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7.1. Let u ∈ H2(Rd) and χ ∈ C∞c (Rd). Prove that χu ∈ H2(Rd) and

∆(χu) = (∆χ)u+ 2∇χ · ∇u+ χ(∆u)

in the sense of weak derivatives.

7.2. Verify the following identity (which was used in the proof of Newton’s theorem)∫ 1

−1

1√
1 + r2 − 2rs

ds =
2

max(1, r)
, ∀r > 0.

7.3. Let µ1, µ2 be two Borel, radial, probability measures on R3. Prove that

1

|z1 − z2|
≥

∫∫
R3×R3

dµ1(x− z1)dµ2(y − z2)
|x− y|

, ∀z1, z2 ∈ R3.

7.4. Assume that fn ⇀ f weakly in H1(Rd) and there exist constants C > 0, s > 0 such
that

|fn(x)| ≤ C

|x|s
, ∀x 6= 0,∀n ∈ N.

Prove that fn → f strongly in Lp(Rd) for all p satisfying: 2 < p < 2d/(d − 2) if d ≥ 3;
2 < p <∞ if d = 2; and 2 < p ≤ ∞ if d = 1.
Note: In the usual Sobolev embedding, Lp-strong convergence only holds in bounded sets.


