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7.1. Let A : D(A) → H and B : D(B) → H be two self-adjoint operators and bounded
from below. Prove that if A ≥ B then µn(A) ≥ µn(B) for all n ≥ 1.
Remark. A ≥ B is defined by D(A) ⊂ D(B) and 〈u,Au〉 ≥ 〈u,Bu〉 for all u ∈ D(A).

7.2. Let A : D(A) → H and B : D(B) → H be two bounded self-adjoint operators and
bounded from below.

(i) Prove that for all n ≥ 1 and for any constant C we have

µn(A+ C) = µn(A) + C.

(ii) Prove that for all n ≥ 1 we have

|µn(A)− µn(B)| ≤ ‖A−B‖.

7.3. Prove that for any u ∈ L1 ∩ L2(Rd) we have
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Remark. eit∆ is the heat operator defined by eit∆u(x) =
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7.4. Let λ > 0. Defined the operator Uλ : L2(Rd)→ L2(Rd) by

(Uλψ)(x) := λ
d
2ψ(λx).

(i) Prove that Uλ is unitary, U−1
λ = Uλ−1 and Uλ leaves Hm(Rd) invariant for any

m ∈ N.
(ii) Prove that the following holds on H2(Rd)

U−1
λ ∆Uλ = λ2∆ and U−1

λ V (x)Uλ = V (λ−1x)

with V being multiplication operator satisfying V H2(Rd) ⊂ L2(Rd).


