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Let H be a separable Hilbert space.

4.1. Let A: D(A) — H be a densely defined operator satisfying A > 1. Let Q(u,v) be
the corresponding quadratic form defined on the form domain QQ(A) and let Ay be the
Friedrichs’ extension. In the lecture, to prove that Ag is self-adjoint, we have used the fact
that D(AS) C Q(A). The purpose of this exercise is to prove this fact.

(i) Take x € D(Af). Prove that there exists a € Q)(A) such that
<£L’, A0y> = Q(CL> y)7 Vy € D(AO)

(ii) Take z,, € D(A), z, — z in H. Prove that x, — a in Q(A). Deduce that z € Q(A).

4.2. Let A: D(A) — H be a self-adjoint operator such that
[Az|| > ||lz|l, Vz e D(A).

Prove that A is a bijection from D(A) to H.
Hint: The proof is similar to (even simpler than) the proof of Ran(A +1i) = H.

4.3. Let A: D(A) — H be a self-adjoint operator. For every z in the resolvent set p(A),
denote R(z) = (A — z)~!. Prove the resolvent identity

R(Zl) — R(ZQ)

21 — 22

= R(22)R(%1), Vz1,20 € p(A).

Deduce that p
d—(x, R(2)z) = (v, R(2)*1), Vz € p(A),Vx € H.

z

4.4. Let {u,}>2; be an orthonomal basis in H and let {\,}°°; be a sequence of non-
negative numbers converging to 0. What is the spectrum of the following operator?

Au = Z)\n<un,u>un, Yu € H.

n=1



