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10.1. Let A ≥ B ≥ 0 be two trace class operators. Let f : [0,∞) → [0,∞) be a
continuous, increasing function. Prove that

Tr[f(A)] ≥ Tr[f(B)].

Here f(A) and f(B) are defined by Spectral Theorem.

10.2. Prove the Hardy-Kato inequality

〈f,
√
−∆f〉 ≥ 2

π

∫
R3

|f(x)|2

|x|
dx, ∀f ∈ H1/2(R3).

Hint: You can mimic the proof of Hardy’s inequality.

10.3. (a) Let {uj}Nj=1 be an orthonormal family in L2(R3), such that uj ∈ H1(R3) for all
j. Prove the fractional Lieb-Thirring inequality

N∑
j=1

〈uj,
√
−∆uj〉L2 ≥ K

∫
R3

ρ4/3, with ρ(x) =
N∑
j=1

|uj(x)|2.

Here K is a universal constant independent of N and uj’s.
Hint: You can mimic Rumin’s proof of the Lieb-Thirring inequality.
(b) Deduce that for every V : R3 → R, V+ ∈ L∞ and V− ∈ L4,

Tr[
√
−∆ + V ]− ≤ C

∫
R3

V 4
−.

Here C is a universal constant independent of V .

10.4. Consider the Schrödinger operator A = −∆ +V on L2(R2) with V ∈ L1 ∩L∞(R2).
For every λ > 0, let Nλ be the number of eigenvalues < −λ of A. Prove that for every
n ∈ N,

Nλ ≤
Cn
λ1/n

∫
R2

|V (x)|1+1/n dx.

Here the constant Cn is independent of V and λ.
Hint: You can mimic the proof of the CLR bound.


