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6.1. Given p, q, r ≥ 1 such that
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Prove that if f ∈ Lp(Rd), g ∈ Lq(Rd) then f ∗ g ∈ Lr(Rd) and

‖f ∗ g‖Lr ≤ ‖f‖Lp‖g‖Lq .

Hint: You can use the Riezs-Thorrin interpolation inequality. In the lecture, we have
proved the cases r = p and r =∞.

6.2. Prove that for all f ∈ Lp(Rd), 1 ≤ p <∞ we have∫
Rd

|f(x)|p dx = p

∫ ∞
0

ap−1|{x : |f(x)| > a}| da.

Hint: You can use the layer-cake representation and Fubini theorem.

6.3. Given g(x) = |x|−2, x ∈ R3. Compute the convolution g ∗ g.

6.4. Let d ∈ N, 0 < s < min(d/2, 1) and p = 2d/(d − 2s). Prove the fractional Sobolev
inequality

〈f, (−∆)sf〉 ≥ C‖f‖2Lp(Rd)

for all f ∈ Hs(Rd). Here C = C(d, s) > 0 is a constant independent of f .
Hint: You can use the Hardy-Littlewood-Sobolev inequality.


