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9.1. Prove that C>°(R?\ {0}) is dense in H'(R?) if d > 3, but not dense if d = 1.

9.2. Let 1 < p < ¢ <r < oo. Prove that for any function f € L4(R?) and any € > 0 we
can write

f=fi+f with fyeL"(RY, f €L’(RY) and | fill <e.

9.3. Let p be a positive measure on R? with 0 < p(R?) < co. Define

Vi) = (us | 1@ = [ 240

Consider the operator A = —A —V on L*(R?) with D(A) = H?*(R?).

(i) Prove that A is self-adjoint and ges(A) = [0, 00).
(ii) Prove that A has infinitely many negative eigenvalue.

9.4. Consider the operator A : D(A) — L*(R3) defined by

A=A+ ﬁ with D(A) = H(R®).
i

(i) Prove that o(A) = [0, c0).
(ii) Prove that A has no eigenvalues.

9.5. Consider the operator A = —A +V on L*(R) with 0 > V € C°(R), V # 0. Prove
that A has at least one negative eigenvalue.



