product topology. Therefore, we
have that
U {\v) e K xVaw e 0}
AEK
is open, as we had to show. O

Definition 8. A linear topological vector space is a topological vector space over a
discrete field satisfying the following condition: For every neighbourhood U of the
origin there is another neighbourhood U’ of the origin which is contained in U and
is a subspace of V. (Here and below ’subspace’ means ’subvector space’. Recall that
a neighbourhood of a point in a topological space is a set which contains an open
set which in turn contains the point.)

Proposition 2. Suppose that V' is a linear topological vector space. Then the follo-
wing assertions are equivalent:

(1) V is Hausdorff, that is, two distinct points have disjoint neighbourhoods.
(2) The intersection of all neighbourhoods of the origin is {0}.
Proof. We denote the set of all neighbourhoods of the origin by U(/). If there were

v E , v , then we wou ave neighbourhoods U, of v and Uy o
Ueu(/)U # 0, th Id h ighbourhoods U, of d Uy of 0
such that U, N Uy = @ by the Hausdorff axiom. But this is a contradiction.

For the other implication, suppose that v and w are two distinct points. By assump-
tion there is a neighbourhood U of the origin which does not contain v — w. Since
V' is linear topological, we can assume that U is a subspace. v+ U and w + U then
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are neighbourhoods of v resp. w. We have (v+ U) N (w + U) = 0, because if there
would be an element z € (v+U)N(w+U), 1. e. z =v+up = w+ ug,us,ug € U,
we would have v — w = us — u1 € U, a contradiction. [l

Definition 9. (1) Suppose that X is a set and that F' is a system of subsets of
X. F is called a filter basis if it is not void, no element of F' is void and has
the following property:

VA, Be FACe F:CCANB

(2) If X is a topological space and x € X, a system F' of neighbourhoods of z
is called a basis of the neighbourhood system if for every neighbourhood U
of x there is an element A € F' such that A C U.

Proposition 3. Suppose that V' is a vector space and that F is a filter basis consisting
of subspaces of V. Then there is a unique topology 7 on V having the following
properties:

(1) F is a basis of the neighborhood system of the origin.

(2) V is a linear topological vector space.

Proof. (1) We first show the existence of such a topology. We call a subset O
open if we have:

Yoe O3aU e Fv+U C O

The first two axioms in the definition of a topology are obviously satisfied.
We show the third axiom: If O and O’ are open and if v € ONO’, we select
U € F and U’ € F satisfying v+ U C O and v+ U’ C O'. Since F is a
filter basis, there exists U” € F satisfying U” € U NU’. We then have:

v+U"Cw+U)Nw+U)cONnO

Therefore O N O’ is open. We now have shown that we have defined a
topology in this way.

(2) Tt is obvious that F is a basis of the neighbourhood system of the origin
with respect to this topology. We show now that V' has become a linear
topological vector space. We first check the continuity of the addition. If O
is an open set and v+w € O, we have some U € F satisfying v+w+U C O.
(v+U) x (w+U) then is an open set in V x V' which maps to O under
addition. Therefore, addition is continuous. Suppose now that we are given
A € K and that O is an open set containing Av for some v € V. We then have
some element U € F satisfying Av + U C O. The mapping w — Aw then
maps the open set v + U to O. The assertion now follows from Proposition
2.3.

(3) We shall now prove the uniqueness. If 77 is another toplogy which possesses
the stated properties, and if O € 7’,v € O, we have that —v + O is a
neighbourhood of the origin. Therefore there is U € F with U C —v + O.
But this implies v+ U C O, i. e. O € T. We therefore have shown: 7/ C 7.
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If we have O € 7 and v € O, there exists U € F satisfying v + U C O.
Since U is a T'-neighbourhood of the origin, v + U is a 7'- neighbourhood
of v. Therefore O is a 7'-neighbourhood of v. This implies: O € 7.

O

Proposition 4. Every finite dimensional linear topological Hausdorff space is dis-
crete.

Proof. Let dimV = n. Suppose that U; is a subspace of V' which is a neighbourhood
of the origin. If U; # {0}, we have by 2.5.2 a second subspace of this kind satisfying
Ui NU, ; Ui, and in case that U; N Uy # {0}, there is another such subspace
Us such that Uy N Uy D Uy N Uy N Us. After at most n + 1 steps, this procedure
terminates and we have: Uy N ... N Uyy1 = {0}. Therefore {0} is a neighborhood
of the origin, and therefore it is open. Therefpre, for every vector v € V', the set
{v} = v+ {0} is open. O

Proposition 5. Suppose that V is a linear topological vector space. If U is a subspace
which is a neighborhood of the origin, then U is open and closed.

Proof. If u € U, then we have u+ U = U, and therefore U is a neighbourhood of .
Therefore, U is a neighbourhood of all of its points, and therefore open. On the other
hand, if u ¢ U, we have (u+ U) NU = @, because if there were v” € (u+ U)NU,
that is v’/ = u + u/,v € U, we would have u = v” —«' € U, a contradiction.
Therefore, the complement of U contains with every point a whole neighbourhood
of this point, and therefore it is open. O

Proposition 6. Suppose that V' is a linear topological vector space and that U is a
subspace of V. Then the closure U of U is again a subspace.

Proof. If we are given A\, u € K and v, w € U, then for every open subspace W of
V' there exist elements v',w’ € U such that v" € v+ U,w" € w + U. We then have
M+ pw' € (M + pw) + U, and therefore Av + pw € U. O

Proposition 7. Suppose that V is a Hausdorff linear topological vector space. Sup-
pose that v € V and that D is the intersection of all simultaneously open and closed
sets that contain v. Then we have: D = {v}.

Proof. If U is a neighbourhood of the origin which is a subspace, it is by 2.9 open
and closed. v + U then is a open and closed set which contains v. Since by 2.5 the
intersection of all such U is equal to {0}, the intersection of all v + U is equal to
{v}. But this intersection contains D. O

Remark 1. It can be deduced from the preceding proposition that V is totally
disconnected in the sense that the connected component of every point consists
only of this point. (Cf. [14], Satz 4.18, p. 47). A different example of a totally
disconnected space are the rational numbers Q.

Proposition 8. Suppose that V is a vector space and that (V;);c; is a family of
linear topological vector spaces. We assume that for every i € I there is given a
linear map

fi: V=V
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Then V is a linear topological vector space with respect to the corresponding initial
topology.

Proof. We first show the continuity of the addition

+: VXV oV (nw)e—o+w
By the universal property of the initial topology, it suffices to prove the continuity
of the mappings

VxV =V (vw)e— filv+w)
But this is just the composition of the continuous mappings

VXV — ‘/Z X %7 (an) = (fz(v)7fz(w>)
and
Vix V=V, (v,w) —»v+w
We further have to show by 2.3 that for a given A € K the mapping
V-oVuve—

is continuous. Again by the universal property of the initial topology it is sufficient
to prove that the mapping

V— ‘/ivv = (fZ(A’U)
is continuous. But this is just the composition of f; and the continuous mapping

Vi—= Vv A

We have shown that V is a topological vector space. It remains to show that V pos-
sesses a basis of the neighbourhood system of the origin that consists of subspaces.
If U is a neighbourhood of the origin, then by construction of the initial topology
in the proof of 1.5 there exist open sets O;,,... ,0; in V...,V satisfying:

0e ()10 CU.
j=1

We then have 0 = f;,(0) € O, and therefore there is an open subspace U;; of V; ,
such that U;; € Oy;. This implies

0e () f;'(Ui,) T,
j=1

and obviously (_, fi:I(Uij) is a subspace of V. O

Remark 2. In particular, it follows from the preceding proposition that a subspace
of a linear topological vector space becomes a linear topological vector space via the
relative topology, and that a product of linear topological vector spaces together
with the product topology is a linear topological vector space.

Suppose that I is a set which is directed by <. Suppose further that for every ¢ € T
we are given a linear topological vector space V; and for any two elements 4,5 € I
satisfying ¢ < j a continuous linear map

fij Vi =V
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such that 1.10.1 and 1.10.2 are satisfied. The projective limit
limier Vi = {(vi)ier € HViWiJ €l:i<j— fij(vj) =vi}
iel
obviously is a subspace of the product. We now have by the preceding proposition

that it is a linear topological vector space via the relative topology of the product
topology.

3. DUALITY THEORY

Proposition 9. (1) If f : V — V is a linear map between topological vector
spaces, then f is continuous if and only if it is continuous at the origin.

(2) If f : V — K is a linear functional on the linear topological vector space
V, it is continuous if and only if it vanishes on some open subspace.

Proof. Suppose that f is continuous at the origin. We show that f is continuous
at v € V. For this purpose we write f as the composition of the three mappings
f = ho fog where we define:

g:V-=Vv—iv—wv
h:W—=W,w— f(v)+w
g and h are continuous at every point in particular g is continuous at v, f is

continuous at 0 = ¢g(v) amd h is continuous at 0 = f(0). Therefore ho f o g is
continuous at v.

(Recall that f : X — Y is called continuous at z if for every neighbourhood U of
f(x) f~Y(U) is a neighbourhood of x.)

To prove the second statement, we observe that if f is continuous, then kerf =
F71({0}) is open, since K is discrete. On the other hand, if U is an open subspace
on which f vanishes, then for every neighbourhood U’ of the origin in K f~(U’)
is a neighbourhood of the origin in V, since it contains U. O

Deﬁnjtion 10. Suppose that (-,-) : V x W — K is a nondegenerate bilinear form.
For W C W define:
Wt={veVlVyweW: (vw) =0}

or equivalently the induced map ¢ : V. — Hom(W, K) induces W~ {fIf(W) =
0} = WX, Wt = o=1(W*). The set {W*|W is a finite dimensional subspace of
W} is a filter basis (Why?). The topology induced by this filter basis (cf. 2.7) is
called the finite topology of V.

Obviously the evaluation map

(,):V*xV = K, (f,v)— f(v)

is a nondegenerate bilinear form. V*, and also V', therefore carry finite topologies.
Definition 11. Suppose that V is a linear topological vector space. We denote the

set of continuous linear functionals by V’. V' is a subspace of the dual vector space
V*. (Why?)
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Theorem 1. (Separation theorem) Suppose that V' is a linear topological vector
space and U is a closed subspace. If v ¢ U, there is a continuous linear functional
f € V' satisfying f(v) =1 and f(u) =0 for all u € U.

Proof. Since U is closed, V' \ U is open. Since v € V' \ U, there is an open subspace
W such that v + W C V' \ U. Then we have v ¢ U + W, since if we could write
v=u+wu € Uw e W, we would have v — w = u € (v+ W) NU. We know
from linear algebra that there is a linear functional f € V* that satisfies f(v) =
1, f(U + W) = 0. Therefore we have in particular that f(WW) = 0, and this implies
that f is continuous by 3.1. ]

Theorem 2. (Extension theorem) Suppose that V' is a linear topological vector space
and that U is a subspace of V. If f : U — K is a continuous linear functional, then
f can be extended to the whole vector space, that is, there is a continuous linear
functional g € V' satisfying f(u) = g(u) for all uw € U.

Proof. If f =0, define g = 0. If f # 0, there is ug such that f(ug) = 1. We then
have: U = Kug @ ker(f). Since f is continuous and K is discrete, f~1({1}) is an
open neighbourhood of ug and therefore we have by the construction of the relative
topology (cf. 1.6) an open subspace W of V' such that (ug+W)NU C f~1({1}). We
see that ug ¢ W+ ker(f), because if we could write ug = w+v,w € W,v € ker(f),
we could conclude that v = ug—w € ug+W C f~1({1}) and therefore 0 = f(v) = 1.
Wtker(f) =Upeger() v+W is an open subspace which is therefore closed. By the
Trennungssatz we conclude that there is a continuous linear form g € V' satisfying
g(up) = 1, but g(W + ker(f)) = 0. If u € U, we write u = qug + x,x € ker(f).
Then we have f(u) = a = g(u). O

Proposition 10. Suppose that (-,-) : V x W — K is a nondegenerate bilinear form.
Suppose that wq,...,w, € W are linearly independent vectors. Then there are
vectors vy, ... ,v, € V satisfying:

Vi,j S n: <vi,wj> = (Sij

Proof. We argue by induction on n, the case n = 1 being obvious. By the induction
hypothesis, we can find vectors vy, ..., v,_1 such that we have:

Vi,j <n—1:(v,w;) =20

For v € V form

n—1

v— Z(v, w; v

i=1

We have (v — Z?;11<U,wi>v§,wj> =0 for j = 1,...,n. On the other hand, there
is v € V such that (v — Z;:ll (v, w;)v}, wy) # 0, because if we would have for all
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vectors v € V.

n—1
0= <U - Z(U?wi>vz{’ wn>
=1
n—1
= (v,wn> - Z<vai><vivwn>
=1
n—1

= <'U’wn - Z<’U;, wn>wl>

i=1
we could conclude by the nondegeneracy the bilinear form that we have w, —
Z:;l(v;, wp)w; = 0 which contradicts the linear independence of wy, ... ,w,. We
now select v € V such that v € V such that (v — 37" (v, w;)v}, w,) = 1. Define

n—1

Up =V — Z(v,wz}v;

i=1
and fori=1,...n—1:
0 /!
v; = v, — (U], Wy )y

It is then easy to see that these vectors have the required property. O

Proposition 11. Suppose that (-,-) : V x W — K is a nondegenerate bilinear form.
Suppose that V carries the finite topology induced by W. Then the mapping

W= V'w e (0 (0, w))

is a bijection.

Proof. First we show that the map is well defined, that is, that for w € W the linear
functional V' — K, v — (v, w) is continuous with respect to the finite topology. But
this map vanishes on (Kw)* and therefore is continuous by 3.1. We now prove sur-
jectivity. Suppose that f : V — K is continuous with respect to the finite topology.
By 3.1 and 3.2 there is a finite dimensional subspace W = Span(ws, ... ,w,) such
that f(W+) = {0}. We can assume that wy, ... ,w, constitute a basis of W. By
3.6 there are vectors vy, ... , v, such that (v;,w;) = &;;. Define w := Y1 | f(v;)w;.
The surjectivity follows if we can prove:

YoeV: f(v) = (v,w)

But for all v € V we have that v — S| (v, w;)v; € W+ and therefore

n

flv— Z(v,wi>vi) =0

i=1
which means f(v) =Y (v,w;) f(v;) = (v,w) The injectivity is clear. O

Proposition 12. Suppose that V is a vector space. Endow the dual vector space V*
with the finite topology. Then the mapping

V= (V) v (f= fv)

is a bijection.



Yorck Sommerhiuser 13

Proof. This follows by applying the preceding proposition 3.7 to the bilinear form
VExV — K, (f,v) = f(v)
O

Proposition 13. Suppose that (-,-) : V x W — K is a nondegenerate bilinear form.
Suppose that V' carries the finite topology. Then we have for every subspace U of
V.

U=U*++

Proof. This proceeds in steps.

(1) We first show that we have U C U++. If W is any subspace of W, then
W+ is closed, because if v ¢ W+, we have w € W such that (v, w) # 0.
(Kw)* is closed by 3.2 and 2.9, and because

veV\ (Kw)tcv\wt
we see that V' \ W+ is open.

In particular, we see that UL+ is closed, and since U C= UL+, we have
that U c U++

(2) We now prove U++ C U. For this purpose, it is sufficient to prove that every
neighbourhood of an element v € UL+ which is of the form u+W+ for some
finite dimensional subspace W of W contains an element of U. We select
a basis wr, ... ,wy, of W N U+ which we complete to a basis wr, ... ,wy
of the whole subspace W. The equivalence classes Wy, 41, ..., W, in W/U +
are linearly independent. Since the bilinear form

Ux (W/UY) = K, (v,0) — (v,w)

is well defined and nondegenerate, we can apply 3.6 to obtain vectors

Uml,- .-, U, € U satisfying (u;,w;) = 6;; for i, = m+1,... ,n. We
now set:
n
u = Z {(u, w; Yy
i=m-+1
Then we have: (v',w;) = (u,w;) for j = m + 1,... ,n. Since we have
Wi,... Wy € Ut,u € UL and v’ € U, it follows that (u,w;) = 0 =
(W,w;) for j = 1,...,m. This implies (u,w) = (v, w) for w € W, i e.

o —u € Wi, which means that v/ € u+ W=
O

4. LINEARLY COMPACT VECTOR SPACES

Proposition 14. Suppose that (-,-) : V x W — Kis a nondegenerate bilinear form.
The finite topology induced by W on V is the initial topology with respect to the
mappings

Ny : V= K,v—n,(v) = (v,w), weW.
(Instead of using all w € W one can restrict this to the mappings 7,,, for some
basis (w;) of W and obtains the same topology.)
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Proof. 1t is sufficient to prove that the finite topology satisfies the universal property
of the initial topology, since this property determines the initial topology uniquely.
Observe first that 7, is continuous by 3.1, since it vanishes on the open subspace
(Kw)*. Now suppose that X is a topological space and that f : X — V is a
mapping for that every map 7, o f is continuous. We have to show that f is
continuous. If O C V is open and z € f~1(0), we have f(x) € O and therefore
there is a finite dimensional subspace W of W satisfying f (x) + W+ c O. Choose
a basis wi,... ,w, of W. Since K is discrete and 7w o f is continuous, we have that

n

U:= m(nwi o )™ ({nw, (f(2))})
i=1

is an open subspace of X which obviously contains z. Our assertion will be proved if

we can show that U C f~1(0). If we are given y € U, we have for i = 1,... ,n that
Nw, (f(y)) = nw,(f(2)), that is (f(y),w;) = (f(z),w;). This implies f(y) — f(z) €
W+, therfore f(y) € f(x) + W, therefore y € f71(0). O

Proposition 15. Suppose that V is a linear topological vector space with respect
to the topology 7. The space V' induces on V the finite topology 7.. We have:
7. C T.

Proof. It is sufficient to prove that we have U+ € 7 for every finite dimensional
subspace U of V'. Suppose that fi,..., f, is a basis of U. Then we have:

Ut = ﬁ kerf;
i=1

and kerf; = f~1({0}) is open, since f; is continuous and K is discrete. O

Proposition 16. Suppose that V is a linear topological vector space with respect to
the topology 7. Denote the finite topology on V that is induced by V' by 7.. Let
U C V be a subspace. Then the following assertions are equivalent:

(1) U is closed with respect to 7.
(2) U is closed with respect to 7.

(3) U = U+, where the orthogonal complements are formed with respect to
the bilinear form

VXV — K, (f,v) = f(v).
(Observe that this does not mean 7 = T, U is a subspace.

Proof. The second statement obviously implies the first, because we have:
U T.—closed = V\U€T, = 42:) VN\UeT = U T —closed

We now show that the first statement implies the third. It is obvious that we have
U C UL+, If there were u € U that is not contained in U, then we could conclude
from the Trennungssatz that there is f € U+ satisfying f(v) = 1, a contradiction.
It follows from 3.9 that the third statement implies the second. O
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Definition 12. Suppose that V is a linear topological vector space. We shall say
that V is linearly compact if for any family (A;);er of closed affine subspaces of
V that satisfies (),.; A; = 0 there are already finitely many indices i1,... ,i, € I
such that (7_, A;; = 0.

(Recall that an affine subspace of V' is a subset of the form v+ U for some element
v € V and some subspace U of V)

Remark 3. Recall that an arbitrary topological space X is compact if for any
family (A;)icr of closed subsets of X that satisfies (;c; A; = () there are already
finitely many indices i1,... ,%, € I such that ﬂ;;l A;, = 0. This is because the
complements of the sets A; form an open covering of X.

Proposition 17. Suppose that V is linear compact vector space and that U is a
closed subspace. Then U is linear compact with respect to the relative topology.

Proof. If (A;)scr is a family of closed affine subspaces of U that satisfies (., A; = 0,
we have that all the A; are also closed in V' because U is itself closed. Therefore,
we have by definition that there are finitely many indices 41, ... ,%, € I such that

N, A, = 0. O

Proposition 18. Suppose that V and W are linear topological vector spaces and
that f : V — W is a surjective, continuous, linear mapping. Then if V is linearly
compact, W is also linearly compact.

Proof. 1f (A;)icr is a family of closed affine subspaces of W that satisfies (., A; =
0, then (f~1(A;));er is a family sharing the same properties (Why?). Therefore the-
re are finitely many indices iy, ... i, € I such that (7_, f~"(A;;) = 0. Therefore,
we have

n n
fﬁl(n A;j) = m F(Ay) =0,
j=1 j=1
which implies ();_, A;; = 0 since f is surjective. O
Proposition 19. A linear compact, discrete vector space is finite dimensional.

Proof. Suppose that (v;);er is a basis of the vector space V under consideration.
Let us assume that V is infinite dimensional. We define:

Vi :=Span{v;|j #i} and A, :=v;+V;

A; is closed since V is discrete. If v = > Ajvi; is an arbitrary vector in V, and

j=1
if i ¢ {i1,... ,in}, we have v ¢ A;. This implies (,c; A; = 0. Since V is linearly
compact, there are finitely many indices k1, ..., k, € I such that ﬂ;"zl Ay, = 0.
But we have that vy, + ...+ vy, € (\;-; Ax,, a contradiction. O

Proposition 20. Let V be linearly compact. Let U C V be an open subspace. Then
dimV /U < co.

Proof. If this is false then choose (v;);en in V such that (7; | linearly independent in
V/U).Let V; = U+Span(vj|j # i). Then the A; = v;+V; are closed, since the V; are
closed and since U is closed and open. We prove N;enA; = 0. Assume v € N;enA;.
Then v € U @ Span{v;|i € I'} hence v =u+ Y., so v ¢ A,41, a contradiction.



16 Yorck Sommerhiuser

Since V is linearly compact we get A;, N...NA; =0.But >\, v; € A, N...NA4; ,
a contradiction. O

Proposition 21. Suppose that (V;);er is a family of linearly compact vector spaces.

Then the cartesian product [],.; V; is linearly compact.

Proof. We shall show more generally: If 2 is a set of affine subspaces of V' := ], Vi
such that the intersection of finitely many elements of 2 is not void, then also the
intersection of the closures of the elements of 2 is not void:

N A£0
AeA
We shall proceed in steps.

(1) We consider the following set:
M= {A|A C A, A is a set of affine subspaces of V
such that finitely many elements of 2’ have nonvoid intersection}
9N is ordered by inclusion. If 91 is a totally ordered subset of 91, then

Nav e A is an upper bound for M. By Zorn’s Lemma we conclude that 9t
contains a maximal element 2A,.x. If we could show that

[ A#0

A€/ max

we could conclude that also Aemz # () since it is obvious that
(N 4c 4
A€Amax Ae
Therefore we can and will assume in our further considerations that A

already is maximal. This implies that the set 9 contains only one element.

(2) Consider the set

n
{(AjlAs, ... Ay € 2}
j=1
This is a set of affine subspaces such that the intersection of finitely many
of its elements is nonvoid and that contains 2. By the maximality of 2 this
set is equal to 2. This simply means that 2 contains finite intersections of
its elements, that is, ﬂ;-lzl Aj € A whenever Ay,... A, € 2

(3) Consider the projections
™V = Vi, (vj)jer — v

For A € 2, m;(A) is an affine subspace of V;. Since the closure of an affine
subspace is again an affine subspace (cf. 2.14), and V; is linearly compact,

we have:

() m:(4) #0

AeA
Therefore we can select for every i € I some element v; € (1), mi(A).
Define v := (v;);cr. Now suppose that we are given a neighborhood of v;
of the form v; + U where U is an open subspace of V;. This neighbourhood
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then intersects m;(A). 7; *(v; + U) then is an affine subspace of V' (cf. 4.7)
which intersects every A € 2. Therefore AU {m; ' (v; +U)} is a set of affine
subspaces of V' with the property that the intersection of finitely many of
its elements is nonvoid. Since it obviously contains 2, we conclude by the
maximality of 2 that it must be equal to 2, that is, we have 7, 1(vi +
U) € 2. We can now conclude by the second step that for open subspaces
Uiy... . U, of Vi, ..., Vi, we have:

and therefore this set also intersects every element of 2. This implies v € A
for every A € 2.

O

Proposition 22. Suppose that V' is an arbitrary vector space. Endow the dual vector
space V* with the finite topology. Then V* is linearly compact.

Proof. First of all observe that the set of all mappings from V' to K is nothing else
but the cartesian product K'Y = [ ., K and therefore can be endowed with
the product topology of the discrete topology on K. The projections onto the
components K are precisely the evaluation mappings. KV is linearly compact by
4.9, since K is linearly compact. Secondly, observe that V* is a closed subset of
KV, since we have

V= (] {f € K"|f(v) + f(w) = f(v+w) = 0}
v,weV
N () {fe KV Ow) = Af(v) = 0}
veEV,AeK
and this shows that V* is the intersection of inverse images of the closed set {0} in
K under continuous mappings. We now can conclude by 4.6 that V* together with
the relative topology of the product topology is a linearly compact space. But by
4.1, this is precisely the finite topology! O

Proposition 23. If (V;);cr are linearly compact vector spaces, then Hie ;7 Vi is linearly
compact.

5. THE LINEARLY COMPACT TOPOLOGY

Proposition 24. Suppose that U is an open subspace of the linearly compact vector
space V. Then U has finite codimension.

Proof. Suppose that the codimension of U is infinite. Then there exists a sequence
(vi)ien such that the equivalence classes (7;);en in V/U are linearly independent.
We define:

Vi :==U + Span{v;|j #i} and A;:=v;+V;
V; - and therefore A; - is closed by 2.9. If v = Z;.Lzl Ajvj, we have v ¢ A, 1. This
implies (;cy Ai = (). Since V is linearly compact, there exists n € N such that
Nj=1 4; = 0. But we have that vi + ...+ v, € (];_; 4, a contradiction. O
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Remark 4. If we set U = {0} in the above Proposition, we recover Proposition 4.8.

Proposition 25. Suppose that V is a Hausdorff lineartopological vector space. If U
is a subspace of V' which is linearly compact with respect to the relative topology,
then it is closed.

Proof. Tt is sufficient to show: If v ¢ U, we have also v ¢ U. If v ¢ U, there is, for
every u € U, an open subspace V,, that satisfies u ¢ v + V,,, since V is Hausdorff.
Let: A, = (v+V,)NU. By 2.9 we see that A, is closed in the relative topology. By
construction, we have that (), Ay, = (. Since U is linearly compact, we conclude
that there are finitely many vectors u, ... ,u, € U such that:

(v+ﬁVui)ﬁU: ﬁAui =0.
i=1 i=1

We therefore have constructed an open neighbourhood of v - namely v + Ny Va,
- that does not contain any point of U. Therefore, we have v ¢ V. O

Proposition 26. Suppose that V' is a Hausdorff linearly compact vector space. We
endow the space V'* with the finite topology induced by V’. Then the canonical
map

O:V—->V* v (f— fv))

is a homeomorphism. Therefore every linearly compact Hausdorff space is linearly
homeomorphic to some dual space.

Proof. We shall proceed in steps.

(1) We first show that 6 is continuous. By the universal property of the initial
topology, we argue by 1.2 and 4.1 that it is sufficient to prove the continuity
of the composition of # and the mappings

V" = K, ¢ ¢(f)
for f € V'. But this is obvious, since this composition is just f.

(2) We now prove that 6 is an open map onto its image, that is, that the map
V—=0(V),v+— 0(v)

is open, where of course (V') is endowed with the relative topology. (Recall
that a mapping is called open if the image of every open set is open. If the
mapping is bijective, this is obviously equivalent to saying that the inverse
map is continuous.) In our case it is sufficient to show that the image of
every open subspace is open. (Why?) Now, if U is some open subspace of
V', then we can conclude by 5.1 that U has finite codimension. We therefore
can select linearly independent vectors vy, ... ,v, € V such that

V =U @ Span(vy, ... ,vp)
Since U is also closed by 2.9, the bilinear form

Ut x Span(vy, ... ,v,) — K, (f,v) — f(v)
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is nondegenerate by the Trennungssatz 3.4. We therefore can use 3.6 to get
continuous linear funtions f1,..., f, € V' which on the one hand vanish
on U and on the other hand satisfy f;(v;) = d;;. This implies that

OU)=0(V)n{p e V'*|IVi <n:o(f;) =0},
since if we have 0(v) € {¢p € V'*|Vi < n : ¢(f;) = 0} for some v =
u+>r \ivi,u € U, we have \; = f;(v) = 0 and therefore v = u € U. This

shows that (U) is open in the relative topology, since we have represented
it as the intersection of #(V') and the open set {¢ € V'*|Vi < n : ¢(f;) = 0}.

(3) We now that 6 is surjective. We have that (V) is linearly compact by 4.7.
Since V'* is Hausdorff, (V) is closed by 5.3. We therefore can conclude from
4.3 that 6(V) = 6(V)++, where we are forming the orthogonal complements
with respect to the bilinear form

VXV — K, (1, ¢) = ¥(9)

But since the canonical map V' — V’*' is a bijection by 3.8, it amounts to
the same thing to form orthogonal complements with respect to the bilinear
form

VIx V'™ = K. (f,¢) — 6(f)
But now it is obvious that (V)1 = {0}, and therefore we have
ov) =0V = v,
and @ is surjective.
(4) We now prove that 6 is injective. Since V' is Hausdorff, we conclude from
2.5 and 2.9 that {0} is a closed subspace. Therefore, if v € V' is nonzero,

we can find by the Trennungssatz 3.4 a continuous linear function f that
satisfies f(v) = 1. But if we would have 6(v) = 0, then we would also have

0(v)(f) = f(v) = 0.
(]

Proposition 27. Suppose that V is a linear topological vector space and that U is
an open subspace. Let: Ut := {f € V*|Vu € U : f(u) = 0}. Then we have:

(1) utcv’

(2) U™ is linearly compact with respect to the relative topology of the finite
topology.

Proof. The first assertion follows from 3.1. To prove the second assertion, we con-
sider the mapping

Y US = (VU [ (0 f(0))
which is a bijection with the inverse
oL (VU = U, [ (v f(D))

We show that these mappings are continuous if (V/U)* is endowed with the finite
topology. Since the finite topology is the initial topology with respect to the eva-
luation mappings, the continuity of ¢ follows from the continuity of the mappings
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U+ — K, f+— f(v) and the continuity of 1~! follows from the continuity of
(V/U)* = K, f = f(0)
Since (V/U)* is linearly compact by 4.10, U+ must be linearly compact, too. [

Proposition 28. Suppose that V is a linear topological vector space. Then the set
{U*|U is a linearly compact subspace of V'}
is a filter basis of V'.

Proof. If U and W are linearly compact subspaces of V', then U + W is also linearly
compact, since it is the image of the linearly compact space U x W under the
continuous linear mapping

UxW —=U+W, (u,w) —u+w
We then have: (U + W)t c Ut nW+. O
Definition 13. The topology on V’ which is by 5.7 uniquely determined by the
requirement that the set
{U*|U is a linearly compact subspace of V'}

is a basis of the neighbourhood system of the origin is called the linearly compact
topology.

Proposition 29. Suppose that V is a linear topological vector space. Endow V' with
the finite topology and V' with the linearly compact topology. Define 7j;, to be the
initial topology on V with respect to the canonical mapping

0:V =V v (f= f(v)
Then we have for the original topology 7 of V: T C 7.

Proof. Tt is sufficient to prove that if U is a 7-open subspace of V', then it is also
Tix-open. Now we have by 5.5 that U+ C V’ is linearly compact, and therefore
U+ is open. We therefore have that

Utt=0'UtYHcv
is 7jx-open. But since U is also T-closed by 2.9, we have by 4.3 that U = U++. O

Proposition 30. Suppose that V' is a linearly compact vector space. Then the linearly
compact topology on V' is discrete.

Proof. Since V is linearly compact, V+ = {0} is open. O

Remark 5. We have just completed the last cornerstone in our treatment of duality
theory. Let us try a summary. As we already knew from linear algebra, taking
the dual space twice does not lead us back to the original space in the infinite
dimensional case. The original space rather occurs as a subspace of the bidual
space, and the question is: Which subspace is this? In section 3, we have proposed
the following answer to this question: The dual space comes with a natural topology,
namely the finite topology, and the elements of the bidual space that belong to the
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original space are precisely those which are continuous with respect to this topology.
In other words, the canonical mapping

V — V*/
is a bijection.

Now, we found us in the situation that we were told that we should not only
watch out for vector spaces, but should also look for natural topologies that come
along with these spaces, for example, the dual vector space and its finite topology.
In section 4, we found out where the process of constructing the dual vector space
actually had taken us: We found that every dual vector space is linearly compact and
Hausdorff with respect to the finite topology. But shortly afterwards we observed
that dual vector spaces are actually characterized by their property of being linearly
compact. We observed this in the following way: In order to find our way back from
the dual vector space to the original vector space, we should take the space of
continuous linear functions. On the other hand, if we start out with a linearly
compact vector space, take the space of continuous linear functions, and then take
again the dual vector space, we also get back the original space which is therefore
realized as the dual of some vector space.

We therefore had found a complete duality between all vector spaces on the one
hand and all linearly compact vector spaces on the other hand. However, there
was some asymmetry left: In one of the two paths between these two, we had to
consider topologies, but not in the other one. But finally, we learned that this is
not completely true: Every vector space comes with a particularly simple topology,
namely the discrete topology, and taking the dual vector space is just taking the
space of continuous linear mappings with respect to that topology. And on the
other path there is also a natural topology on the space of all continuous linear
mappings, namely the linearly compact topology, which gives us back our original
discrete topology when applied to the dual of some vector space, because this dual
is linearly compact.

6. COMPLETENESS

Definition 14. Let X be a set. A system U of subsets of X x X is called a uniformity
if it has the following properties:

(1) VU eUd : A C U, where A = {(x,z)|z € X} is the diagonal of X.

(2) YU e : U™t € U, where we define U~ := {(z,y)|(y,z) € U}

(3) Weak triangle inequality: YU € Y IV € U : V oV C U, where for two
subsets V, W C X x X we define

VoW :={(z,2) e X x X|Fye X : (x,y) € Wand (y,2) € V}

4 vVU,veld:UnVeld
B)VUeUVW CXxX:UCV=Vel

A uniform space is a set together with a uniformity.
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FEzxzample 1. Suppose that X is a metric space. For ¢ > 0 define:
Ac={(z,y) € X x X[d(z,y) <€}
Then the set
U={UCXxX|Fe>0:A. CcU}

is a uniformity, called the metric uniformity. Here the axioms 14.1, 14.2, 14.4 and
14.5 are obvious. The weak triangle inequality follows from the triangle inequality:
If Ac C U, define V:= Ay €U. For (z,2) € VoV, we then have y € X such that
d(z,y) < §, d(y, z) < § and therefore

d(z,z) <d(z,y) +d(y,z) < e.
Therefore, we have (z,z) € U.
Ezample 2. Suppose that V is a topological vector space. For W C V define:
Ay ={(v,w) eV xV|jw—veW}
Then the set
U :={U C V x V|There is a neighbourhood of the origin such that Ay C U}

is a uniformity on V: Axiom 14.1 is obvious. If Ay C U, we have A_y C U~1,
therefore 14.2 holds. We have Awrw: C Aw N Aw, therefore 14.4 holds. 14.5 is
obvious. We now prove the weak triangle inequality: If W is a neighbourhood of the
origin, then by the continuity of the addition we have two other neighbourhoods
W' W' of the origin such that W’ +W" C W. We therefore see that Ay oAy C
Ay

Proposition 31. Suppose that X is a uniform space with uniformity U/. Define:
T:={0CX|VxeO3UelU:Ulz] C O}

where we set Ulz] :={y € X | (z,y) € U}. Then T is a topology on U, called the
uniform topology.

Proof. This is obvious. (Why?) d

Remark 6. If V is a topological vector space, then the uniform topology that arises
from the topology in Example 2 is the original topology. (Why?)

Proposition 32. A uniform space is Hausdorff if and only if the intersection of all
members of the uniformity is the diagonal.

Proof. Assume first that the uniform space X is Hausdorff. If (z,y) ¢ A, i. e.
x # y, choose disjoint neighbourhoods U € U(xz) and V € U(y). By definition of
the uniform topology, there are U’, V' € U such that U'[z] C U and V'[y] C V. We
then have, for example, (z,y) ¢ U’.

Conversely, if (;;¢,, U = A and x # y, we can choose U € U such that (z,y) ¢ U.
By assumption we can find V € U such that VoV CU. If z € V[z] NV~ 1[y], i. e.
(x,2) €V, (2,y) € V, we have (z,y) € VoV C U, a contradiction. Therefore, V[z]
and V~1[y] are disjoint neighbourhoods of z and y. (Why?) O
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Definition 15. Suppose that X is a topological space. A net in X is a map from a
directed set I to X. A net is also called a Moore-Smith sequence, in case of I = N
simply a sequence. We say that a net z : I — X converges to p € X if we have:

YU eU(p) Jige IVi>ig:a; €U

Definition 16. Suppose that X is a topological space. A filter in X is a system F
of subsets of X that satisfies the following properties:

1) 0¢F, XeF
(2) VRO, Fh e F: FooNFe €F
B)YVFeFVF CX . FCF =>F¢e€F
We say that a filter F converges to p € X if U(p) C F.
Remark 7. If B is a filter basis, then
FB):={FcX|3IBeB:BCF}

is a filter, called the filter generated by B. If F is a filter and B is a filter basis with
F = F(B), then B is called a filter basis of F.

If F is a filter in X and f: X — Y is a map, then
B={f(F)|FeF}
is a filter basis. The filter f(F) := F(B) is called the image filter of F.
Proposition 33. If X is a topological space and (x;);er is a net in X, then
F={FCX|3)eIV)>) 8§ cF}

is a filter in X, called the associated filter of the net. (z;);c; converges to p € X if
and only if F converges to p.

Proof. The axioms 16.1 and 16.3 are obvious. If we have Fy, F;, € F, choose ig, jo €
I such that

Vi >ig:x; € Fy and Vi >jo:xz; € Fy
Since I is directed, we can choose kg € I such that ky > ip and kg > jo. We then
have: Vi > kg : x; € F1 N Fs. O

Proposition 34. Suppose that X is a topological space and that F is a filter in X.
F is directed by reverse inclusion. Every map from F to X therefore is a net. For
p € X, the following assertions are equivalent:

(1) F converges to p.
(2) For every net f: F — X with the property:
VFeF {(F)eF

we have: f converges to p.

Proof.
(1. = 2.) We have to prove:

YU elUlp)IFh e FYFeF: FCF={F)elU
If U € U(p) C F is given, define Fy = U.
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(1. = 2.) Suppose that U € U(p). We have to prove: U € F. Suppose that this is
not the case. Then we have F' ¢ U for all F' € F. Therefore, for every F' € F we
can choose a point xp € F'\ U. Since the net (zp)pcr satisfies the assumption, it
converges to p. This means:

dFy e FVFeF . FCF =8l

If we choose such an Fp, we can conclude in particular that zp, € U, a contradiction.
O

Proposition 35. In a Hausdorff topological space, a net or a filter converges to at
most one point.

Proof. If F is a filter which converges to z and y, and if x # y, we can choose
neighbourhoods U resp. V' of x resp. y such that U NV = (). We then have U € F
and V € F, and therefore ) = U NV € F, a contradiction.

If (z;);cs is a net that converges to x and to y, choose neighbourhoods U resp. V
of x resp. y satisfying U NV = () if x # y. By definition, we have ig € I such that
x; € U for i > 4, and jo € I such that z; € V for j > jo. Since I is directed, there
exists k € I such that k > ig and k > jo, and therefore we have z, € UNV = 0. O

Definition 17. Suppose that X is a uniform space with uniformity U.

(1) A net (x;)ies is called a Cauchy net if:
YU €U Fig € IVi,j >ip: (zi,z;) €U

(2) A filter F in X is called a Cauchy filter if:
YWeldUIFeF :FxFcClU

Proposition 36. Suppose that X is a uniform space with uniformity U.

(1) A net (x;)ier is a Cauchy net if and only if the associated filter is a Cauchy
filter.

(2) If F is a Cauchy filter, then every net f: F — X with the property:
VEeF:{(F)eF

is a Cauchy net.

Proof. (1) Suppose that (z;);er is a Cauchy net. If U € U, choose iy € T such that
we have (x;,z;) € U for all i, j > ig. For F':= {z; | i > ip} we then have F x F C U.
Conversely, if the associated filter is a Cauchy filter, we select for a given U € U
some F' € F with F' x F' C U, and for this F' some iy € I such that z; € F for all
i > ig. Then it is obvious that we have:

VZ,] > io : (QI}Z',SL']‘) eU
(2) Suppose that F is a Cauchy filter. If f is a net with the stated property, choose

for every given U € U some Fy € F that satisfies Fy x Fy C U. If then F, F’ are
two elements of F with F, F’ C Fy, we have (f(F), f(F')) € F x F' CU. O

Proposition 37. Suppose that X is a uniform space with uniformity ¢. Then the
following assertions are equivalent:
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(1) Every Cauchy net converges.

(2) Every Cauchy filter converges.

Uniform spaces with this property are called complete.

Proof. The implication (1. = 2.) follows from Proposition 34 and Proposition 36.
The implication (2. = 1.) follows from Proposition 33 and Proposition 36. (]
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7. COMPLETION
Version 2
Definition 18. Suppose that X and Y are uniform spaces with uniformities ¢ and
V respectively. A mapping f : X — Y is called uniformly continuous if we have:
YVev:ft(V)eu,
where fo denotes the map fo: X x X - Y x Y, (z,2') — (f(z), f(2’)). Compare
thi with
Ve B0 Va,y @ |[z—y| <d=|f(z)— fly)| <e.

Proposition 38. Uniformly continuous mappings are continuous.

Proof. If W is a neighbourhood of f(z), select V' € V such that V[f(x)] C W, and
define U := f; '(v) € U. Then we have f(Ulz]) C W. O

Proposition 39. Suppose that X is a uniform space with uniformity U.

(1) f U € U, we have U € U. Therefore, there is an open V € U such that
VcUuU.

(2) If U € U, there is a closed V € U such that V C U.

Proposition 40. Suppose that X and Y are uniform spaces with uniformities U
resp. V. Suppose that D is a dense subset of X. Let f : D — Y be a map that is
uniformly continuous with respect to the relative uniformity

Up == {UN (D x D)|U € U}.

If Y is Hausdorff and complete, then there is a uniformly continuous extension of
f to X.

Proof. A map is the same as its graph:
f={l, flx))lreD}CcDxY CXxXY
Consider the closure f of f in X x Y. We proceed in steps:

(1) We first prove:
YW eV 3U eUV(x,y),(u,v) € f:(z,u) €U = (y,v) €W

Suppose we are given W € V. We select V € V such that VoV C W.
By perhaps making V' smaller we can assume by Proposition 39 that V is
closed, and similarly we can assume that V = V1. (Why ?) Choose U € U
such that fo(U N (D x D)) C V x V. By Proposition 39 we can assume
that U is open and satisfies U = U~! by perhaps making U smaller. Now
suppose we are given (x,y), (u,v) € f such that (z,u) € U. U[z] and Ulu]
are open (why ?), therefore Ulx] N Ulu] is an open neighbourhood of u.
Since D is dense, we have z € D such that z € U[z] N UJu]. Since U = U1
we have (z,z) € U and (z,u) € U.

For all V' € V we have that U[z] x V'[y] is a neighbourhood of (z,y). Since
(z,y) € f, we have 2’ € D such that («/, f(2')) € Ulz] x V'[y], therefore
V'y] N f(DNUJ[z]) is not empty. We conclude:

ye f[(DNUL) CVIf(z)] = VIf(2)],
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therefore we have (y, f(z)) € V. Similarly, we can show (u, f(2)) € V =
V=1 also (y,v) € VoV CW.

We prove now that f is a map. If we have (z,y), (z,v) € f, select W, W' € V
such that Wiy] N W'[v] = 0 if y # v. Determine for W, W' € V U, U’ e U
according to step 1. Since (z,z) € U, (x,x) € U’ we have (y,v) € W, (y,v) €
W'. Therefore, we have v € W[y] N W'[v], a contradiction.

Next, we prove that f is defined on the whole space X. Let z € X. For
every neighbourhood U of = choose a point diy € D N U. Define:
N :U(x)—-Y,Uw— f(dy)

N is anet in Y. We prove that N is a Cauchy net: If V € V| we select U € U
such that fo(U N (D x D)) C V. Determine U € U such that U~! = U and
UoU C U. Then, if we are given neighbourhoods U’,U” of z such that
U, U" c Ulzx], we have dy+,dy» € Ulz], therefore (z,dy), (dy:,x) € U,
therefore (dy/,dy~) € U, therefore (N (u'), N(u")) = fa(dys,dyr) € V.

Since Y is complete, the net N converges to a point y € Y. Since the net
(dv, f(dv))veu(s) converges to (z,y), we have (z,y) € f,i. e. f(z) =y.

The fact that f is uniformly continuous follows from step 1.

O

Proposition 41. Suppose that X is a uniform space with uniformity ¢/, and that F
is a Cauchy filter in X. Then there is a Cauchy filter F, C F which is the smallest
one in the sense that if G is another Cauchy filter that satisfies G C F, then F, C G.

Proof. For U €e U and M C X, we define

UM ={y € X[Fwze M: (z,y) e U} = ] Ula]
rxeM

Now we define: F, :={V C X|3U e UIM € F : U[M] C V}.

(1)

We first prove that F, is a Cauchy filter. Obviously, F, is a filter. If U € U,
select V € U such that V=V~"1 and VoV oV C U. Choose M € F that
satisfies M x M C V. We prove: VM| x V[M] C U. If y, z € V[M], there
are u,v € M such that (y,u) € V, (v,z) € V. Since (u,v) € V we have:

(y,2) = (v,2) o (w,v) 0 (y,u) EVoVoVCU

We prove that F, ¢ F. If V € F,, we have U € U, M € F such that
U[M] C V, therefore M C V, therefore V € F.

Suppose that G is a Cauchy filter satisfying G C F. To prove F, C G, it is
sufficient to prove U[M] € G for U € U and M € F. Choose N € G such
that N x N C U. Since N € F we have MNN # (). If x € M NN, we have
{z} x N C U, therefore N C U[z] C U[M], therefore U[M] € G.

O

Remark 8. If we have in Proposition 41 F = {M C X|§ € M} for some fixed z € X
(This is a Cauchy filter!), then the construction shows that we have F, = U(§), the
neighbourhood system of z.
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Proposition 42. Suppose that X is a uniform space with uniformity &. Suppose
that D C X is dense in X. We suppose that for every Cauchy filter F in D the
filter

={MCX3FFeF: :FcM}

converges. Then X is complete.

Proof. Suppose that F is a Cauchy filter in X. As in Proposition 41 define F, :=
{M C XU € UFF € F : U[F] C M}. Every M € F, contains a point of D,
because if U € U, F € F satisfy U[F| C M, we can assume by Proposition 39 that
U and therefore U[F] = |J,cp Ulz] is open. In U[F], and therefore in M, there is
a point of D. This implies that

Fp={MCDPFFeF : M=FnD}

is a filter in D which is obviously a Cauchy filter. By assumption the filter (Fp)x
converges to x € X. We prove now that F, converges to x, too. If U is a neighbour-
hood of z, there is by Proposition 39 a closed element V' € U such that V[z] C U.
Since we have V[z] € (Fp)ax, we can choose F' € F, such that FND C V[z]. As at
the beginning of the proof we can find an open U’ € U and some F’ € F such that
U'[F'] C F. Since U’[F"] is open, we have:

U'F) cUFIND c FAD C V[z] = Vla]

This implies U € F,, therefore U € F. This means that F converges to x. (]

Theorem 3. Suppose that X is a uniform space. Then there exists a Hausdorff
complete uniform space X, called the Hausdorff completion of X, and a uniformly
continuous mapping ¢ : X — X that has the following universal property:

If f: X — Y is a second uniformly continuous map to a Hausdorff complete uniform
space Y, then there exists a unique uniformly continuous map f: X — Y satisfying
f = f o . Furthermore, we have:

(1) ¢(X) is dense in X.
(2) X is Hausdorft iff ¢ is injective.

Proof. We define X to be the set of all minimal Cauchy filters in X. If &/ denotes
the uniformity of X, define for U € U:

U={(F,G) e XxX[3FeFNG/: FxFcU}
Furthermore, define:
U={VcXxXFUelU:UcCV}
The proof will be carried out in steps.
(1) We prove first that ¢/ is a uniformity.

e Axiom 6.1: For U € U and for a minimal Cauchy filter F, there is
F € F such that F' x F' C U. Therefore, we have (F,F) € U.

—

e Axiom 6.2: Obviously, we have: U = (U~1) = (U)~!
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e Axiom 6.3: Suppose that U € U. Take V € U such that VoV C U.
We prove: VoV c U. If (F,H) € VoV, then there is G € X such that
(F,G) € D, (G,H) € V. Therefore, there is M € FNG,N € GN'H
such that M x M C VN x N C V. We have M N N € G, therefore
MNN #0. Choose x € MNN. If (y,z) € (MUN) x (MUN) then
we have (y,x) € V,(x,z) € V and therefore (y,z) € VoV C U. This
implies MUN € FN'H, where (MUN) x (MUN) C U, and therefore
we have (F,’H) € U.

e Axiom 6.4: Obviously, we have for U,V € U: (m) cUnv
e Axiom 6.5: Obvious.

We now prove that X is Hausdorff. Suppose that we have F,G € X such
that (F,G) € U for all U € U. By Proposition 6.32 it is sufficient to prove
F = G. Define:

H={MCX3FeFIGeG: FUG C M}

H is a filter, since if we have F, F' € F,G, G’ € G, we have (FNF')U(GN
G"YC (FUG)N(F'UG"). H is also a Cauchy filter, because for all U € U
there is M € F NG such that M x M C U, and we have M € H. Since
H C F,H C G it follows from minimality: F =H = G.

We define:

X = X,z Uz)
¢ is well defined byA remark 8. We prove that ¢ is uniformly continuous.
Suppose that U € U. Determine V € U such t}}at V=V"1landVoVo
V C U. It is sufficient to prove that 15(V) C U. If (z,y) € V, we define
F:=V[z]uV]y] € U(z) NU(y). We have F x F C U, since one of the four
possibilities:
Nev  (za)eV.(yy)eV
Nev () eV(yy)eV

(z,2") €V, (z,y
(y,2") € V. (2,y
that we have: (U(z),U(y)) € U.

We prove that +(X) is dense in X. Suppose that F € X. It is sufficient to
prove that for U € U the set U[F] intersects the set +(X). Select F € F
satisfying F' x F' € U. From the construction of minimal Cauchy filters in
Proposition 41 we conclude that F' contains some inner point x. Then we
have F' € F NU(8), therefore (F,U(8§)) € U, therefore o(zx) = U(z) € U[F].

We prove: YU € U : 151 (U) € U. This follows from the implications:
(z,y) € 151 (U) = U(x),U(y)) €U =30 cU(x)NU(y) : Ox O CU =
(z,y) € U.

Suppose that F is a Cauchy filter in ¢(X). Then
Fli={MCX3FeF: . >F)cM}

is a filter in X, and also a Cauchy filter by step 5. By Proposition 41 there
is a minimal Cauchy filter F, satisfying F, C F’. We consider the Cauchy
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filter
F'"i={M C (X)) FF € F] : L(F) Cc M}
This filter leads to the following filter on the whole completion:
F"={MCXFFeF" :Fc M}

By Proposition 42 is suffices to prove that F"’ converges. Now we can say
that F"" also is:
F" ={MCXAF € F :(F)C M}

We prove that F”” converges to F; by proving that we have: YU € U :
UF]) € F”, that is: VU € U 3F € F| : oF) C U[F)), that is: VU €
U3IF e FIVv§e F: (F,U®)) € U. Now, if U € U, we can choose by
Proposition 39 some open V € U such that V=V "tand VoV oV CU.
Since F' is a Cauchy filter, there is F' € F” satisfying I x " C V. Define:
F:=VI[F'|e F|. Fisopen. If (z,y) € F x F, we have o',y € F’ such that
(z',z) € V,(y',y) € V. Since we have also (2',y') € V, we have (z,y) € U,
therefore F' x F C U. Since we have for « € F' that F' € U(x), we conclude:
(FLU() e .

will be satisfied, and in any case we have (2/,y") € U. From this it follows

We now prove the universal property of X. Suppose that f: X —=>Yis
a uniformly continuous mapping into a Hausdorff complete uniform space.
We define a map
fo:ru(X) =Y

as follows: For z € X, U(z) is a Cauchy filter, therefore

Fr={McCY|FUceU®B): {UU) c M}
is a Cauchy filter, too. By Proposition 6.35 Fy converges to a unique point
that we denote by fo(¢(x)). This point is of course f(z). We prove that
fo is uniformly continuous: Suppose that V' is a member of the uniformity
of Y. Choose U € U such that fo(U) C V. If we have (u(z),u(y)) € U,
then we have by step 5 that (z,y) € U and therefore (fo)2(c(x),t(y)) =
(f(z), f(y)) € V. By Proposition 40, there is a unique extension f of fo to
the whole space X.

In a Hausdorff space, we obviously have z =y if U(z) = U(y).

8. COMPLETION OF LINEARTOPOLOGICAL VECTOR SPACES

Definition 19. Suppose that V is a lineartopological vector space. Define: I :=
{U|U is an open subspace of V'}. I is directed with respect to reverse inclusion:

U<W:sWcU

A net N : I — V is called centered if we have:

YVUWET:WCU= N(u)—Nw)eU

Proposition 43. Suppose that V is a lineartopological vector space.
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(1) Every centered net is a Cauchy net.

(2) V is complete if and only if every centered net converges.

Proof. To prove the first statement, we prove for every centered net:
YU eU(0) Uy € INW,W' €T : W CUyand W C Uy = (N(W),NW'")) € Ay

If U € U(0), choose Uy € I such that Uy € U. If W, W’ are open subspaces satisfying
W C Uy and W’ C Uy, we have N(Uy) — N(W) € Uy, N(Uy) — N(W’) € Uy, and
therefore N(W') — N(W) e Uy C U.

To prove the second statement, suppose that N : J — V is a Cauchy net. For every
U € I determine jiy € I such that:

Vi,j > jdo: N(j)—N@G) eU

and define M(U) := N(jy). We prove that M is a centered net: If U, W € [ satisfy
W C U, determine j € I such that j > jy and 7 > jw. Then we have for that
N(j)— N(ju) e U, N(j) — N(jw) € U, therefore

MU) = M(W) = (N(ju) = N(G)) = (N(Gw) - N(j)) e U

Now we can conclude by assumption that M converges to some point v € V. We
prove that N converges to v, too. It is sufficient to prove:

VU €T g€ JVi>ig: Ni)—veU

If we are given U € I, then we have for i > jy that N(i) — N(jy) € U and also
that N(i) —v € U. O

Definition 20. Suppose that V is a lineartopological vector space and that U is a
subspace of V. The set

{(W +U)/U | W is an open subspace of V'}

is a filter basis. (Why?) The linear topology which is by Proposition 3 uniquely
determined by this set is called the linear quotient topology of V/U.

Proposition 44. Suppose that V is a lineartopological vector space and that U is a
subspace of V. Denote the canonical projection by 7 : V — V/U.

(1) = is open, i. e. 7 maps open sets to open sets, and continuous.

(2) If U is closed, then V/U is Hausdorff.

(3) If U is open, then V/U is discrete.
Proof. Observe first that = maps an open subspace W to the open subspace (W +
U)/U. Since we have m(v+W') = v+m(W) we see that m maps open affine subspaces

to open affine subspaces. Since every open set is the union of open affine subspaces,
7 is open. The continuity follows from Proposition 9.

To prove the second statement, assume that V/U is not Hausdorff. Then we have
by Proposition 2 a vector v € (V/U) \ {0} such that

ve N (W/U)

UCW CV, Wopen subspace
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Then we have v ¢ U, but v € W for all open subspaces W satisfying U C W. If W
is an open subspace, then we have v € W + U, therefore (v+ W)NU # ), therefore
veU.

The last statement holds because in this case {0} = 7(U) is open. O

Remark 9. We can conclude from Proposition 44 that the linear quotient topology
coincides with the ordinary quotient topology. (Cf. [6], Chap. 3, Theorem 8, p. 95.)

Proposition 45. Suppose that V is a lineartopological vector space. Denote the set
of all open subspace by I. I is directed by reverse inclusion. For U, W € I define:

fow : V/W — V/U,’U = U
Define V := limye;V/U, the projective limit of the family (V/U)yer, and define:

LV = Vo (D)ver
Then we have:
(1) V is Hausdorff.
(2) V is complete.

(3) If f:V — X is a uniformly continuous map into a complete Hausdorff
uniform space X, then there is a uniquely determined uniformly continuous
map g : V — X such that gor = f.

Proof. (1) For U € I denote by my : V- V/U the projection on the component
V/U. Suppose that v € V is an element that is contained in every open
subspace of V. By Proposition 2 it is sufficient to prove v = 0. But, since
o € ;1 ({0}), if © = (3p)ver, we have 0y = 0, and this means © = 0. This
proves the first assertion.

(2) Denote the set of all open subspaces of 14 by J. Suppose that N : J — Vv
is a centered net. For U € I define:

iy = mu (N (g ({0})))
and 0 := (0y)ver-

(3) We prove now: W,U € I, W C U = =y} ({0}) C 7' ({0}). This is ea-
sy: If & = (wx)xer € Ty ({0}, we have wy = 0 and therefore wy =
fuw (ww) = 0, which means that @ = (wx)xer € 75 ({0}).

(4) We prove now: o € V, that is, if U C W, then fyw (tw) = Oy

UCW=WcU= m,; ({0}) C 7' ({0})
= N(my ({0}) = N(my' ({0}) € 7" ({0})
= (N (my ({0}))) = 7o (N (5" ({0}))) = 0
=0 — fuw(ow) =0

(5) We prove now that N converges to ©: For this, it is sufficient to prove that
my o N converges to vy, because the topology of the projective limit is
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the initial topology with respect to the projections (cf. [6], Chap. 3). We
therefore have to prove:

YW eI, UCW JjoeJVYj>jo:nu(NG)) -ty € WU

Suppose we are given W € I and U C W. Define: jo := ;' ({0}). If X € J
satisfies X C 7' ({0}), then we have, since N is centered, that

N(mg'({0})) = N(X) € 7' ({0})
and therefore oy —7y (N (X)) = 0 € W/U. This proves the second assertion.

We prove that ¢(V) is dense in V. If & = (op)ues € V, then by construction
of the initial topology every neighbourhood of ¥ contains a neighbourhood
of the form

n

0+ () wo, (Wi/U),

i=1
where W; is an open subspace of V that contains U;. Now define: U :=
Ni_, U; and v := vy. We prove that:

t(v) € D+ ﬂ o (Wi /Us)
i=1
But now, since U C U;, we have:

7wy, (L(v) = 0) =0 — fuv(vy) =0€ W;/U;

Define: A = {0} C V to be the closure of the origin inside V. We prove
that A = ker ¢. Since ¢ is continuous by the universal property of the initial
topology and V is Hausdorff, we see that {0} C V is closed and therefore
ker ¢ is also closed, which implies A C ker ¢. On the other hand, if ¢(v) = 0,
we have that 7y (¢(v)) = © = 0 and therefore v € U for all open subspaces
U € I. That means 0 € v+ U for all U € I, i. e. v € {0}.

We prove now that the map

V/IA— (V),v— i(v)
is a linear homeomorphism. By the universal property of the initial topology,
for the proof of continuity it is sufficient to show that for U € I the map
V/A — V/U, v — v is continuous, and this is clear from Proposition 3.1

(cf. [6], Chap. 3, Theorem 9, p. 95). We prove next that the map is open.
For this, it is sufficient to prove for every U € I:

UU) = uV)nmy'({0})
The inclusion “C” is obvious. If «(v) € ;' ({0}), we have that 7y (¢(v)) =
v = 0, and therefore v € U.

If f:V — X is a uniformly continuous map to a complete Hausdorff
uniform space X, then f can be factorized over V/A, that is, the map

f:V/A— X, v f(v)
is well defined. This is because if we have v € V, we have & = v + A = {v}.

Since X is a Hausdorff space, {f(v)} is a closed set, and by the continuity
of f we conclude that f~1({f(v)}) is also closed, which implies v + A C
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F~Y({f(v)}). f is also uniformly continuous. (Why?) We can now conclude
from the last step that there is a unique uniformly continuous map
vy —=X

that satisfies f/((v)) = f(v) for every v € V. Since ¢(V') is dense in V, we
conclude from Proposition 6.19 that there is a unique uniformly continuous
extension

g: VX
of f’, and this proves our theorem.

d

Remark 10. From Proposition 45 we can conclude that the projective limit consi-
dered above is uniformly equivalent to the Hausdorff completion of the preceding
section. (Why?) Here, we call a bijection between two uniform spaces a uniform
equivalence if the map itself and its inverse are uniformly continuous.

Definition 21. Suppose that Vi,...,V,, are lineartopological vector spaces.

(1)

(2)

By Proposition 2.7, there is a unique linear topology on ", V; for which
the set

{Z ® Ui; | Usj is an open subspace of V;,U;; = V; if i # j}
j=1i=1
is a basis of the neighbourhood system of the origin of @"_; V;. This topo-
logy is called the tensor product topology.

The completion of the tensor product with respect to the tensor product
AN
topology is called the completed tensor product, it is denoted by &),_,V;.

Remark 11. The set in Definition 21 really is a filter basis. since we have:

Y KRUiynU) < QUi n(d_ QU

j=1i=1 j=1i=1 j=1i=1

Proposition 46. Linearly compact vector spaces are complete.

Proof.

(2)

(1) Suppose that F is a Cauchy filter in V. For every open subspace U
of V determine Fyy € F such that Fy x Fy C Ay.

If x € Fy, we have x + U = Fy + U, because for every y +u € Fy + U
where y € Fy, u € U, we have y — x € U and therefore:

y+tu=zcs+(y—z)+uczc+U

From the first step and Proposition 2.9 we conclude that Fyy 4+ U is closed.
If Uy,...,U, are open subspaces of V, define: U := ﬂ?:l U;, F := Fy N
Ni_, Fu, € F. Then we have F +U C Fy, + U; for all i < n, and therefore
Fy,+U; # 0. Since V is linearly compact, we see that (), open subspace(FU +
U) # 0. Select v € V such that v € Fyy + U for every open subspace U. We
claim that F converges to v. If U is an open subspace of V and z € Fy,
we have x — v € U, therefore x € v 4+ U, therefore Fy C v + U, therefore
v+ U € F. This proves that every neighbourhood of v is contained in F.
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Proposition 47. Suppose that V and W are vector spaces. Then we have:

VW) 2 V*ew*

Proof. (V @ W)* is Hausdorff and complete by Proposition 4.10 and Proposition
7.10. Consider the map:

L VERWH - (VW) fog— (v@w— f(v)g(w))

It is sufficient to prove that «(V* ® W*) is dense and that ¢ is a homeomorphism
onto its image. (Why?)

(1)

We prove that «(V*@W™*) is dense in (V@W)*. Suppose that f € (VQW)*
and that U C V @ W is a finite dimensional subspace. We have to prove
that

(f+UH NV W*) £(
There are finite dimensional subspaces V7 C V, W7 C W such that U C
Vi @ Wy (Why?). If vy,... ,v, is a basis of Vi, wy,... ,w,, a basis of Wy,

there are by Proposition 3.6 f1,...,f, € V* and g1,... ,9, € W* such
that:

filv)) = dij  gi(w;) = b
Consider g := >31"; D7) f(vi ® w;)f; ® g;. Since we have:
(f = @) ok @ wy) = flop @wi) =Y fvi @ wy) fi(vx)gs(wr) =0
,J
we have f —i(g) € (Vi ® Wi)t C U™, and therefore we see that «(f) €
f+Ut.

We prove that ¢ is continuous. By the universal property of the initial
topology and due to the fact that every tensor is the sum of decomposable
tensors, is suffices by Proposition 4.1 that for v € V, w € W the map

VW' - K, fegr f(v)g(w)

is continuous. But since this map vanishes on the open subspace {v}+ ®
W* +V* ® {w}, it is continuous by Proposition 3.1.

We prove: If O C V* @ W* is open, then ¢(O) is open in «(V). We can
assume by Proposition 2.9 that O is an open subspace, even more that
O =V} e@W*+V*® Wi for two finite dimensional subspaces V; C V,
W1 € W. Then we have:

L(O) = (V)N (Vy @ W)+

and therefore is open.
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9. INFINITE GALOIS THEORY

Definition 22. Suppose that G is a topological group.

(1) G is called normaltopological if every neighbourhood of the unit element
contains a further neighbourhood which is a normal subgroup.

(2) G is called projectively finite if it is normaltopological, Hausdorff and com-
pact.

Proposition 48. Suppose that G is a group and that F' is a filter basis consisting of
normal subgroups. Then there is a unique topology 7 on G such that:

(1) F is a basis of the neighbourhood system of the unit element.

(2) G is normaltopological.

Proof. (Cf. Proposition 2.7) We prove the uniqueness first. The neighbourhoods of
1 are precisely the sets that contain a set that belongs to F'. The neighbourhood of
an arbitrary element g € G are the g-translates of the neighbourhoods of the unit
element. Since a set is open if and only if it is the neighbourhood of all its points,
the topology 7 is unique. We now prove the existence. We shall call a set O C G
open if it satisfies:

Yge O3dU € F:gU C O

The axioms 1.1.1 and 1.1.2 are obvious. If O and O’ are open and if g € O N O’
we can select U, U’ € F such that gU € O and gU’ € U’. Now, by the definition
of a filter basis there exists U” € F such that U” C U N U’. Therefore we have
gU"” c ONO" and O N O’ is open.

It remains to prove that G is a topological group. Suppose that G is an open set
and that we are given g,¢’ € G such that g¢' € O. Select U € F that satisfies
gg’U € O. Then we have:

(gU)(g'U) = gg' (¢’ 'U¢"U = gg'UU C gg'U C O

since U is a normal subgroup. Therefore, multiplication is continuous. If O is open
and ¢~ € O, determine U € F satisfying ¢g~'U C O. We then have:

(gU) ' =U"g ' =Ug  =g7'gUg" =g 'U CO,

since U is a normal subgroup. Therefore, forming inverses is a continuous operation.

O
Definition 23. Suppose that K C L is a field extension.
(1) The Galois group of this field extension is defined as:
G(L/K) :={o € Aut(L) |Vz € K : o(z) = x},
the set of field automorphisms that restrict to the identity in K.
(2) The extension K C L is called Galois if the following properties hold:

(a) K C L is algebraic, i. e. every element of L is the root of a polynomial
with coefficients in K.

(b) K C L is separable.
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(¢) K C Lisnormal, i. e. every irreducible polynomial with coefficients in
K that has a root in L already splits over L.

Proposition 49. Suppose that K C L is a Galois extension. If £ C L is a finite
subset, then there is an intermediate field K € P C L such that £ C P and K C P
is a finite Galois extension.

Proof. f E = {ey,...,en}, denote the minimum polynomials of eq,...,e, by
P1,---

Prn- Define: p = HZL:1 p;- p splits over L. We denote the roots of pin L by z1, ..., Zp,-
P:=Klxy,... ,x,] is a finite Galois extension that contains F. O

Definition 24. Suppose that K C L is a Galois extension. The unique normaltopo-
logical topology on G(L/K) for which

F:={G(L/K)| K C P C Lis an intermediate field such that
K C Pis a finite Galois extension}

is a basis of the neighbourhood system of the identity is called the Krull topology
on G(L/K).

Remark 12. There are two points to note about this definition:

(1) F is a filter basis: If P and @ are intermediate fields that are finite dimen-

sional Galois over K, we select K-bases p1,...,p, of P and ¢,... , g, of
Q. If R is an intermediate field which according to Proposition 49 is finite-
dimensional Galois over K and contains p1, ... ,p, and q1,... , ¢m, wWe have

P C R, @ C R and therefore G(L/R) C G(L/P)NG(L/Q).

(2) If P is a finite Galois intermediate field, then G(L/P) is a normal subgroup
of G(L/K): Suppose that € P and 0 € G(L/K). Denote by p € K[t] the
minimum polynomial of x. Since K C L is Galois, we see that p € P splits
into linear factors. Denote by « = x1,... ,x, € P the roots of p. Since o(x)
is a root of p, we have o(z) € P. This proves o(P) C P, and this implies
easily that coT oo™t € G(L/P) if T € G(L/P).

Proposition 50. Suppose that K C L is a Galois extension. We regard L as a
topological space with the discrete topology. Then the Krull topology on G(L/K)
coincides with the relative topology of the product topology on L* = Map(L, L).

Proof. (Cf. Proposition 4.1) We prove first that the inclusion ¢+ : G(L/K) — L* is
continuous, where G(L/K) is endowed with the Krull topology and L* with the
product topology. By the universal property of the product topology it is sufficient
to prove that for every « € L the evaluation

G(L/K) — L, 0 — o(x)
is continuous, which is equivalent to prove that the set
{o e G(L/K)|o(z) =y}

is open. By Proposition 49 there is a intermediate field P which is finite-dimensional
Galois over K and contains z. If we have o(z) = y, we see that the elements of
cG(L/K) also map x to y.
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On the other hand, we have to show that ¢ is an open map onto +(G(L/K)). Suppose
that P is an intermediate field which is finite-dimensional Galois over K, and select
a K-basis p1,...,p, of P. The assertion follows if we can prove that we have for
o € G(L/P):

ocG(L/P)={r e G(L/K)|Vi<n:o(p;) =7(pi)}

Namely, the left hand side is a typical open set in the Krull topology, and the right
hand side is open in the relative topology. But the equality is obvious, because for
T € G(L/K) we have:

T€G(L/P) S Vi<n:T(p;) =p;

O
Theorem 4. Suppose that K C L is a Galois extension.
(1) G(L/K) is closed in L.
(2) G(L/K) is projectively finite.
Proof. (1) In a first step we prove that a field homomorphism which leaves

K pointwise fixed is automatically surjective. If x € L is given, we know
from Proposition 49 that there is an finite Galois intermediate field P that
contains z. As we have proved in Remark 12, ¢ maps P to P. Since the
restriction to P is a bijection, we see that z is contained in the image of o.

(2) We now prove that G(L/K) is closed. By the preceding step, it is possible
to write G(L/K) in the form:

G(L/K) = () {o € L"|o(zy) - a(z)o(y) = 0}

z,yeL

= (N {oell|o(z+y) —o(x)—o(y) =0}
z,yeL

= ﬂ{aeLL\a(x)—xzo}
zeK

This represents G(L/K) as the intersection of closed sets. This is because
for example the first set is the preimage of the closed set {0} under the
continuous mapping

G(L/K) — L, 0 — o(zy) —o(x)o(y) =0

(3) We prove that G(L/K) is projectively finite. G(L/K) is Hausdorft as a
subset of a product of Hausdorff spaces (cf. [6], p. 92) and normaltopological
by construction. It remains to show that G(L/K) is compact. For z € X,
consider the orbit of x:

B, :={o(z)|c € G(L/K)}

We claim that the orbit is finite. Namely, if ¢ denotes the minimum poly-
nomial of x and = x4, ... ,x, are the roots of u, we see that o(z) is again
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a root of p, and therefore B, C {x1,... ,z,}. Now we know by Tychonow’s
theorem (cf. [6], Chap. 5, Theorem 13, p. 143) that the product

[[B.c]][L=rL"
€L reL
is a compact set. Since the inclusion
G(L/K) — H By, 00— (0(2))zer
el

shows that G(L/K) is a closed subset of a compact set, we see that G(L/K)
is itself compact.

O

Proposition 51. Suppose that K C L is a Galois extension and that K C P C L is
an intermediate field. Then P C L is a Galois extension.

Proof. 1t is obvious that L is algebraic over P. We prove that the extension P C L
is separable, i. e. that for every element x € L the minimum polynomial pp over P
is separable. If px denotes the minimum polynomial of x over K, then pg splits
over L because the extension K C L is normal:

n

MK = H(t — ;)
i=1
where x = x1. Since the extension K C L is separable, the roots x1,... ,x, of ug
are all distinct. But since pp|ug, we see that the roots of up form a subset of the
roots of ux and therefore are distinct, too.

Now we prove that the extension P C L is normal. Suppose that p € P[t] is an
irreducible polynomial that has a root = in L. By Proposition 49 we know that
there is a finite Galois intermediate field K’ C @ C L that contains x as well as the
coefficients of p. Define R := PN Q. From the Galois theory of finite field extensions
we know that R C @ is Galois. Since p € R[t] is still irreducible and has a root in
@, it splits over @ and in particular over L. (I

Theorem 5. Suppose that K C L is a Galois extension. Suppose that K C P C L
is an intermediate field and that

c:P— L

is a field homomorphism which leaves K pointwise fixed. Then ¢ can be extended
to the whole field L, i. e. there is 7 € G(L/K) such that:

Ve e P:o(z)=r71(x)
Proof. We assume that this is known under the additional assumption that K C L
is finite (cf. [5], Theorem 7, p. 35). We look at the set:

M :={(Q,p)| P C Q C Lis an intemediate field,
p:Q — Lis a field homomorphism with p|p = o}

M is partially ordered by the ordering:
(@,p) <(Q',0) = QCQ andplg=p
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If ((Qi,pi))ier is a totally ordered family in M, we see that Q := [J;c; Q: is a
subfield of L and the unique map p : @ — L that satisfies:

VieIVreQ;:p(x)=pi(x)

is a field homomorphism. We see that every totally ordered subfamily of M has an
upper bound. Therefore we can conclude by Zorn’s Lemma that M has a maximal
element (R, T).

We claim that R = L. Assume this is false. Select € L\ R. Denote the minimum
polynomial of z over K by u, and let x = x4, ... ,x, be the roots of u. If S = 7(R),
then R[zi,...,z,] is a splitting field of u if p is regarded as a polynomial with
coefficients in R, and S[z1,...,xz,] is a splitting field of p if u is regarded as a
polynomial with coefficients in S. By the isomorphism theorem for splitting fields
(cf. [5], loc. cit.), there is an isomorphism

w: Rxy,... ,xq] = S[x1,... 20
that extends 7. This contradicts the maximality of (R, 7). O

Theorem 6. (Fundamental theorem of infinite Galois theory)
Suppose that K C L is a Galois extension. Define:

G:={H CG(L/K) | H is a closed subgroup}
K:={P|K C P C Lis an intermediate field}

Then the mappings
A:K—G,P— A(P):=G(L/P)
I:G6—-K,H— Fiz(H):={xe€L|Vo€H:o(zx)=xa}

are bijections that are mutually inverse.

Proof. (1) We know from Proposition 51 that, for any intermediate field K C
P C L, the extension P C L is again Galois. Therefore, we can conclude
by Theorem 4 that G(L/P) is closed in LY and therefore in G(L/K). This
means that the mapping A is well defined.

(2) We prove that oA = idi. It is obvious that we have P C I(A(P)). Suppose
that there is © € I(A(P))\P. By Proposition 49 we can find an intermediate
field P C U C L such that P C U is a finite Galois extension and « € U.
By the fundamental theorem of finite Galois theory we conclude that there
is 0 € G(U/P) that satisfies o(z) # x. By the extension theorem 5 there is
7 € G(L/P) that satisfies 7|y = o, and therefore 7(z) # .

(3) Finally, we prove that A o I =idg. Suppose that H C G(L/K) is a closed
subgroup and define P := I(H). It is clear that H C A(P). If 0 € A(P),
we have to prove that o € H. Since H is closed, it is sufficient to prove
that o € H. That means that we have to prove that cG(L/Q) N H # () for
every intermediate field K C @ C L which is finite Galois over K. From
Theorem 49 we conclude that there is an intermediate field P C R C L
which is finite Galois over P, since by Proposition 51 the extension P C L
is itself Galois. We prove the stronger assertion that cG(L/R) N H # (.
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As in Remark 12 we can see that 7 € G(L/P) maps R to R. Therefore we
have a group homomorphism

H — G(R/P), T — t|r

The image of this homomorphism is a subgroup U C G(R/P) whose field
of fixpoints is P by the very definition of P. By the fundamental theorem
of finite Galois theory, this implies that U = G(R/P), which means that
the restriction homomorphism is surjective, which in turn means that every
automorphism in G(R/P) can be extended to a homomorphism contained
in H. In particular, this applies to o| g, that is, we have 7 € H that satisfies:

Vze R:o(x) =1(x)
which means 0 ~to7 € G(L/R) and therefore 7 = o(0 1) € ¢G(L/R)NH.
O

LITERATUR

N. Bourbaki: General Topology 1, Hermann, Paris 1966

W. Bronsdal: Commutative Rings whose Finitely Generated Modules Decompose, Springer,
Lecture Notes in Mathematics 723, Berlin 1979

D. Ehlers: Galois-Algebren iiber profiniten Hopf-Algebren, Diplomarbeit, Miinchen 1990
N.Jacobson: Lectures in Abstract Algebra 2, Springer Verlag, Graduate Texts in Mathematics
31, Berlin (Erstausgabe bei Van Nostrand, Princeton)

N.Jacobson: Lectures in Abstract Algebra 3, Springer Verlag, Graduate Texts in Mathematics
32, Berlin (Erstausgabe bei Van Nostrand, Princeton 1964)

J. L. Kelley: General Topology, Springer Verlag, Graduate Texts in Mathematics 27, Berlin
(Erstausgabe bei Van Nostrand, Princeton 1955)

G. Kothe: Topologische lineare Rdume 1, Springer Verlag, Grundlehren der mathematischen
Wissenschaften 107, Berlin 1966

H. Leptin: Linear kompakte Moduln und Ringe, Math. Z. 62 (1955), 241-267

H. Leptin: Linear kompakte Moduln und Ringe II, Math. Z. 66 (1957), 289-327

G. Lusztig: Introduction to Quantum Groups, Birkhduser Verlag, Progress in Mathematics,
Basel 1993

G. Monchi-Zadeh: Topologische Hopf-Galois-Theorie, Diplomarbeit,

J. Neukirch: Algebraische Zahlentheorie, Springer Verlag, Berlin 1992

J. Neukirch: Class Field Theory, Springer Verlag, Grundlehren der mathematischen Wissen-
schaften 280, Berlin 1986

B. v. Querenburg: Mengentheoretische Topologie, Springer Verlag, Hochschultext, 2. Auflage,
Berlin

J. P. Serre: A Course in Arithmetic, Springer Verlag, Graduate Texts in Mathematics 7,
Berlin 1973

P. Gabriel: Etude infinit’esimal des Schemas en Groupes, Expose 7, In: Schemas en Groupes
I, Springer Verlag, Lecture Notes in Mathematics 151, Berlin 1970

M. Takeuchi: Topological coalgebras, J. Algebra 97 (1985), 505-539

S. Warner: Linear compact rings and modules, Math. Ann. 197 (1972), 29-43

A. Weil: Sur les espaces a structure uniforme et sur la topologie générale, Actualités Sci. Ind.
551, Paris 1937

W. Xue: Rings with Morita Duality, Springer, Lecture Notes in Mathematics 1523, Berlin
1992

D. Zelinsky: Linearly compact modules and rings, Amer. J. Math. 75 (1953), 79-90



