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Excercise Sheet 14 for 9.2.2018

14.1. Prove the following inequality, which has been used in the proof of Lieb’s theorem,
Re (¢, [z|(=A)p) >0, Yy € CZ(R?).

Hint: You can use IMS formular (or integration by parts) and Hardy’s inequality.

14.2. Let Z, N > 0, Kq = 2(67%)%/3. Consider the non-interacting Thomas-Fermi energy
E™(N, Z) ::inf{Kd/ PP (x )dx—Z/ pla )d:c 0<peLl'nL?? / p:N}.
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Given (you don’t need to prove) that ET¥(N,Z) has a minimizer p, which is radially
symmetric decreasing (i.e. |z| — po(x) is decreasing). Show that py satisfies the following
Thomas-Fermi equation, for some constant p > 0,
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Deduce that
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E™(N,Z) = —TZZNV?’.

Note: This energy matches the leading order of the sum of hydgogen eigenvalues.

14.3. Let p'™ be the minimizer of the atomic Thomas-Fermi functional
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under the constraints 0 < p € L'nN L%3 and [ p = Z. Consider the Thomas-Fermi
potential V(z) = Z|z|7! — p™ % |z| L. Prove that V satisfies the equation
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and

pTE(
—Lg | [V(@)]??dz=E"(p // (y) dz dy.
R3 R3xR3 ‘ZB o ‘

Hint: You can use the Thomas-Fermi equation. Here Ko = 2(672)%3 and Lg = (1572) ™

14.4. Let Uy be an anti-symmetric wave function in L?((R?)Y). Prove that for every
open bounded set ) C R?
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where Ng is the expectation of the number of particles in 2, namely
N
Ng = <xpN,Z1Q(g;i)n1/N> = /qu,N(x)
i=1

with py, the one-body density of Wy, and diam((2) is the diameter of €.

This is the last homework. Congratulations for completing all 55 Problems!



