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13.1. Prove that for every constant 0 < α < 1 and for every N ∈ N, the operator

HN =
N∑
j=1

(
−∆xj − |xj|−α

)
+

∑
1≤i<j≤N

1

|xi − xj|
, xj ∈ R3,

has a ground state on H2((R3)N). (Note: The result also holds in the symmetric case and
anti-symmetric case.)
Hint: You can use the HVZ theorem and minic the proof of Zhislin’s theorem.

13.2. Let N ∈ N and let {uj}Nj=1 be an orthonormal family in L2(Rd). Consider the Slater
determinant

ΨN(x1, x2, ..., xN) = (u1 ∧ u2 ∧ ... ∧ uN)(x1, x2, ..., xN) =
1√
N !

det[ui(xj)]1≤i,j≤N .

(a) Prove that ΨN is an anti-symmetric function in L2((Rd)N) and ‖ΨN‖L2 = 1.
(b) Prove that the one-body density matrix of ΨN is the projection:

γ =
N∑
j=1

|uj〉〈uj|.

13.3. For every N ∈ N, consider the operator

HN =
N∑
j=1

(
−∆xj + |xj|2

)
, xj ∈ R3,

on the anti-symmetric space L2
a((R3)N). Show that HN ≥ CN4/3 with a constant C > 0

independent of N .
Hint: You can estimate the sum of negative eigenvalues of −∆ + |x|2 − L with L > 0.

13.4. Take Z > 0 (not necessarily an integer) and N ∈ N. Consider the atomic Hamilto-
nian

HN =
N∑
j=1

(
−∆xj − Z|xj|−1

)
+

∑
1≤i<j≤N

1

|xi − xj|
, xj ∈ R3,

on the anti-symmetric space L2
a((R3)N).

(a) Prove that HN ≥ −CZ7/3 with a constant C > 0 independent of Z and N .
(b) Assume that N ≥ Z + 1 and HN has a ground state ΨN . Let R > 0 be the “radius”
of ΨN , namely ∫

|x|≤R
ρΨN

(x) dx = N − 1

where ρΨN
is the one-body density of ΨN . Prove that

CR ≥ Z−1/3.

Hint: You can first show that
∫
Z|x|−1ρΨN

(x) dx ≤ CZ7/3.


